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PREFACE 


Wuite the present text follows in large measure the lines of devel- 
opment already customary in American texts on the calculus, the 
following special features may be mentioned : 

(1) By actual count there are 2048 examples and exercises. Of 
these, 179 are worked in full and serve as illustrative material 
complete in all particulars. Of the remainder, 92 are accompanied 
by both the answer and a hint as to method of solution, 1154 are 
accompanied by the answer only, while, finally, 623 have neither 
answer nor hint given. This unusually large total of varied illustra- 
tions and exercises, coupled with the care with which they have 
been arranged and gradea, should enable the text to meet all require- 
ments in this regard. 

(2) The central facts and formulas of the subject are displayed 
throughout in.the form of distinct theorems, each followed by proof. 
This arrangement enables the student at all times to focus upon 
the central facts at issue and it is consistent with principles now 
accepted generally as desirable in the presentation of mathemati- 
cal facts however elementary or advanced. As to the proofs, it is 
well known that it is impossible in an ordinary first course in the 
calculus to furnish strictly rigorous proofs at all points. This is 
particularly true in dealing with such topics as the definite integral, 
considered as the limit of a sum, or with the subject of multiple 
integrals. In such connections the best one can do in a first course 
is to give what may be termeda “‘first approximation”’ to a real proof. 
This, at least, is all that has been attempted in the present text, the 
student being told frankly, however, that such is the case. Were it 
not for the fact that these topics are so exceedingly important in their 
applications, especially in physics, it would be logical to omit them 
altogether from the first course, but under the circumstances such an 
extreme cannot be justified. _ 

(3) Especial attention has been given to the applications of the 
calculus to physics. In this connection, see in particular the manner 
in which the derivative, having once been defined, is immediately 
applied to the determination of rates (pages 16-20); see also the 
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general physical applications on pages 280-286; 306-316; 334-339. 
Students, as a rule, find such applications highly attractive because 
of their novelty and inherent interest, but experience indicates that 
physical applications in general must be allowed a relatively large 
amount of time by the instructor if they are to be fully comprehended. 

(4) A brief treatment of the method of least squares has been given 
in the Appendix, the treatment involving the calculus only to the 
extent of using the simple principles of Chap. IV relative to the max- 
ima and minima of functions. Here again the presentation has been 
rendered concise and pointed by arranging the material in the form 
of theorem and proof with abundant exercises supplied. On account 
of the ever increasing interest of today in the handling of mathemat- 
ical statistics, a brief discussion of the method of least squares seems 
in order at present in a calculus text, hence its inclusion here. 

(5) The tables at the end of the book include not only a consider- 
able number of the more important standard integrals, but also trig- 
onometric formulas and tables showing the sine, cosine, and tangent, 
correct to four decimal places, of all angles, expressed in either degrees 
or radians, at intervals of 10’ from 0° to 90°. For convenience in 
calculations, a table has been added also showing the squares, cubes, 
square roots, cube roots, and the reciprocals of all integers from 1 
to 100. 

The author is greatly indebted to the following members of the 
mathematics department of the University of Michigan who have 
aided in reading the proofs and, in some cases, in reading the 
manuscript also: Assistant Professor Norman H. Anning, Dr. Oscar 
J. Peterson, Mr. Edwin W. Miller, and Mr. Morris Lipcovitz. 


W. Book. 


University or MIcHIGAN 


CHAPTER 


XVI. 
XVII. 


TABLE OF CONTENTS 


FUNDAMENTAL NOTIONS AND DEFINITIONS 
Tur DERIVATIVE OF A FUNCTION - 


GENERAL THEOREMS CONCERNING THE DERIVATIVE . 


Maxima anp Minima. Points or INFLECTION 


FurtHER APPLICATIONS OF THE DERIVATIVE TO 


GEOMETRY 
Rates . 
PartTIAL DERIVATIVES 


SINGULAR Points. AsymMproTres. CuRVE TRACING . 


Law or THE Maan. INDETERMINATE FoRMS 
INFINITE SERIES . : 

INFINITESIMALS. DIFFERENTIALS 

INTEGRATION 5 : 

APPLICATIONS OF INTEGRATION 

Tue DmFINnITeE INTEGRAL : ; 

Tue DEFINITE INTEGRAL AS THE LIMIT OF A cae 
SuccrssivE INTEGRATION 

DIFFERENTIAL EQUATIONS . 


Appenpix. THE Mertuop or Least SQuarEs 
INTEGRAL TABLES 

ForRMULAS OF TRIGONOMETRY . 

RapIAN MEASUREMENT OF AN ANGLE 
TRIGONOMETRIC TABLES . 


TABLES OF SQUARES, CUBES, Sten Roots, AND Gar en 


DIAGRAMS OF IMPORTANT CURVES . 


INDEX 


DIFFERENTIAL CALCULUS 


CHAPTER I 
FUNDAMENTAL NOTIONS AND DEFINITIONS 


1. Introduction. The calculus may be regarded as a special but 
very powerful method for arriving at the central facts of mathe- 
matics. The name is derived from the Latin word calculus, meaning 
pebble, it having been the custom of the Romans to use pebbles as 
an aid in counting, but the science of the calculus as now technically 
understood and as referred to in this book, did not originate until the 
17th century. At that period it was simultaneously but independ- 
ently discovered by two men, the one an Englishman (Sir Isaac 
Newton, 1642-1727) and the other a German (Wilhelm Leibnitz, 
1646-1716). It was originally called “ fluxions’’ inasmuch as, in 
contrast to the earlier studies of geometry and algebra, it dealt essen- 
tially with fluctuating or variable magnitudes instead of magnitudes 
that could be regarded as constant or fixed. Naturally the calculus 
from the beginning made full use of the science of analytic geometry, 
as this had originated earlier under the French mathematician and 
philosopher, René Descartes (1596-1650). 

In the present chapter we shall consider certain preliminary defini- 
tions and ideas which are basal to the subject. 


2... Definitions. Quantities which, in any given discussion or 
problem, are changeable in value are called variables, while quan- 
tities which do not change are called constants. 

When the values of one variable, as y, are determined as soon as 
the values belonging to another variable, as x, are known, the former 
is said to be a function of the latter. Thus, in each of the following 
expressions, y is a function of x: 

y =e, y=Ve(x +2), y=logz, y=107, y=sine. 
Similarly, the area A of a circle whose radius is r may be said to be 
a function of r, the precise relation between the two variables in this 
instance being, from elementary geometry, 


A= ar, 
1 
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Again, if s represents the distance which a body in falling from rest 
passes over during the time ¢, we know that s is a function of ¢t. In 
particular, if s is measured in feet and ¢ in seconds, and if the resist- 
ance of the air be neglected, the functional relation between the two 
is known from elementary physics to be (approximately) 


Sa aOuaies 


Likewise, a variable may be a function of two or more other vari- 
ables. Thus each of the expressions 


cy, @ + ay ty’, log (@ + y’) 
is a function of the two variables z and y, while each of the expressions 


vye, “LY + Ye + tay NV tee 


is a function of the three variables z, y, and z. 

If, in a given discussion, some variable, say w, is being reandead as 
a function of one or more variables, say a, y, z, etc., then w is com- 
monly referred to as the dependent variable, while z, y, z, etc. are 
referred to as the independent variables. Thus, the area of a rec- 
tangle may be regarded as a variable dependent upon the length and 
breadth, the latter two measurements being the independent variables. 


3. Notation of functions. The symbols F(z), f(z), ¢(x), W(x),* 
and the like are commonly used to denote functions of x. Thus the 
equation 


y = f(z) 
is read “y is afunction of z.”” Similarly, the symbols F(z, y), f(z, y), 
o(z, y), v(a, y), etc. denote functions of the two variables x and y. 
If f(z) is any given function of z, the symbol f(a) is used to denote 
the value of f(x) when z has the special value a. 


Thus, if 
f(z) = 222 -—32+1, (1) 


f(4)= 2-42 -3-441 = 32-1241 =21, 
Likewise, if f(z) is as in (1), we have for example 
f(m)= 2m? —-3m-+1, 
fp+QD=2p+ 9? —-3p+@t 1, 


Ga) Gea) ~ Agee) oe 


* is pronounced fee, y is pronounced psee. 


then 
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EXERCISES 


1. In each of the following functional relations find the values of the de- 
pendent variable corresponding respectively to the values 0, 1, 2, 3, —1, —4 of 
the independent variable: 

3p —1 
a =2¢—1, (© = 3 72, = 
(a) y (6) y a2, (c) q Tene 


(d) s= 2th, (c) w= 4%,'" Gf) p = 98 + 38. 


2. If f(x) = 2273 + 522 — 11 2 + 4, show that 
fQ)=0, f(2)=18, f(3)= 70, f@)=0, f0)=4, f(-4)= 
fla —1)=2273—22 -(15 e418, f(x2)=226 + 524-1122 +44, 
fle +h) = 223 +(6h + 5)x?=F(6 h2 + 10h — 11)z +(2h3 + 5h2 -11h 44) 
3. Tf f(z) = 2 xs + 52, show that f( — x) =— f(z). 
4. If f(x)= 424+ 3 x2 — 5, show that f( — x)= f(z). 
5. If F(6) = sin 6, find the value of each of the following: 


F(0), FG) r(5). F(n). 


6. Given F(y)= y4—3y3+1 and fiy)=y2—3y4+1. 
Show that F(O)=f(0), F(3)=f(3), FC +1=f(+ 1). 


7. If F(z)= log + 1 — = show that 


F(z) + F(y) = ESS. and F(z)— F(y)= co): 


8. If (x) = x2, show that ¢(sin x) + ¢(cos x)= 1. 
Hint. See page 359. 
9. If f(¢) = 2 62 — 1, show that f(cos 6) = cos 2 6. 
10. If F(z)=22V1 — z2, show that F(sin z) = F(cos z) = sin 22z. 
11. If ¢(u) = a“ + a™, where a is a constant, show that 
$(2 u) = [e(u)]? — $(0), 
4(3 u) = [(u)]8 — 3 g(u), 
g(u + v)d(u — 2) = g(2 u) + o(2 2). 
12. If f(z, y)=2+yand F(a, y) = x2 — cy + y?, show that 
F(z, y) F(a, y) = fe, y8) 
and f(a, — y)F(—2, y) = f(z8, — y). 
13. If f(a, y, z)=22 + y?2 + 22 and F(a, y, 2) = xy + yz + za, show that 
F(a, y, 2) +2 F(a, y, 2) = if(vz, Vy, Vv 2))2. 
14. If f(x) = tan z, show that 


eee sah iGo 
ae amas e107 
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4. The theory of limits. The calculus is based upon what is called 
in mathematics the ‘“ theory of limits,”’ or, in the earlier language of 
the subject, the “‘ doctrine of limits.’’ We shall now describe the 
central features of this theory. 

If a function f(«) becomes and remains as near as we please to some 
fixed value A for all values of x that are sufficiently near to some 
fixed value p, then f(x) is said to approach A as a limit as x approaches 
p. Symbolically, such a condition on the part of f(x) is expressed by 
the equation 


lim f(z)= A. (1) 
I>p 
Thus, each of the it equations is seen by inspection to be true: 
lim 32*=0, lim ——= =) lim @+4e)= 0 lin 10 
z->0 10 an 2 2>-1 z>-0 


A similar situation is that in which a function f(x) becomes and 
remains as near as we please to some fixed value A for all positive 
values of x that are sufficiently large. This situation is represented 
symbolically by the equation 


lim f(x)= A. (2) 
t>+o0 


Thus, by elementary algebra the following are immediately seen to be 

true equations : 
lim =O) lim (4+1)=1, lime 1Op4== 08 
I>+a00 T>+ 0\L I>+0 

An illustration of this type of limit is also afforded in elementary geometry 
in the fact that the limit approached by the perimeter of a regular polygon 
inscribed in a circle as the number of sides of the polygon is indefinitely in- 
creased is the circumference of the circle. 


The following, which are analogous to (1) and (2), are other type- 
forms of symbolic equations common in the theory of limits: 


jim f(z)= A, limf(z)=+ 0, limf(z)=— 0, (3) 
I>— I>p =>p 

lim f(z) =+ 0, lim f(z) =+ 0, lim f(x)=— 0, lim f(z)=— @. 
I>+0 I>-— © I>+ 0 I>-— 


The first of these indicates that f(7) becomes and remains as near 
as we please to the fixed value A for all values of x that are sufficiently 
large negatively ; the second indicates that f(x) becomes and remains 
larger than any assigned positive number for all values of x that are 
sufficiently near to the fixed value p, etc. 
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Thus, by elementary mathematics the following are at once recognized as 
true equations : 


a u = bee 
oe Te a Be @—1? 2) 
lim 107=+o, lim logr=+o, lim 84+1)=—o. 
I>+ 0 I>+0 I>-— 


Note. In the foregoing considerations it is to be understood that the limit 
in question may or may not be actually reached in any given case, depending upon 
additional circumstances. Thus, if a regular polygon of 10 sides be conceived of 
as inscribed in a circle during the first minute of time, then a polygon of 20-sides 
be similarly inscribed during the next + minute, then a polygon of 40 sides in the 
next + of a minute, a polygon of 80 sides during the next 4 of a minute, and so on, 
the circumference, or limit, approached by the perimeter will actually be reached 
in 2 minutes, since the sum of the time periods thus becomes the unlimited geo- 
metric progression 

1+¢3+¢+ ¢t+r%4+° 
and this progression, by elementary algebra, has as its sum * 
1 1 


al 1 
Loe a 


On the other hand, if the various polygons are formed, for example, at the con- 
stant rate of one per minute, evidently the circumference can never be actually 
attained. 


5. Theorems concerning limits. The following theorems, the 
truths of which are in large part self-evident, we shall hereafter use 
as occasion may require. t 


Theorem I. The limit of the sum, or difference, of two variables is 
equal to the sum, or difference, of their separate limits. 


Thus, 
lim (3 22 — 22+ 1)= lim 3 2? — lim 24+ ne 1=0-0+1= 
zt>-0 age « z>0 


Theorem II. The limit of the product of two or more variables is 
equal to the product of their separate limits. 


Thus, : 
lm zsinz = lim z- lim sma¢ = =z-0=0. 
I>7 i>7 I> 


* See, for example, the author’s College Algebra (published by Macmillan Co.), 
page 81. 

+ Rigorous proofs of these theorems properly belong to more advanced aspects 
of mathematics, hence are here omitted. It should be noted, however, that the 
separate limits referred to in the conclusions of the theorems are always assumed 
to have definite values. 
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Theorem III. The limit of the quotient of two variables is equal to 
the quotient of their separate limits, provided the variable which occurs 
in the denominator does not have zero as its limit. 


Thus, 
} 2 
tim MEd eed 10 5p 
z>3t— 2 lim (& — 2) 1 : 
zZ>3 


In the statement of Theorem III the reason for assuming that 


the limit of the denominator is not equal to zero is that if this should 
A 


happen, the quotient of the separate limits would be of the form a 
and would thus become meaningless whatever the value of A, since 
division by zero is an impossible operation in mathematics. 


6. The form >. If, in using Theorem III of Art. 5, it happens that 


the quotient of the two separate limits takes the special form ° 


thus presenting not only a zero denominator but also a zero numerator, 
the quotient of the two variables may still approach a determinate 
limit. To find this limit, however, some preliminary simplifications 
of the original quotient are usually necessary, as illustrated in the 
following example: 


Example. Determine the value of 


to a 
z>12—1 


Sotution. If Theorem III be applied at once, we obtain 


: 2 
li ee eae 1) 0 


Pe — 1 Bilin Gm). 0" 
z—>1 


This result, for the reasons indicated in Art. 5, is meaningless. However, 
the limit in question is perfectly determinate as appears from the following 
steps in which a simpler form for the given quotient is obtained by elementary 
algebra before the limit is taken: 


- g—i 
lim 
z>1 0 — 


= lim @ + 1)=2. 
zr >1 

The desired value, therefore, is 2. 

Similarly, we have 


Coes ude x 
pecan ee aT ae ae aa 
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7. Functions considered graphically. In the calculus, as in an- 
alytic geometry, it is customary to speak of the graph of a function 
f(x) as the curve formed by the locus of all the points whose co- 
ordinates (x, y) satisfy the equation 


y = f(x). 


Thus, the graph of the function 2? is the 
parabola whose equation is 


== ape 
Yeates 


the curve in this case having the form and 
position shown in Fig. 1. 

While many of the graphs considered in 
analytic geometry are smooth curves through- 
out their entire extent, as illustrated in a parabola or an ellipse, 
it is easy to find a function whose graph, when considered at 
one or more of its points, fails to pos- 
sess this character. For example, con- 
sider the function 


Fig. 1 


Ve 


— 


le 


Here the graph is smooth everywhere 
except at the point upon it where x = 0, 
as shown in Fig. 2. At this particular 
point a break occurs. Such a special 
point is known as a point of discon- 
tinuity. Moreover, such a point is 
known as a point of infinite discontinuity, since as one approaches it 
in any manner the curve recedes indefinitely. At such a point the 
function itself is said to 
become infinite. 

On the other hand, if one 
considers the function 


Fie. 2 


fer 10." fia. 3 


the graph, as shown in Fig. 3, has a point of discontinuity where x = 0, 
yet it does not recede indefinitely in the neighborhood of this point. 
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In fact, as x comes closer and closer to zero through negative values, 
y comes closer and closer also to the value zero, since, for such a change 
in x, the denominator of (1) grows continually larger and larger 
without limit, thus making the fraction (1) smaller and smaller, but 
if x approaches zero through positive values, the same fraction comes 


closer and closer to the value 
1 


ee 
1+0 


Such a point is known as a point of finite discontinuity. 

Ordinarily, the graph of a function when considered at any one of 
its points is smooth, as stated above, in which case the curve is said 
to be continuous at the point in question. More precisely, f(x) is 
continuous at the point upon it where x = pin case f(p) is a determi- 


nate number and ; 
lim f(x) = f(p). 
~—>p 


We shall be concerned in the present book chiefly with functions 
which, at least at the points under consideration, are continuous. 


EXERCISES 


1. State accurately the meaning of each of the equations (3) of Art. 4. 


2. Ascertain by inspection the correctness of each of the following equations, 
giving reasons: 


(a) lim (822? —-2z2 —1)=0; (ec) lim (22 —z—-1)=+0; 
2>1 L>+ 0 
(6) lim = 0% (f) lim 322? =+0; 
t>+o022 +1 t>-— © 
F 2 - 1 
lim —~“~— =0; = ; 
(©) cena e+ (9) a0 sin? x — 
: 4 3 
d l ee ~ =. a 
US te ae rare eo) Saray be a as «2 
3. Establish each of the following equations, using the theorems of Art. 5: 
: : e@+1 
2 = 7; l =/25 
(a) jim ae + u) i | (f) Bee aan ; 
(b) lim (324+322—52+2)=26; (g) lim SBS =?; 
t->—3 sot 8 Ww 
(c) lim (2sinz + 38cosz)=— 38; (h) lim sanz ob ae 
tr 1-7 cos x 
(a) lim (x — 3)(a2 +2)=—6; (@) lim 20°10 2.9; 
r>-1 z>0 2 


(e) lim (a? +1)(@?—1)(@+2)=150; Gj) lim 82 +Sinze _ 
2-2 r>1 x 


Art. 7] FUNDAMENTAL NOTIONS AND DEFINITIONS 9 


4. Show that lim era es 4; also that lim Alaa pa 4, 
r>2 2-2 t>-2"4+2 

5. Show that lim 7-3-5 a) 
a>32?—-—2e—3 4 

6. Show that lim ee acs 
z>-123 +1 3 


7. By use of familiar trigonometric formulas (see Appendix, page 359) to- 
gether with the theorems of Art. 5 establish each of the following equations: 


(a) lim 22 _ 1, (c) lim tan2% _ C 

z>o tan x z>0o sNn2z 

2 
d) lim SS * = 9, 
EN A sin 2 x = 990 ( 
(0) 25-0 tan © : z>7 Sin He 
8. Prove that lim a = 3. 
TH+ 0 
Souurion. lim (ae = lim (3 +2 =3+0=3. 
t+ 0 x r>+o0 


9. Prove that lim 2% — vk — 2. 


r>+o\3 —2 
Hint. First divide both numerator and denominator by z. Now apply Theo- 
rems III and I of Art. 5. 


410. Prove that lim CG we —@ +1\_ 2. 


I>+o0 3 x? + 2 3 
Hint. First divide both numerator and denominator by 2?. 
ae 
11. Prove that lim ~ 2 =0, 
r>+02074+1 
12, Show that lim —°* _ = lim aa 


w>+oe%3 —a2? 41 zy - oo eae, 
13. State the point, or points, of discontinuity belonging to each of the follow- 
ing functions, and determine in each instance whether it is a point of infinite or of 
finite discontinuity : 


(a) ° a ; (c) 3x2; (e) tan rz; 
x—2 x 
tata Ls Tei, T 
(b) Sry (d) ane (f) tan 


14. Show that the curves y = sin x and y = cos # are continuous at every point. 
15. Evaluate each of the following limits: 


_ 30% —x2+1 1-2 . sin? 
] a hen, ee [TG) ee 
(a) Aroma 4e3+1 ’ @) FES UE 2S re 2 Ae 1 — cosa’ 
(6) lim (2? + 2)?; 1 — 2, ) limi? 2, 
2 (f) ae =i a 0) eal + cos x’ 
(c) ane 1052 (9) lim a? log 2; (k) ie Die sin x; 
- 42% —1 a 2 
fed SEER 2. 
@ im St wy oes) tome 
z- T 


CHAPTER II 
THE DERIVATIVE OF A FUNCTION 


8. Definitions. The student will recall from an- 
alytic geometry that the slope of a straight line is 
defined to be the tangent of the angle which the line 
makes with the positive direction of the X-axis, as 
the angle XQP in Fig. 4. ot 6 
This being understood, let the curve in Fig. 5(a) 
(or 5(b)) represent the graph of the equation 


y =f), (1) Fig.4 


where f(x) is a given function of z, and let P = (za, y) be any point 
upon this curve; also let QPT be the tangent line to the curve at P 


Fia. 5(a) Fig. 5(b) 


We shall now show how to determine an expression, known as the 
derivative of f(x) and represented by the symbol f’(x), which measures 
the slope of this tangent line from point to point along the curve (1). 


9. Determination of derivative. Regarding the point P = (a, y) 
at first as fixed in position, let us assign to its abscissa x a small 
change, or increment, representing this by the symbol Az (read delta z, 
not delta times z, and regarded for the present as positive). Denote, 
by Ay the increment which y then takes in order that the point P’ = 


(x + Az, y + Ay) shall also lie upon the curve. In either Fig. 5(a) 
10 
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or Fig. 5(b) this increment Ay is represented by the line SP’, but in 
Vig. 5(a) it is positive while in Fig. 5(b) it is negative, inasmuch as in 
this case the ordinate of P’ is less than that of P. For the given 
values of « and y we may then write in either case, as a result of (1), 


y = f(z) (2) 
y + Ay = f(x + Az). (3) 
Subtracting (2) from (3), member by member, we obtain 
Ay = f(z + Ax)— f(a), 
or, dividing both members by Az, we have 


Ay _ {e+ Av)— fim), (4) 
Ax Ax 


and 


Now the ratio a here appearing, when interpreted in Fig. 5(a), is 
he 


seen to be the tangent of the angle SPP’, which in turn is equal to the 

tangent of the angle XQ’P. When likewise interpreted in Vig. 5(b), 

the same ratio a is seen to be the negative of the tangent of the 
x 

angle SPP’ (Ay being now negative) and hence it is equal to the 

tangent of the obtuse angle XQ’P, this angle being the supplement 


of SPP’. In either case, then, ie is the slope of the secant line PP’. 
z 


But, as we employ a smaller and smaller value for Az in the foregoing 
statements, the corresponding value of Ay lies nearer and nearer to 
zero, while the point P’ lies closer and closer to the fixed point P; 
also Q’ lies closer and closer to Q, so that the slope of the secant line 
comes nearer and nearer to the slope of the tangent line at P, ap- 
proaching the latter value in fact as a limit when Az approaches zero. 
The desired expression, or derivative of the function f(x), which 
measures the slope of the tangent to the curve y = f(x) at P is there- 
fore given in all cases by the general formula * 


"(x)= lim AY = lim 4 +4D— LH) 
b aarr) Ae cssrig Az. ” 


*We here assume that the limit (5) actually exists. There are exceptional 
cases in which this is not the case even though the curve y = f(z) may be con- 
tinuous at P, but we shall in no wise be concerned with such cases in the present 
text, 
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Besides the symbol f’(z) used as above to denote the derivative 
of a given function y = f(x), it is customary to use also, as may be 


desired, any one of the symbols y’, D.y, or a In all cases, the 


process of finding the derivative, that is, of evaluating the limit (5), 
is called differentiating the function. 

Hereafter the slope of the tangent line to a curve at any point P 
upon it will be briefly referred to as the 
slope of the curve at P. 


Example 1. Find the derivative of the func- 
tion 
y=2a—-—82x4+7 (6) 


and thus determine the slope of its graph at the 
points on the curve whose abscissas are respec- 
tively c= 1, ae = 2) 2)— 3, and x = 4. 


Soutution. Here 
f(@@)= 222 -—824+7 


so that the general formula (5) gives 


fay= ind aes) Fi. 6 
Az>-0 Ax 
lim 2(z + Ax)? — 8(@@ + Ax) +7 — 22? —82+7) 


Ar>0 Ax 
Upon simplifying the numerator by expanding (« + Az)?, removing paren- 
theses, and observing mutual cancellations of terms, we obtain 
ime 
f(x) = lim 42 4% 8 Ax + 2 Ax ; 
Az>-0 Ax 


= lim (44% —8+ 2 Az)= 42 — 8. 
Az>-0 


The desired derivative of the function (6) is therefore 
fi(@=42 -—8. (7) 


It follows that at the special point P, (see Fig. 6), whose abscissa is x = 1, 
the slope of the curve is equal to 4- 1 — 8 =— 4. Similarly, at the point 
P», having the abscissa 2 = 2, the slope is seen from (7) to be 4- 2 —8 = 0, 
thus indicating that the tangent to the curve at this point is parallel 
to the X-axis. Likewise, at the points P; and P4, where the abscissas are 
x=3 and « = 4, the slopes are equal respectively to 4-3 — 8 = 4 and 
4-4—8=8. 
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Example 2. Differentiate the function 


Mae 
and thus determine the slope of its graph at the points 
having the abscissas = — 1, x = 0, andz = 1. 
Sotution. We have 
f(z) = « 


so that, by formula (5), 
(a + Ax)? — 2 


‘(z) = lim 
az>-0 Ax Fic. 7 
2 nae oy rot} 4 
- lim 3% Ac + 32% Ax + Ax 
az>-0 Ax 
= lim (322+ 32 Ar+ Az’)= 32%. 
Az->-0 


The desired derivative, therefore, is 


HAG Si eet 
The slopes of the curve at the special points P;, P2, P3, having the abscissas 
x =— 1, x = 0, and x = 1, are therefore equal respectively to 


3-(— 1)? = 3, 3-0? =0, and 3- 12 =3. 


Example 3. Differentiate the function 


ne 
1 
Yy = — 
x 
P and thus determine the slope of its graph 
: at the point upon it whose abscissa is 
x=. 
O X  Sonurion. We have by formula (5) 
; 1 1 1 
Bl UN emerge 
y his CaAre a) Ar 
my ( = Ag ) al 
Sa>0\z(e + Ax)/ “Ax 
3 _-1 1 
F by te) — ] = . 
iM dim Ga a 7a) x 


At the particular point P; having the abscissa « =4 the slope is therefore 
equal to — 1/(4)? =— 4. 

Note. The student should observe that formula (5), when applied to a given 
function f(z), leads in the limit to the meaningless form 3 (see Art. 6). However, 
a decisive answer may usually be secured, as in the foregoing examples, by making 


suitable simplifications before allowing Ax to approach zero. This procedure 
should be followed in working the following exercises. 
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EXERCISES 
1. Find the derivative of the function f(z) = 2? —24+42. 
Ans. f(z) = 24 — 2. 


2. By means of the result obtained in Ex. 1 determine the slope of the curve 
y = «2 — 2a + 2at the point upon it whose abscissa is7 = 13. Draw the graph 
of the curve and indicate in it the geometric significance of your result concerning 


the slope when z = 14. Ans. 1. 
3. Find the derivative of each of the following functions : 

(a) y=322—-2; A PGs 
(6) y=x —222+4 2; Ans. y' =3 42+1; 
(Cc) gia 5 Ans. y’ = 423; 
1 ~ ip 2 ; 
(d) y = 533 Ans. y ane 

1 
() y=ath; Ans.y! =1— 533 
a — a e+4e4+1 
= Ans, 4S ae 

Ns BaD” zig (a + 2)? 


4, Determine the slope of each of the curves (a), (b), etc. of Ex. 3 at the special 
point at which x = 1, using for this purpose the expressions already there deter- 
mined for the derivatives. Draw diagrams indicating the geometric meanings 
of the various results. 

Ans. The slopes are (2) 6; (b) 0; (c) 4; (d) —2; (e) 0; (f) 2. 
The student is advised to repeat the exercise, using other values for x than 


x =1; for example, x =— 1, z = 4, z = — 4, ete. 
1 2 
bat) ——————— showsthate s.r 
GeO CPE SP ener 4 (i + 2)3 
6. Ifs = A+ite show that s’ = 1 - 5 


7. Find the codrdinates (xz, y) of the point P upon the parabola y = 
4 “2 + 8a +5 at which the slope is equal to 4. Draw a figure. 
Ans. xc =— 4, y = 2. 


8. Show that two tangents can be drawn to thecurvey =223 +32? —122+1 
each of which is parallel to the X-axis. Find the point of contact of each. 
Ans. (1, — 6); (— 2, 21). 

9. At the point (2, 1) lying upon the curve 8 y = x’ a tangent is drawn. 
Find to the nearest 10 minutes the acute angle which it makes with the positive 
direction of the X-axis. See tables, pages 362-366. Confirm your result by a 
carefully drawn figure. Ans. 56° 20’. 


10. Find the point upon the curve mentioned in Ex. 9 at which the tangent 
Ans. (258 2V'6). 


line makes an angle of 45° with the positive X-axis. 


11. Prove that there is no point upon the parabola y = 4 2? at whieh the 
tangent is parallel to the Y-axis. 
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12. Find the point, or points, upon the curve y = 223 — 322 —62+41 at 
which the tangent is perpendicular to the inex +6y +1 =0. 

Ans. (2, — 7), (— 1, 2). 

Hint. Two lines are perpendicular to each other if the slope of the one is the 
negative reciprocal of the slope of the other. 

13. Prove that no curve of the type y = az? + bx +c, where a, b, c are any 
constants except that a and b have the same sign, can have a tangent line parallel 
to the X-axis. 

14. Determine by the method of Art. 9 the derivative of each of the following 
a letter a, wherever used, represents any constant : 


: ey ee ler 
(a) f Pe op) ae) ae ANE Vea ere @) @ =F 
=(z — 1)3; see tiie By ila 
Oi 2 =@ — 1); (e) y Tae a 
= — 2); oe endl: he ey = oo eee 
(c) F(x) =(@ + 3)(2 — 2); f) y art @) oy = aa 


15. Find the slope of the curve y = L at the point (1,1). Draw a figure. 
a 


16. Find the slope of each of the following curves at the point indicated : 


(a) y= 5a? —6 at (1, —1); @) y= + at 0,1); 
(b+) y= 3.03 — 5a? +1at (2, 5); (-) y= 244 at 2,3); 
© y=@+H)Q-2) 0,2; Ny=-Ftiateh. 


17. Find the points on the curve 
y=o+a%—424+3 
at which the tangent makes an angle of 45° with the positive X-axis. 


10. Increasing and decreasing functions. Inasmuch as the 
derivative of a function f(x) measures the slope of the curve y = f(a) 
at each.of its points, it follows in particular that if the derivative at a 
certain point P has a positive value, then the slope of the tangent 
line at that point is positive... But this requires, by trigonometry, 
that the angle XQP be acute, as in Fig. 5(a), and this in turn implies 
that the curve is ascending at P as one passes along it from left to 
right. In other words, if the derivative at P is positive, the value of 
the function y is increasing at this point. On the other hand, if the 
derivative at P is negative, then the slope of the tangent line at P is 
negative. But this requires by trigonometry that the angle XQP 
be obtuse, as in Fig. 5(b), and this implies that the curve is descending 
at P as one passes along it as before from left to right. In other 
words, the function y is then decreasing at this point. These facts 
may now be summarized as follows: 
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Theorem. As the variable x passes by increasing values through any 
fixed value, as x, the function y = f(x) will be increasing or decreasing 
according as its derivative f’(x), when evaluated at x = 2, 1s positive or 
negative in sign; that is, according as f'(a1) > 0 or f’(a1) < 0. 

For example, having found in Example 1, Art. 9, that the derivative of the 
function 222 —82+47 is 4z — 8, it follows that as « passes through the 
value 3 this function is increasing, for when « = 3 the value of 44 — 8 is 4 
and hence is positive. Similarly, we see that as « passes through any fixed 
value x; greater than 2, the same function is increasing, for 4 a1 . on 


so long as 2 i ater than 2. On the other hand, as a passes gh any 
fixed value x, less than 2, the function is decreasing, for the value of 4 7, — 8 
is evidently negative whenever 2; is less than 2. Note how these conclusions 
are confirmed in Fig. 6. 


11. The derivative as a measure of rates. Let us now suppose that 
P =(a, y) is a point upon the curve y = f(x) at which the derivative 
is positive in sign so that, by the theorem of Art. 10, the values of y 
are increasing as we pass along the curve from left to right through 
P, as illustrated in Fig. 5(a). Moreover, let us suppose that in thus 
passing along the curve we arrive at this point P at a certain time 
which we will call ¢. Also, let us suppose that during a small interval 
of time immediately afterward, which we will call At, the continued 
forward motion along the curve has brought us to the point P’, the 
values of x and y thus having taken on the increments Ax and Ay 


respectively. Then, upon writing the ratio vt in the form 


Ay 
Ay = At 
Az Ag’ (1) 
At 
the numerator au, being the distance Ay divided by the time At, 


is (by elementary mathematics) the average rate of increase of y 


during the time At. Likewise, the denominator wt is the average rate 


of increase of x during the time At. But if At be taken very small, 
these average rates are very nearly equal to the exact rates of increase 
of y and x at P, approaching these exact rates as limits when At 
approaches zero. In this case both Ay and Az also approach zero, 


so that, by Art. 9, the ratio ot approaches the value of the derivative 
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of f(x) at P. If, then, we pass to the limit in (1) as At approaches 

zero, keeping in mind what has just been said of the limits approached 

by the three expressions aw ot and SY contained in (1), we arrive at 
At At Ax 


the following important theorem : 


Theorem I. If, at the point P= (x, y) upon the curve y = f(x), 
y increases as x increases (Fig. 5(a)), then the sign of the derivative 
f'(z) at P will be positive and its numerical value will be equal to the 
ratio of the rate of increase of y to the rate of increase of x at this point. 


If, on the other hand, we consider a point P at which y is decreasing 
as x increases, as in Fig. 5(b), then Ay in the foregoing reasoning will 
be negative in sign. Thus we arrive at the following theorem analo- 
gous to Theorem I: 


Theorem II. If, at the point P = (a, y) upon the curve y = f(x), y 
decreases as x increases (Fig. 5(b)), then the sign of the derivative f’ (x) 
at P will be negative and its numerical value will be equal to the ratio 
of the rate of decrease of y to the rate of increase of x at this point. 


We observe finally that the conclusions of both Theorems I and II 
may be embodied in a single formula. Thus, we have 


, _ vy 
f'(x)= ie (2) 


where 2; is the rate of change (always regarded as positive in sign) 
of x at the point P = (x, y) upon the curve y = f(x) and where 2, is 
the rate of change of y at the same point, it being understood that it 
is taken positive or negative in sign according as y is increasing or 
decreasing at P. 


Example 1. A point is moving upon the parabola y = 242 —82+7 
in the general direction from left to right (see Fig. 6). Show 

(a) that as it crosses the Y-axis its ordinate is decreasing eight times as 
fast as its abscissa is increasing. 

(b) that as it passes through the point (3, 1) its ordinate is increasing four 
times as fast as its abscissa. 

Sotution. (a) By Example 1, Art. 9, the derivative of 222 —8x2+7 
is 4% — 8. Hence, the value ofthe derivative at the point where the 
curve cuts the Y-axis, that is, where z=0,is —8. At this point formula 
(2) thus gives 
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from which we obtain 

vy =— 8 2;. 
Thus, y is changing eight times as fast as x at the point in question, and the 
fact that v, has thus been found to be negative indicates that y is decreasing 
at this point, as is also confirmed by Fig. 6. 


(b) At the point (8, 1) the value of the derivative is likewise found to be + 4. 


Hence, using formula (2), we shall have at this point 2% = 4, or v, = 40;. 


Vz 


Therefore, at the point in question y is increasing four times as fast as a. 


Example 2. A bead slides upward along the curve y = x3 (see Fig. 7). 
If it passes through the point (1, 1) with a velocity of 5 inches per second, 
how fast is it rising vertically when at this point? 

SotuTion. Since the derivative of x’, as found in Example 2, Art. 9, is 
3 2”, and the value of this expression at the given point (1, 1) is 3- 12 = 8, 
it follows from formula (2) that, if v, and v, represent the velocities of the 
bead in the y- and z-directions respectively at this point, we shall have 


N= 3 Ue. (3) 


Moreover, since it is given that the bead is moving along the curve with 
a velocity of 5 inches per second, we also have by a familiar principle in 
elementary physics the following relation : 


ve + v,? = 5% = 25.* (4) 


It remains but to solve (3) and (4) for v, in order to find the desired vertical 
velocity, and this may be done by elementary algebra as follows : 
From (3) we have v, = 4v,. Placing this value for »v, in (4), we obtain 


Die 229 
en ee 5 


which, when cleared of fractions and solved for v,?, reduces to 
0,2 = 22.5. 


* The principle referred to is known as the parallelogram law for the composi- 
tion of velocities. It states that if the z-component of the velocity of a moving 
body at P is represented by vz and its y-component by vy, 
then the actual, or resultant velocity v will be in the direc- 
tion of the diagonal of the parallelogram having v, and vy 
as adjacent sides and the magnitude of v will be equal to 
the length of this diagonal. In case v, and v, are at right 
angles to each other, as in the present example, each of 
the two triangles within the parallelogram is a right triangle so that 


vz2 + vy? = v2, 


Thus, we have relation (4). 
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Hence, Se 
by =V22.5 = 4.744. 
The desired vertical velocity of the bead at the point (1, 1) is therefore 
4,74 inches per second, approximately. 


EXERCISES 


Whenever motion along a curve is referred to in the following exercises it is 
assumed to be in the general direction from left to right, as in the foregoing illus- 
trative examples. 

1. Determine by means of the derivative whether the curve 

y=3x24+6e4+5 
is ascending or descending at each of the following points, and confirm your con- 
clusions by means of a diagram containing the curve drawn on co6érdinate paper : 
(a) 0,5); 0) 0,14; © (-2,5); (@ (-4, 38); 

2. It being given that the derivative of the function 2? —322-—2+3 
is 822—62-—1, answer the following questions concerning the curve 
y=e—322?-—2+3: 

(a) What is the slope at the point (1, 0)? Ans. — 4. 

(b) Is the curve ascending or descending at (1, 0)? Ans. Descending. 

(c) At what rate is y changing at (1, 0) in case x is increasing there at the rate 
of 2 inches per second? Is this change in y an increase or a decrease? 

Ans. Decreasing at 8 inches per second. 

(d) Confirm, so far as possible, your answers to (a), (b), (c) by drawing the 
graph of the curve in question and noting its properties. 

3. Answer all parts of Ex. 2 for the point (2, — 3) instead of (1, 0). Do the 
same also for each of the following points, all of which are readily found to lie on 
the given curve since their codrdinates in each instance satisfy its equation. 

(a) (0,3); (6) (— 1,0); (e) (3,0); (d) (— 2, - 15); (e) (3, 18). 

4. Show by means of the derivative that the curve 

y=2—3¢ —1 
is always ascending except when zx lies between — 1 and +1 and that in this 
interval it is descending. Confirm these statements by plotting a number of 
points upon the curve, particularly points having abscissas lying between — 2 
and + 2, thus determining geometrically the general form of the curve. 

5. Referring again to the curve considered in Ex. 4, answer the following 
questions: If a point P moves along the curve in such a way that when at (0, 1) 
the component of its velocity in the direction of the X-axis is 2 inches per second, 

(a) What is the component of its velocity at this point in the direction of the 
positive Y-axis? 

(b) What is its actual velocity at the same point along the curve itself? 

(c) Answer the same questions also for the points (2, 3), (— 2, — 1), and 
(— 1, 8). 

Ans. (a) — 6 in. per sec.; (b) 2V10 = 6.32 in. per sec.; (c) + 18 in. per sec., 
18.11* in. per sec.; +18 in. per sec., 18.11 in. per sec. ; 0 in. per sec., 2 in. per sec. 
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6. If a bead slides down the portion of the curve y = 1/z lying in the first 
quadrant (Fig. 8), prove that as it passes through the point nearest the origin 
the vertical and horizontal components of its velocity will be equal, but that this 
will not be the case at any other point upon the path. 


7. Determine for each of the following paths of a moving point, (1) the magni- 
tude of the y-component of the velocity, (2) the magnitude and direction of the 
resultant velocity, it being given that the point under consideration is the one for 
which x = 2 and that at this point the z-component of the velocity is vz = 3: 


(a) y=22 +241; @) y= +; @) y= 53 
2 
0) y =@ — 2%; Ov=45 Wy= 2S 
a. ONS = har Be Sep eo il 
(c) y= (+ 2)(z — 8); Oe ere ees G) 


8. A point P moves upward along the parabola y = 4 z? at the constant speed 
of 2 inches per second. How fast is it rising vertically at the point (1, 4)? How 
fast is it moving horizontally at the same point? 


9. Answer Ex. 8 when the curve y = 42° isemployed. Drawa diagram repre- 
senting the geometrical significance of your result. 


10. Assuming that the form of a soap bubble is spherical, show that as such a 
bubble is blown up the rate of increase of its volume at any instant is equal to 
the rate of increase of the radius multiplied by the area of the sphere at that 
instant. 


11. Show that as a circle is increased (or decreased) in size the rate of increase 
(or decrease) of the circumference at any instant is directly proportional to the 
rate of increase (or decrease) of the radius at that instant. 


12. Show that as the edge of a cube is increased (or decreased) in size the 
volume of the corresponding (variable) cube will change at a rate which, at any 
given instant, will be equal to the rate of change of the edge at that instant mul- 
tiplied by one half the area of the entire cube at the same instant. 


13. A right circular cone whose altitude is always kept equal to the radius of 
its base is allowed to expand. Show (a) that the rate of increase of the volume 
at any instant will be equal to the rate of increase of the altitude at that instant 
multiplied by the area of the circular base at the same instant; (b) that the rate 
of increase of the lateral area at any instant will be directly proportional to the 
circumference of the base at that instant; (c) that the rate of increase of the total 
area (including the base) at any instant will be directly proportional to the altitude 
at that instant. 


14. Investigate all parts of Ex. 14 in case a cone is used whose altitude always 
remains equal to twice the radius of the base. 


CHAPTER III 
GENERAL THEOREMS CONCERNING THE DERIVATIVE 


12. Introduction. The labor required to determine the derivative 
of a given function may usually be greatly reduced by the use of 
certain general theorems which we shall state and prove in this 
chapter, giving illustrations in each instance. 


13. The derivative of a constant. The following theorem is first 
to be noted: 


Theorem. The derivative of any constant is equal to zero. 


When expressed as a formula, this theorem may be written 


where c represents any constant. 


Proor. Using the notation of Art. 8, we have 
y =¢, (1) 


and since y in this case remains unchanged no matter what values 
be assigned to x or to Az, we must have Ay = 0. It follows that 


and hence 


thus establishing the theorem. 

When considered geometrically, this theorem states that the graph 
of equation (1) has its slope equal to zero at every point — a fact 
which is evident since (1) is the equation of a straight line parallel 


to the X-axis. 
21 
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14. The derivative of x", n being a positive integer. 
Theorem. The derivative of the function 
y = 2", 
where n is any positive integer, is given by the formula 


dy n—1 
— = nx ° 
dx 


Proor. From (1) we have 
y + Ay = (@@ + Ax)” 


= 7? + nar tAr + wn) aay” + .-- + Ax”: 


Subtracting (1) from (2), member from member, we obtain 


Ay = nv” Ac + wnt) ar—2Ag? +... + Ax”. 


Hence, 


AY _ ng 4 n(n — 1) nape fete ae 
Az 2! 


and therefore 


coe lim 4% = nxt, 
dx Asr>o0Ax 
The proof is thus complete. 
For example, we have at once such results as the following: 


d(x) _ 3 a: d(x) d(x8) d(x) 
dx dx 


= 4535 ge ehh aero etc. 


(1) 


(2) 


Corollary. By taking n = 1, the theorem gives in particular the 


following result : 
Lee 
dx 


Geometrically considered, this equation states the evident fact that 


the slope of the straight line y = z is equal to 1 at all points. 


15. The derivative of a sum; of a product; of a quotient. 


Theorem I. The derivative of the sum of two functions is equal te 


the sum of their derivatives. 


Expressed as a formula, this theorem may be written 
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du 
dx 


where wu and v are any two functions of z. 


d _ du, dy 
ae ae 


Proor. Let 
y=utov (1) 


and suppose that w takes an increment Av. Denoting by Au and Av 
the increments which wu and v then take respectively, we have 


y+ Ay=u+t+Au+o- dv. (2) 

Subtracting (1) from (2), member from member, we obtain 

Ay = Au + Av. 
Therefore 

Ay _ Aw , Av 

AC ANC AD 
and hence 

tim AY im 2 iy Oe dv 


dx ar>oAr ars0Av arroAr ae wax 


The proof is thus complete. 

The theorem is seen at once to apply not only when two functions 
wu and v are added, but when any number of functions are either added 
to or subtracted from one another. 


Example. Find dy if 
du 
y=o+a?—ax+ 5. 
Sotution. Applying Theorem I, we have 
dy _ @ (as) 4 4 (yo) _ a a 
dx dz NS ae cede (5). 
By use of the theorems in Arts. 13, 14, this result takes the final form 


dy _ 3984 on — 1, 
dx 


Theorem II. The derivative of the product of two functions is equal 


to the first function multiplied by the derivative of,the second plus the 
second function multiplied by the derivative of the first. 


Expressed as a formula, this theorem may be written 
d ede du 
dx aU 4 ax st ” dx’ 


where wu and v are any two functions of z- 
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Proor. Proceeding as in the proof of Theorem I, we have 
y = w, 
y + Ay =(u + Au)(v + Av) = w + uwdv + vdAu + Audo. 


Hence, Ay = uAv + vAu + AuAd, 
Ay Av a Av 
aS = y Au 
Ax i Ax Nd me Ax’ 


and therefore 


dy _ lim Oye u lim avr v lim 4 alae lim | Awa” 
az>o AX az>0 AX az>o At Ar> Az 

dv du 

= Uu — v aS SS“ 

dx oe dx 


The proof is thus complete. 
By considering the special case in which u = c, a constant, we 
obtain the following corollary : 


Corollary. The derivative of the product of a constant and a function 
zs equal to the product of the constant and the derivative of the function. 


Expressed as a formula, this corollary may be written in the form 


S (cv) = c= 


Theorem II may be at once extended to the case in which three 
functions are multiplied together instead of two. It then takes the 
following form : 


d dw. 
qn ew) = vw — uw 2 + uv — Se 


Similarly, the theorem may be extended to the product of any number 
of functions. 


Poth). 
Example. Find oe if 


y = 4a — 1)(22 + 1). 
SoLuTion. We have 


: wu “ Li ~ (2 + D) Cor. Th. II. 
e [ @ =i) 4 (2? 4.1) +(22+ 1) <(@ S | Th. I. 
= 4[(ex —1)-224(224+1)- 1] Thede 


= 4(3 22.- 22+ 1]. 
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Theorem III. The derivative of the quotient of two functions is 
equal to the denominator multiplied by the derivative of the numerator 
minus the numerator multiplied by the derivative of the denominator, 
divided by the square of the denominator. 

Expressed as a formula, this theorem may be written 

(Th yt 


vd 
20)- 8 


where wu and v are any two functions of x. 


Proor. Proceeding as in the proof of Theorem I, we have 


y 
ut Aw 
Ay = 
y + Ay ReIARG 
Age ey eS 


v + Av v (v + Avyo’ 


vlim — — ulim — 
dy Et Ay a Ac>-o Ax Ac>0o AX 
dx  az>0Ar (v + O)v 

pau _ dv 

dx dx 
= re Z 


The proof is thus complete. 


Example. Tind we if . 


Sotution. We have i 
(2 — 1) ©) — a Fw —1) 
dy _ RATE GE) ee pee ele The Ii, 


Ais (a? — 1)2 
@ = lew — 2. (22) 
G1)? 

bE - 30 
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EXERCISES 


Differentiate each of the following functions, making use of the general results 
in Arts. 18-15. The letters a, b, c represent constants : 


1. y =32? —2. Ans. y’ = 62. 

2. y=e84227 —2. Ans. y =322+42—-1. 

38. y =ar?+br+ec. Ans. y’ =2ax+b. 

4.s=108—52. Ans. s’ = 30?? — 108. 

6. r=1+ 00+ ce. Ans. rv’ =b+2 00. 

6. y =(2? — 1)(23 + 1). Ans. y' =52!'-—32°+22. 
Hint. Use Th. II, Art. 15. 

7. y =(3 23 — 1)(2a — 8). Ans. y’ = 2423 — 2722 — 2. 


8. y = @ — 1)(e? +.1)(2 28 — 1). 
Ans. y’ =122) — 1024+ 823 —922 +22 —1. 


9. s=32(t + 2)(2 — 1). Ans. s’ = 15H4+248 —9# — 128. 
10. y =(a + bz)(c + dz). Ans. y' =2bdx +ad + cb. 
11. y = az? + b(z — c)(x — a). Ans. y’ = 2(a+ b)x — b(c +d). 
12. y=(x—a)(x—b)+(a—-c)(x@—-d). Ans. y’ =4x-(a+b+c+d). 
pe eee. Mie ee 
13. (Es ns. Y ato? 
= Tl _ 2(22 +2 +41) 
-y= . Ans 6 eee 
gee) ar eee Teel, 
yes Ans. yi =— 24 _. 
15. y Fee ms. Y @ip 
ESSER (Pe, toe Pini I 
16. y = feces Ans. y G-2+2) 5 
_ a — 2 Fp eatls teA NCO GOT 
17%. y= eae Ans. y @ +22 
24] za+1 
18.47 = 19. y= ; 
oo x—1 : e+ 
1 
20. 4 == 1 
ce etatl Y (x + a)? 
_~tta 2 i 
ah) = ey 3. Y Po 
24. Find the slope of the curve y = x3 — 3 2? + 2 x at each of the points where 
it crosses the X-axis. Sketch the curve. Ans. 2, — 1, 2. 


25. Prove that the ordinate at every point of the curve y = i “ _ is increasing. 
Confirm the fact by sketching the curve. Me 


26. A point moves along the curve y = x — i and, as it passes through (1, — 1), 


the z-component of its velocity is 2 inches per second. What is the y-compo- 
nent of the velocity at the same point? Also, what is the resultant velocity? 
Avs. 6 in. per sec.; 2V/10 in. per sec. 
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27. Obtain the derivative of each of the following functions: 


(a) y=522—4243; (@) y= 2S + 4a; 
(b) y = av + ba? + cx +d; (e) f(a) = Pat +@- Ne +3); 
() s =(2 + 1)(8 — 1); Qe-f VELY, 


16. The derivative of a function of a function. It frequently 
happens that the dependent variable y is a function of the independent 
variable « through some other variable, as vu. For example, this is 
the case if 

y=ur?—38u where u=a2? +22? — 1. 

Here the expression for u occurring in the second equation might be 
substituted for w in the first equation, whereupon y would become 
expressed directly as a function of x, after which the derivative y’ 
might be obtained in the usual manner. But to find y’ by this 
roundabout process usually entails considerable work. It is there- 
fore desirable to note the following theorem whereby y’ in such cases 
may be more directly obtained : 


Theorem. Ifyisafunction of uand urs a function of x, thus making 
y a function of x through u, the derivative y' may be obtained by use of the 
following formula: 


dx 5 du dx 


Proor. Suppose y = f(uv) where w= ¢(x). Assign to # an 
increment Az and let Au and Ay be the increments resulting in wu and y. 
Then we may write 


as Ay | Au 
Ac Au Ax 
Hence, allowing Ax to approach zero as a limit, we obtain 
lim 4Y = tim 4¥. lim 4%, Th. II, Art. 5. 
z>oAr azc>oAu az>0Ax 
or 
dy _ dy du D 
2 = , ef., Art., 9. 
dx du da : : 
The proof is thus complete.*~ t 


* The foregoing proof tacitly assumes that at no step in the process do we have 
Au=0. For the exceptional cases in which this happens the theorem is still true 
but a more extended proof is necessary. 
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Example. Find dy if 
Site dx 
y=w—s38u where w=22+ 22? —1. (1) 
SoLuTion. We have 
Hf ae —3.u)- 5 @ 4 20% 1) 


=(2u — 3)(82?+ 42). ; Ths., Arts. 13-15. 
Substituting for w its value as given in the second of equations (1) and making 
simple reductions, we thus obtain as the final answer 


W (2x8 + 42 — 5)G a2 4 4a), 


17. The derivative of the general power function. As an applica- 
tion of the theorem of Art. 16, we shall now state and prove the 
following important theorem which may be regarded as a generaliza- 
tion of the theorem of Art. 14. 


Theorem. The derivative of the function 
y= u’, (1) 
where u is any given function of x and where the exponent n is any 
rational number (positive or negative, integral or fractional), is expressed 
by the formula 
dy du 
—Z = nyr-itt. 
dx dx 
Proor. It will be convenient to consider first the case in which n 
is positive. \ 
Case 1. n positive. Since n is by hypothesis a rational number, 
the function (1) may be regarded as of the form 


D 


y= ul, (2) 


where p and q are positive integers. Hence, we may write 
yt = uP. (3) 


Differentiating each member of this equation with respect to z, making 
use of the theorem of Art. 16, we obtain 


d dy _ do) du 
aj 0° geen a oe 
which, by the theorem of Art. 14, becomes 
ah) Gp) = OM 
q-1,7% = ya a ee 
qy ae pu ie 
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Solving for dy we obtain 
da 


dy. pWperdu pup dy: 
Op OL OEE he op Ve: dx 


or, substituting for y and y? their values as given in (1) and (2), we 
have 
DER AKYE 
aie, 

dx 


i de Be 
‘ qd 


But this result agrees with the formula stated in the theorem when 


n=P. The proof is thus complete for Case 1. 
q 


CasE 2. n negative. Equation (1) may now be put in the form 
Y= Ue 


where m is a positive rational number. This equation may, however, 


be written as 
; etyn! 
i cal ae (4) 


Differentiating both members of (4) by the use of Theorem III of 
Art. 15, we obtain 


dx = yen 
j f d(1) = ad me m—1 du 
Recalling that ap 0 and that by Case I dn wu mu qx? We 


thus obtain 


—_ mun—1 Le 
dy = Ser sama 2 Ot Rl 
dx yem dx 


But this result agrees with the formula stated in the theorem when 
n=—m. The proof is thus complete for Case II also. 

We shall assume hereafter that the theorem holds true also 
when 7 is an incommensurable number. The proof for this case lies 
beyond the scope of this text. ~ 


As a special but very important consequence of the theorem ob- 
tained from it by taking u = x, we have the following corollary : 
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Corollary. The derivative of the function 
YRS; 


where n is any real number, is given by the formula (compare Art. 14) 


dy — n-1 
age 
The following two special formulas which result respectively by 
placing n =— 1 and n = 4 in the theorem, are also to be noted: 
a = 
w--& (5) 
dx u2? 
du 
Vu _ dx 
dVvu ~ dx (6) 
dx . 2Vu 
eis 
Example 1. Find a if 
= 3(2? — 14. 


Sotution. The theorem gives 


dy _ 3.12 _ yet. 4 ge 
a oe 4 ahd ae i) 


= 3 (2 —1)%.22= BRRON SEES - 
4 Aa? — 1)4 
Example 2. Find a if 
— 1 le 
y v—x+1 
Sotution. Formula (5) gives 
pote 
dy ae Sid ae Qe-1 
dx (a? — x + 1)? (a? — x + 1)? 
Example 3. Find % if 
dx 
y =Vaz + b. 
SoLtution. Formula (6) gives 
d 
dy an + b) ms 


Art. 17] 
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EXERCISES 


Differentiate each of the following functions. The letters a, b, ¢ represent 


constants : 


i y = 25 +323, 


2y= 


4a? — 2? 42. 


3. y =V32+2¥e —*. 


4,.y= 


n 
az” + baz. 


B. y =V2( Vz — 1). 


6. y =(a+ A peal. 


7 y =(22 +1)V22 — 1. 


‘8. f(z) =(a + 2)™(b + x)”. 


9. f(s) =Va + bs?. 


10. y =(2 23 — 22)4, 
Lincs =Va + bv. 


17. rOa( =): 


18. y = 


Va —2+Va tees 


Va—2—-Vata 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 
Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


op! al 
Yl eae ee, 


y=—2nt— hat, 
y’ awl 3 2 Le 
2Nc 32 7 
n—2 
y =— maz! + bn oa 
2 
y =get—agat 
, 38a-—1 
Yy -— 
2Vz2—1 
, 3 23 hy 
1 pie Lt 
2 Va? — 1 
lf = im re| peed ase ea ee 
f(z) =(a + 2)™(b + 2) te | 
bs 
f(s) = ——.. 
Va + bs? 
y = £822 — x)(2 28 — a?) ~4, 
j= 
4V at + btvt 
to oo: ae 
(re) a 
1 
—— — 
2V x(x — 1)8 
, 1 
= 
(1 —2)V1 — 2 
: 1 
¢'(t) = ———___.. 
3Ve(L + Yt)? 
oie 2 aa 


(a? — x?) Vat — at 


FiGj= 202 = 
(t) ( — pen 


Mngt +aVa — x 
Va — x 


19. Find, correct to two significant figures, the slope of the curve y =V; xz at 
the point upon it whose abscissa is 2. Draw a figure. Ans. 0.35. 


32 GENERAL THEOREMS [(Cuav. III 


20. Find the slope of the circle 2 + y? = 25 at the point (8, 4) which lies upon 
it. Ans. — 3. 

Hint. Solve the equation for y, being careful to take the sign of the radical 
adapted to the problem. 


21. A point moves outward along the portion of the parabola y? = 8 x which 
lies in the first quadrant. If it passes through the point (2, 4) with a velocity 
of 2 inches per second, how fast is it rising ver- 
tically at that point? Compare Example 2, 
Art. 11. Ans. ‘V2 in. per sec. 


22. A point P starting at the Y-axis moves 
to the right upon the line y = 4 with a constant 
velocity of 5 inches per second. Show that at 
the end of 14 seconds its distance from the fixed 
point (38, 0) will be increasing at the rate of 3 
inches per second. 

Hint. Let x be the variable distance of P from the Y-axis, and let s be its 
distance from the given point (3, 0). First express s as a function of x. 


23. In the adjoining figure the line OL makes the fixed angle 6 with the line OX. 
If a point P moves outward upon OL in the direction of the arrow with a constant 
velocity v, show that the rate r at which it is receding 
from the fixed point A situated upon OX at the dis- 
tance a units from O is given by the formula 


Ls (x — a cos 6)v 
Vat + a? —2axcosd 


where z is the (variable) distance of P from O. 

Hint. Use the law of cosines from trigonometry 
which states that in any triangle if a and b are two sides and C is the angle in- 
cluded between them, then the third side c is determined by the formula 


ce = a? + b? — 2ab cosC. 


Fie. 11 


24. Differentiate each of the following functions: 


‘ i es Se eaReni rs | 

(2) y=32%—227;  (e) potest OMB cae 
a ae hu es sayfee Nicer . co : 

y= 324-223; ) fO-AG ae O v= Fe 
= Yaz; FQ) i= 2 S22 yee 

(c) y ax (g) F(z) dager (k) y ee 

(@) y=it”, (ht) ysath— 2, (2) 5 = (at + 0)8, 

Va 


25. Show that, as the altitude of a right circular cone increases, the base remain- 
Ing constant, the lateral area, considered at any instant, will be increasing at a 
rate which is inversely proportional to the slant height and directly proportional 
to the altitude at that instant. See Art. 11. 


a eee 
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THe DIFFERENTIATION OF THE TRIGONOMETRIC FUNCTIONS * 


18. Introduction. The theorems thus far stated enable one to 
find the derivatives of a large variety of functions, yet there are many 
important types of functions whose derivatives cannot be readily 
obtained without further theorems. Of these, the trigonometric 
functions may be regarded as the simplest. We proceed therefore 
to consider the derivatives of functions of this type. 


19. The derivative of sinu. We shall now establish the following 
theorem : 


Theorem. The derivative of the function sin u, where u is any given 
function of the angle x measured in radians, is expressed by the formula 


du. 
— (sin u)= cos u - 
dx = ) dx 
Proor. Consider first the simple case in which u = 2; that is, 
consider the function 
ye —sSineee 


Proceeding in the usual manner to find the derivative (see Art. 9), 
we have 


| 


y + Ay = sin (a + Az) 
and hence 
Ay = sin («@ + Az)— sin z. 


Moreover, if we apply to this difference the well-known trigonometric 
formula 
sin A — sin B = 2cos4(A + B) sin}(A — B), 


the equation for Ay may be written in the form 


Ay = 2 cos (a + =): sin 


Dividing both members by Az, we may thus write 


* The student is advised to review at this point the formulas from trigonometry 
to be found on page 359. 
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Ag 
Ay _ Roya meen 
fe cos (t+ 5 ne (1) 
2 


Now, as Aw approaches zero the first factor here appearing on the 
right evidently approaches the value cos as a limit, while it can 
be shown (see page 360) that the second factor (which expresses the 
ratio of the sine of an angle to the angle itself) will approach the limit 1, 


provided that the angle Ax (or =) is measured in radians. * 


Therefore, allowing Az to approach zero in (1), we obtain 
d 


£Y — (cos x) +1 = cosa, 
dx 


or 


(sin 7) = cos 2. (2) 


The theorem in question now follows directly. Thus, by the 


theorem of Art..16, we have 
iy IY hy Sar 
ag ot i = (sin wu) TE 
which by (2) becomes 
ARE oe als 
oF (sin w)= cos u a 


The proof is thus complete. 


Example. Find we if 
y = sin (2 a2 — 1). 
Sotution. We have 
y = sin u where u = 22? — 1, 
Hence, applying the theorem, we may write 


ae. ee ioe 
dg O83 ay 2 1) 


cos (2 22 —1)-4x% = 4-2 cos(2 2? — 1). 


“For the definition of the radian, and its properties, see page 360. 
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20. The derivative of cos u. We may now readily establish the 
following theorem : 


Theorem. The derivative of the function cos u, where u is any given 


function of the angle x measured in radians, is expressed by the formula 


Z (cos u)=-— sin u Se 


Proor. Let 
y = COs u. 


Since, by trigonometry, cos u = sin (90° — u)= sin (5 - uw), this 
equation may be written 


y = sin (5 — x): 


Differentiating, using the theorem of Art. 19, we obtain 
dy _ Te NE 5 (E Ne m _ \ du 
pes) a Gat) Go) 
or, recalling that cos G _ u)= cos (90° — w)= sinu, we have 
au =— sin wu a : 


The proof is thus complete. 


Example. Find pat y = cosV3z2+1 


SoLtution. We 
y = cos u where u=V32+1. (1) 


Hence, applying the theorem, we obtain 


OF ain Vee 


dx dx 
which, by formula (6), Art. 17, becomes 
d 
by DOR eee eae, COE 
dx 2V3a2+1 2V32+1 


Substituting for wu its value as given in (1) and making other slight changes, 
the answer takes the final form 


dy ___ 3sinV3z+1 
dx 2V3a4+1 
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21. The derivative of tanu. We may now readily establish the 
following theorem : 
Theorem. The derivative of the function tan u, where u is any given 
function of the angle x measured in radians, is expressed by the formula 
du 
— (tan u)= sec? u 
dx = 1 dx 


Proor. Let 
y = tan wu. 


Then we may write (see page 359) 


sin wu, 
COS U 


Differentiating by use of Theorem III of Art. 15, 


a 


cos u £ (sin uw) — sin wu a (cos wu) 
dx da 


dy = 
x cos? u 
(sin? wu + cos? wu) ay du 
se dE >= | Gg Fis beh; du. 
cos? u cos? u dx 
The proof is thus complete. 
Example. Find dy i y = tan eine 
dx fp 1 
Sotution. We have 
— = ug < 
y = tan wu where wu aT (1) 


Hence, applying the theorem, we obtain 


Benge oa 
ett ae dx 


which, by Theorem III of Art. 15, becomes 


@—-)4@-24@-1) 

dy ey da dx 
eC 
dx (« — 1)? 
GD) a tel 

(Ge 
Substituting for w its value as given in (1) and making other slight reductions 
and changes, the answer takes the final form 


Ly ae arene 22 


da (x — 1)? mas 


ys 


= sec? u- 


SS 


ee ee ee 
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22. The derivative of cotu. We have the following theorem: 


Theorem. The derivative of the function cot u, where u is any given 
function of the angle x measured in radians, is expressed by the formula 


a (cot u) = — csc? u . 


Proor. Let 
y = cot u. 


Then we may write (see page 359) 
ee 
tan u 
Differentiating by use of formula (5) of Art. 17, we obtain 
a 
dy __ di 
dx tan? wu 


(tan w) 


which, by use of the theorem of Art. 21 and familiar trigonometric 
formulas (see page 359), becomes 


Sseezay a 
arsiarerem ct ee 
The proof is thus complete. 
Example. Find “ if y = cot “i 
Sotution. We have 
y = cot u where u = - = 00", (1) 


Hence, applying the theorem, we obtain 


dy Seng 2G 
i csc? u a? )). 


which, by the corollary in Art. 17, becomes 


dY _ _ og¢2 y. © 2a>). 
dx 


Substituting for u its value as given in (1) and making other slight changes, 
the answer takes the final form 
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23. The derivative of secu and of cscu. We have the following 
theorem : 

Theorem. The derivatives of the functions sec u and csc u, where u is 
any given function of the angle x measured in radians, are expressed 
respectively by the formulas 


g (sec u)= sec u tan u e, “ (csc u)= — csc u cot u 7 
Proor. Let 
y = sec u. 
Then, by trigonometry, 
ee he 
4 C08 u 
Differentiating by use of formula (5) of Art. 17, we obtain 
bye f. (cos u) 
dz cost u 


which, by using theorem of Art. 20 and making simple trigonometric 
changes, becomes 


sin u du 
dy dx du 
~~ = = secu: tan wu: — 
dx cos? u dx’ 


thus completing the proof of the first part of the theorem. 
In order to prove the second part, let 


y = CSC U. 
Then, by trigonometry, 
=e 
Y ~ sin u 


Differentiating by use of formula (5) of Art. 17, we obtain 


dx singtu 


which, by using the theorem of Art. 19 and making simple trigono- 
metric changes, becomes 


cance 
= — | =| C80 1 COU —— 
dx sin? wu dx 


The proof of the theorem is thus complete. 
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mee CTE t 
le. = 
Example. Find a if 
y = sec (ax + b). 
Sotution. We have 
y =secu where u=art+b. 
Hence, applying the first part of the theorem, 


dy ds 


Fr sec u tan u— (ax + b), 
which takes the final form 
a = asec (ax + b) tan (ax + 5). 


Note. The student will observe that the unit of angular measurement used in 
the various formulas of Arts. 19-23 is the radian, this being required in the proof 
of the formula in Art. 19 upon which the proofs of all the other formulas depend. 
For this reason the radian is taken as the unit of angular measurement in all higher 
mathematics. If the ordinary unit, namely the degree, were used, it is not diffi- 
cult to show that the effect upon the foregoing formulas would be to multiply the 


second member of each by the constant factor fag! which is the ratio of the size of 
a degree to that of a radian. 
EXERCISES 


Differentiate each of the following functions. The letters a, b, c represent con- 
stants : 


1. y = sin 42. Ans. y'.=4cos4a. 
—— inV1l—<2 
2. y =cos V1 — 2. Ans, ey eee 
2V1—-« 
a 2 = 
3. y = tan V1 — 2. INGER | fe Ee wae 
2V1 —« 
ni 1 ose aien oul 
4. y = cot Fa ’ Ans, y’ = a ese ay 
5. y = x2? + sin 2. Ans. y’ =22(1 + cos 2’). 
6. y = a sin 2. Ans. y’ = 2 x(sin 2? + 2? cos 2”). 
7. y =azsinz + cose. Ans, y' = cos. 
8, y = fanz — 1, Ans. y! = sinx + cosa. 
sec & 
i tcost — sint 
9 fi) = Sn. PE, GA) a) ee 
f= © z 
10. y = sin’ z. Ans. y’ = 2sinx cosa = sin2 a. 
Hint. sin? x =(sinz)?. See Art. 17. 
11. y = cos? x. Ans. y! =— 8cos? asin z. 
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, _ tan Va sec? Vx 


12. y = tan? Vz. Ans. y = 
V2 
13. s =V1 +sint. Ans. s/ = pores en, 
2V1 +sint 
14. r = asin’ u Ans. r’ = asin? 2 cos 2. 
3 3 3 
15. y = sin? x cos 2. Ans. y' = sin? x(3 cos? a — sin? 2). 
UG ys = Ae Se Ans. dp = See Oo: 
1 — cos 0 do (1 — cos 0)2 
17. p = aVcos 20. Ans, ° phe = 28028. 
V cos 2 6 
18. y = cos Vx? — a?. Ans. y! =— x sin Vat ZAG 
V7 — a2 
19. f(0) = sin (cos 6). Ans. f'(0) =— sin 0 cos (cos 8). 
20. f(x) = sin (« + a) cos (« — a). Ans. f'(%) = cos 2 a. 


21. From the relation sin2 = 2sinxcos2, deduce by differentiation the 


f h i 
act that cos 22 = cos? x — sin? x. 


22. Prove that the curve y = sin a (see page 370) meets the X-axis at an angle 
of 45° at each of the points « = 0, + 27, + 4a, + 67, --- and at an angle of 135° 
at each of the points =+ 7, +37, + 5a, -5. 

28. Prove that each branch of the curve y = tan x (see page 370) meets the 
X-axis at an angle of 45°. 

24. Show that tan x is increasing twice as fast as x itself when « = a Deter- 


mine any other positive value of x less than 2 for which the same statement is 
true. 

25. The adjoining figure represents a right tri- B 
angle whose altitude CB = 10 inches but whose 


side CA = s and whose hypotenuse AB = hare __ ,, YG 

regarded as variables depending upon the size of 1 

the angle x. If x increases at the constant rate a 
of one fourth of a radian per second, (a) how fast © 2 

is s increasing when x = 60°? (b) how fast is h Bia. 12 


increasing when « = 45°? 

26. Answer both parts of Ex. 25 when the rate at which the angle 2 is increasing 
is 30° per second, other conditions remaining the same. 

27. Find the derivative of each of the following functions : 


(a) y =sin2a + sin? x; (d) y= tap2V a2 — 2; () y= aura : 
cos 3 x 
(b) y = sin2 ¢sin? x; (y= sin? &. (h) y = a2 
1 cos’ x 
2 . 
(c) y = tan V2? — a2; (f) y sana (i) y = @ tan 2. 


a 
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THe DIFFERENTIATION OF THE LOGARITHMIC AND EXPONENTIAL 
Funcrions* 


24. The derivative of the function log, u. We shall now establish 
the following theorem : 


Theorem. The derivative of the function log, u, where u is a given 
‘function of x, is expressed by the formula 
du 


d. 
g (log, u)= log, e- = 


where e is a constant whose value, correct to five decimal places, 7s 2.71828. 


Proor. Consider first the simple case in which wu = x; that is, 
consider the function 
y = log, x 


Proceeding in the usual manner to find the derivative (see Art. 9), 
we have 
y + Ay = log. (a + Az) 


and hence 
Ay = loga (x + Ax)— log. 2, 
or 
Therefore, 
Ay _ 1 jog (1 4 AX 
Ac A 08s ( 2 a)’ 
or f 
Bg is Wee Mee (yo AEN Sa fy Awa: 
Ax x Ax 080 ( ag ay Hy 0Ba( ea Oe (1) 


Now, as Az approaches zero, the factor * here appearing on the right 


Be 
evidently remains unchanged. As to the factor (1 + “2) , it can be 


shown that as Ax approaches zero this expression approaches one and 


*The student is advised to review at this point the definitions and general 
properties of logarithms. See, for example, the author’s College Algebra, 
Chap. VII. 
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the same limit no matter what value « may have; that is, the limit 
approached is a constant. This constant plays an important rdéle in 
the calculus and all higher mathematics, as will appear in the following 
chapters. It is usually represented by the letter e and its value, 
correct to five decimal places, is 2.71828, as will appear in Art. 89. 
Therefore, allowing Ax to approach zero in (1), we obtain 


e 


Cijeies 
dx «2 logs ¢, 
or 
ad -—4 ule 
- (loga x) = loga e 5 (2) 


The theorem in question now follows directly. Thus, by the 
theorem of Art. 16 we have 


d Sa du 
dix UOea tt) = du (log. w) dx’ 
which by (2) becomes 


f. (loga w) = loga e+ = (3) 


The proof is thus complete. 

Remarks. If in particular we select a = e, that is, if we take the 
number e as the base of the system of logarithms used, we shall have 
log, e = log. e = 1, so that formula (3) then assumes the simple form 

du 
d dx 
oP (log u) = ai (4) 


it being understood that the symbol log here signifies ‘‘ logarithm with 
respect to the base e.”’” On account of the simplicity thus resulting, 
it is customary to use the base e¢ universally in the calculus. There- 
fore, formula (4) is hereafter to be used in all cases where the deriva- 
tive of the logarithm of a function is to be determined and for sim- 
plicity log. wu will hereafter be written log wu. 


Example. Find wu if y = log (8 2? + 1). 
Soturion. We have y = logu where u = 32?+1, 


Hence, applying formula (4), 
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Note. The use of the number e as the base of a system of logarithms origi- 
nated with Sir John Napier (1550-1617). Such logarithms are known as Naperian 
or natural logarithms and their use antedates that of the common, or Briggs, 
logarithms which employ 10 asa base. Tables of natural as well as common loga- 
rithms are available,* but it may be shown that the natural logarithm of any 
number results by merely dividing its common logarithm by 0.434294 (approxi- 
mately). This special number is the value of logio e and is known as the modulus 
of the system of common logarithms. 


25. Functions of the type a". We proceed to consider the deriva- 
tive of any function of the type a“, where a is any positive constant 
and where wu is a given function of x, functions of this type being 
known as exponential functions. In order to do this, it is first desirable 
to establish the following general lemma: 


Lemma. The derivative a of any function ' 


y = f(x) (1) 
may be expressed in the form 
dy _ 1 
dx dx’ 
dy 
where ” is the derivative with regard to y of the function 
xz = $(y) (2) 


which one obtains by solving the given equation (1) for x. 


Proor. By identity we may write 


Ay — ale 
Ax Ax 
: Ay 


Allowing Az and hence Ay to approach zero in this identity, we obtain 
by the definition of a derivative in Art. 9, the equation 


dy => ne 
dx dx 
dy 


The proof is thus complete. 


*See for example Peirce’s Integral Tables (Ginn and Co.), pages 130-138. 
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For example, in finding the derivative of the function 


y =(« + 2)8 (1) 
we may proceed as follows : 
By cubing both members of (1) and rearranging the result, we may readily 
solve (1) for w, thus obtaining 


r=y— 2. (2) 
Applying the lemma, we now obtain 
Cif Boga 
dc dx 3y* 
dy 


This is the desired result, but as here appearing it is expressed in terms of 
the variable y instead of x. If it is desired to express it in terms of 7, we may 
substitute for y its value as given in (1), thus giving 


The student should observe that this final result is the same as that obtained 
by applying the theorem of Art. 17 directly to the function (1). 


Returning now to the function a“, we proceed to establish the fol- 
lowing general theorem : 


Theorem. The derivative of the function a“, where a is any positive 
constant and where u is a given function of x, is expressed by the formula 


d (qu) = gu du 
ay t= log a a dx’ (1) 


where log signifies “‘ logarithm with respect to the base e.” 


Proor. Consider first the simple case in which u = x; that is, 
consider the function 
So (2) 


Taking the logarithm to the base e of each side of this equation, we 
obtain 
logy = x loga, 
or, solving for a, 
pe 0) ay 


loga loga log y. 3) 


Having thus solved (2) for 2, we may at once apply the foregoing 
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lemma to determine ow. Thus, from (3) we have, by the theorem 
of Art. 24, 


Cb gallon ih 
dy loga y’ 
so that the lemma gives 
dy 1 Il 
SS TI ei CU ] . ) 
GaN day Tans aii 
dy loga y 


Replacing y by its value as given in (2), we obtain 


dy _ 


] - at 
Te og a: a?, 


or 
a (a*)= loga-a*. (4) 


The theorem as stated now follows directly. Thus, by the theorem 
of Art. 16 we have 


@ u) = a (a) : du 
dx du dx’ 
which, by (4), becomes 
a (a“)= loga-+ a. du 
ii da 


The proof is thus complete. 


Remarks. If in particular a = e, formula (1) assumes the following 
simple but important form: 


d uy) — uv, du 
(ey er (5) 


MeO 
le. Serit 
Example. Find dnt 
y= esinz. 
Soxution. We have 
y =e“ where wu = sing. 


Hence, applying formula (5), 


dy _ ev i sin 7 = e!M2. cos x. Th., Art. 19 
dx dx 
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26. Functions of the type u’. While it is possible to obtain a general 
theorem concerning the derivative of any function of the type wu”, 
where wu and v are given functions of 2, it is usually best to consider 
each case separately, employing the theorems of Arts. 24, 25. The 
following example illustrates the usual process employed. 


Example. Find ov if 
y= qsin 2, 
Sotution. Taking the logarithm (base e) of each member of the equation 
gives 
logy = sina: loge. 
Differentiating this equation member by member, making use of the theorems 
of Arts. 15, 24, we obtain 


, dy 
INS gy Ce ve é. Bay 
ao sin £ 7, log x)+ log x oF (sin x) 


sin © 
+ log x- cos x. 


Replacing y by its value as given in terms of x and clearing of fractions, the 
answer takes the form 


dy _ gine (2 ef dle log x + cos 2). 
dz ay 


EXERCISES 


Differentiate each of the following functions, it being understood that all 
logarithms are to the base e unless otherwise indicated. The letters a, b, c repre- 
sent constants. 


m dy 22 
1. y = log (1 — 2”). Ans. Page 2 
dy 2ax+b 
» y=! 246 ‘ Ans. = 5 
2. y og (ax? + ba + c) ns ie Gee 
l+a dy_ _2 
yea : ANS 
Sy 4 ier —2£ he dz 1-22 
24.7 
4, y=) Oe eee 
y 08 —1 At a(x? — 1) 
5. y = logi (x? + 2 22). Ans. y' = logwe- 3a+4 
wv4+22 
6. y =z log 2. Ans. y’ =1+]logz. 
7. y = log x3. Ans. y’ = 3. 
e 
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8. y =(log x)3. Ans. y' = 3 (log x)? 
z 
9. f(x) = log (x +V1 +2). Ans. f'(c)= —L—. 
Vi +22 
apes log (az + db). Ans. y! = a{1 — log (ax + b)). 
az +b (ax + 6)? 
11. y =log Vi +2. Sy =a! 
y og V1 +2 Ans. y xX +2) 


12. 


13. 
14. 
15. 


16. 
17. 
18. 


19. 
20. 


21. 
22. 
23. 


24. 
25. 
26. 


27. 


28. 


Hint. logV1+2=H]log(1+2). 
1=2 1 
= | a5 RE oa Ye So 
y og 4/5 = Ans. y as 


= dlog (1 — z)— flog (1 + 2). 


= log V1 + 2. Avis yf mt ee 
y g ste y 30 + 2) 
os iS + fod Tem 22 
y = log ae: Ans. y= ae 
y = log (tan 2). ANS enya ae SS. 
sin 2 4 
2 
y = tan (log z). Ans. y/ = sec? (log 2), 
; & 
f(z) = log V cos &. Ans. f'(x)=—F tang 
1+ sin x dy 1 
= a{ a . Ans. —2 = . 
J ms 1—sinz 2 de cosz 
y = etd, Ans. y’ = aewro, 
y = ew torte, Ans. y! =(2 ax + be +or+e, 
1 Ha 
y = e. Ans. y’ =— 2 ex: 
y = 330, . Ans. y’ = 9 2? - 337 log 3. 
y = elogz,. Ans. y’ = 1. 
Hint. elogz = z from the definition of a logarithm. 
y = alog, 2. Ans. y’ = 22. 
F(x) = et logs, Ans. f’(x) = et 87 [1 + log a]. 
w = etanaz, Ans. w! = aetanaz sec? ag. 
p = e°084 sin @. " Ans. “e = €°084 [cos @ — sin? 6]. 
q = e logsinr. Ans. dq _ e7 [cot r + log sin 7]. 


dr 
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29. y ==z*. Hivr. See Art. 26. Ans. y’ = z*(logz + 1). 


30. y =(sm 2). Ans. y’ =(sin z)? fog sin z + z cot 2]. 

31. y =(sm z)™=. Ans. y’ = ycosz{log sin z + 1]. 

32. y =(sin z)%=2. Ans. y' = y| cot zlogz + Liog sin =|; 
z 

33. y =(log z)"2=. Ans. y’ = ak + log (log =)} 

34. y =(log z)™™=. Ans. yf = y[ cos z log dog z)+ os 

zlogz 

35. y = eras, Ans. y = yjzcosz + sz}. 

36. y =(snz)*. Ans. y/ = ye*[logsin z + cot z]. 

37. y = eles, Ans. y’ = yfl + log z]. 

38. y =(log z)*. Ans. yf = ve| aes + log (log 2) | 

zlogz 
39. Show that the curve y = & (see page 370) intersects the Y-axis at an angle 
of 45° 


40. Show that the curve y = log z (see page 370) intersects the X-axis at an 
angle of 45°. 


41. Show that as a positive number grows larger and larger its logarithm does 
the same, but that the rate of increase of the logarithm becomes slower and slower 
as compared to the rate of increase of the number itself. Is this true whatever the 
base of the system of logarithms? ; 


42. Show that if a point P moves in any continuous manner along the curve 
y = &, the ratio of the vertical component of its velocity at any given point P; 
to its horizontal component at that point is measured graphically by the ordinate 
of P. 1. 


43. A point P moves in a continuous manner along the curve y = logz. De- 
scribe how one can determine graphically the ratio of the vertical component of 
its velocity to the horizontal component at any fixed poimt P; upon the path. 
Compare Ex. 42. 


44. Find the derivative of each of the following functions: 


(2) y=log (1 +2); @) y = logeos*z; (k) y =(cos z)?; 
(6) y=log(1 +2); (9) y = cos (log z); Oy =(cos z)°s7; 
(©) y=logit2; y= ets; (m) y = 282; 

— log (1 + 2”). = zee ES ‘ 
@ y log (1 — 2)’ @) 9. ees (n) y = (log z)*; 


(e) y = log cos 2?; G) y = ai; (0) y =‘log log z)?. 
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THE DIFFERENTIATION OF THE INVERSE TRIGONOMETRIC FUNCTIONS 


27. Definitions. The expression are sin x (or sin-! 2) is used to 
represent an angle whose sine is z. Such an angle has various deter- 
minations; that is, the value of arc sin x for a given value of « is not 
unique. 


For example, arc sin 4, being by definition an angle whose sine is 4, may 
be taken as 30°, but by trigonometry it may also be taken as any one of 


h ing : 
the following 150°, 390°, 510°, 750°, ---; 


also, it may have any one of the following negative values: 
— 210°, — 330°, — 570°, — 690°, ---. 


Considered in their totality, these possible values of are sin 4 may be repre- 
sented as 30° + 7 360° and 150° + n 360°, where n is understood to be zero 
or any positive integer. When expressed in radian measure, these possible 
values of arc sin + become 


T 


+ 2ne and 9* + 2ne. 


for) 


Similarly, the possible values of arc sin 1 are 90° + n 360°, or 


2 
while the possible values of are sin (— 1) are 270° + 360°, or ae + 2 nr. 


Keeping in mind this multiple-valued property of 
are sinz and noting also that x can take only values 
lying between — 1 and + 1 (since all sines are thus 
confined), it readily appears that the graph of the 
equation 1 

y = are sin &, 


where arc sinz is now regarded as a function of g, 
has the form of the indefinitely long wavy curve shown 
in Fig. 13. It is important to remark, however, that 
for the purposes of the calculus it suffices to employ 
only that part PQ of the curve which lies between 
y =— 7/2 and y =+ 7/2, this part being known as 
the principal branch of the curve. With this restric- 
tion, which will be adopted hereafter unless otherwise 
stated, there is but one value of y corresponding to any given value 
of x, thus rendering the function arc sin z single-valued instead of 
multiple-valued. 


y = arc sin x 
Fie. 13 
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value of z. 
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Likewise, the expression arc cos (or cos!) is 
used to represent the angle whose cosine is z. It is a 
multiple-valued function having an unlimited number 
of values for any one value of 2, x itself being necessarily 
confined within the limits — 1 to + 1 (inclusive). 

The graph of this function is shown in Fig. 14, the 
portion PQ lying between y = 0 and y == (principal 
branch) being the part ordinarily adopted in deter- 
mining the value of the function y corresponding to a 
given value of z. 

The definitions of arc tan x, are cot x, arc sec x, and 
are csc x are readily supplied from analogy with the 
preceding. Each is a multiple-valued function of « 
having an unlimited number of values for a given 
The graph of each consists of an unlimited number of 


distinct branches, above and below the x-axis, indefinitely long, as 
indicated in Figs. 15-18. These figures also indicate in each instance 


y = arc tan x y = arccotx 
Fie. 15 Fie. 16 


C 
ies) 


es 


\e 
ad 
v 

y = arcsecx y = arccscx 
Fig. 17 Fig. 18 


the part of the curve (principal branch) ordinarily adopted for 
determining the value of y corresponding to a given value of z. 
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Mention is also to be made of the function are vers x 
(or vers-!a) which is defined as the angle whose versed 
sine is x; that is, the angle y such that 1 — cosy = 2. 
The graph of this function, with indication of the portion 
(principal branch) ordinarily adopted in determining y, 
is shown in Fig. 19. 


28. The derivative of arc sinu. We proceed to es- 
tablish the following general theorem: 


: : 3 ' y=arc vers x 
Theorem. The derivative of the function arc sin u, where rg. 19 


us a given function of x, is expressed by the formula 


du 

dx 
V1 — uv 

Proor. Consider first the simple case in which wu = x; that is, 
consider the function 


2 (are sin u)= 


A —=are sina. (1) 


Then, by the definition of arc sin x in Art. 27, we have 


4p = SiN, (2) 
and hence, by Art. 19, 

Le COS Y. 

dy 


It follows by the lemma of Art. 25 that 


Cyl ae (3) 


But from (2) together with formula (2) of page 359, we may write 
cos y =+V1— sin? y =1+V1— 7 =V1 — 2°, 

where the positive sign is used with the radical because, with y 

restricted to lie between — ; and 5 (see Fig. 18) the value of cos y 


is necessarily positive. Thus, (3) takes the form 


dye Se lee 4 
ia (4) 
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The theorem as stated now follows directly. Thus, by Art. 16 we 


have 
a (are sin w) = a (are sin w) + ae, 


which, by (4), becomes 


d : 
— are sin u = ————- 
da VA 
The proof is thus complete. 
Example. [ind “ if 
dx 
y = are sin Vz. 


Sotution. We have 


y =arcsinu where wu =V2. 


Hence, applying the theorem, 


29. The derivative of arc cos u. 
Theorem. The derivative of the function arc cos u, where wu is any 
given function of x, is expressed by the formula 
du 


a (arc cos u) = — ps 


Proor. Consider first the case in which wu = x; that is, consider 
y = are Cosa. (1) 


Then, by the definition of are cos x in Art. 27, we have 


x = cosy, (2) 
and hence, by Art. 20, 

CEs Wigs 

ue sin y. 


It follows by the lemma of Art. 25 that 
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1 eM ak ) 
dx sin y (3) 


But from (2) together with formula (2) of page 359 we may write 


sin y =+V1 — cos? y =+V1—2 =V1— $2, 
where the positive sign is used with the radical because, with y re- 


stricted to lie between 0 and x (see Fig. 14), the value of sin y is neces- 
sarily positive. Thus, (3) takes the form 


i De ENS (4) 
dx Wn 
The theorem as stated now follows directly. Thus, by Art. 16 we 
have 


a (are cos u) = a (are cos w) + a 
which, by (4), becomes 
du 
a (are cos wu) = — pies 
The proof is thus complete. 


Ries a 
Example. [ind a if 


y = arc COs e*. 
SotutTion. We have 


y = arccosu where u = e*. 


Hence, applying the theorem, 


dy _ dx e* 


de Vi-@? 9 VI-& 


30. The derivative of arc tan u. 


Theorem. The derivative of the function arc tan u, where urs a given 
function of x, is expressed by the formula 


a (arc tan u) = 
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Proor. Consider first the function 


y = are tan 2. (1) 
Then, by Art. 27, we have 

x = tany, (2) 
and hence, by Art. 21, . 

zi = sec? y. 


It follows by the lemma of Art. 25 that 
—— (3) 


dx sec? y 


But from (2) together with formula (3) of page 359 we may write 
sec? y = 1 + tan?y = 1 + 2?. 


Thus, (3) takes the form 
dy Th (4) 


The theorem as stated now follows directly. Thus, by Art. 16 we 
have 
d ae du 
de (are tan u) = ci (are tan wu) Pa 
which, by (4), becomes 
du 
dx , 
Lop ae 


d 

dx OTe tan u = 
The proof is thus complete. 
Example. Find % if 

dx 


y = are tan . 
a 
Soutution. We have 
y =arctanu where u = L 
£ 
Hence, applying the theorem, 
2). 4 
dy di \x te 1 


= (ee agrees 
£ c 
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31. The derivative of arc cot u. 


Theorem. The derivative of the function arc cot u, where u is a 
given function of x, is expressed by the formula 


du 
f (arc cot u)= — i mare 
Proor. Consider first the function 
y = are cot x. (1) 
By Art. 27 we then have 
x =coty, (2) 
and hence, by Art. 22, 
Us csc? y 
dy 
It follows by the lemma of Art. 25 that 
dy 1 
ea es : 3 
dx csc? y 3) 


But from (2) together with formula (4) of page 359, we may write 
esc? y = 1 + cot? 4 = 1+ 2. 


Thus, (3) takes the form 


The theorem as stated now follows directly. Thus, by Art. 16 

we have : 

d 

dx 

which, by (4), gives the formula in question. 
The proof is thus complete. - 


Ji di 
(are cot uw) = Ao (are cot w) Tn 


Example. Find wu if y = are cot (3.2? — 1). 
AY 


SotuTion. We have 
y = arccotu where u=32?—1. 


Hence, applying the theorem, 


a Pi il 
itn Sh de MR ta Na 
de 1+(822—1) 9x4 — 622+ 2 
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32. The derivative of arc sec u and of arc csc u. 


Theorem. The derivatives of the functions arc sec u and arc csc u, 
where u is a given function of x, are expressed respectively by the formulas 


du du 
d dx d dx 
— (arc sec u) = ——————_, —(arc csc u) = — ———_.- 
dx uvu—1° dx uve — 1 
Proor. Consider first the function 
y = arc sec z. (1) 
By definition we then have 
r= sec y, (2) 
and hence, by Art. 23, 
daz 
— = sec y tan y. 
dy 


It follows by the lemma of Art. 25 that 


dy _ 1 F 
dx secytany (3) 


But from (2) together with formula (3) of page 359, we may write 
sec y tan y = sec yV'sec? y — 1 = DN Lr 

where the positive sign is used with the radical because, with y 

restricted to lie either between — 7 and — - or between 0 and a 


(see Fig. 17) the value of tan y is necessarily positive. Thus, (3) 
takes the form 
dy 1 
= a" 4 
pleeee po @) 
The first part of the theorem as stated now follows directly by 
use of the theorem in Art. 16. Thus, we have 


is (are sec u)= ae (are sec u) ae 
dx du dx’ 
which, by (4), gives the first of the two formulas. 

The proof of the first part of the theorem is thus complete. 

The proof of the second part of the theorem, which makes use of 
Fig. 18 but otherwise is similar to the proof just given for the first 
part, is omitted. 
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33. The derivative of arc vers u. 
Theorem. The derivative of the function arc vers u, where u is a 
given function of x, is expressed by the formula 
du 
a arc vers u = eee, 
dx 


V2u— ut 
Proor. Consider first the function 
y = arc vers &. (1) 
By the definition in Art. 27 we then have 
x = versy = 1 — cosy, (2) 
and hence, by the theorems of Arts. 13, 19, 


Cae sin y 
dy i 


It follows by the lemma of Art. 25 that 


dy = 1 . 
dx siny (8) 
But by (2) we have 


siny =+V1 — co? y =+V1 —(1 — 2)? =+V22 — 2?, 


where the positive sign is used with the radical because, with y re- 
stricted to lie between 0 and z (see Fig. 19), the value of sin y is 
necessarily positive. Thus, (3) takes the form 


The theorem as stated now follows directly, as in former cases, by 
_use of the general theorem of Art. 16. 


EXERCISES 


Differentiate each of the following functions : 
22 


1. y = arc sin 2’. Ans. yj! = Uae 
—— = 
2. y =arcsin V1 — z. Ans. y! = —————— 
: 2Vx(1 — 2) 
3. y = arc cos (2? — 1). Ans. y' = —— 2 
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23, 


y 


7] 


y 


y 


Y 


ll 
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are cos —-—. Ans. y' = Us. ee 
l-«@ (1 —2)V22 —2¢ 
are tan (1 + 22). Ans. 7’ = eres 
are tan zt. Ans. y’ = mF 
are cot (3 2? — 1), Ans, y! =— eee 
areal ae Ans. es ae 
are cots — ns. Y Tra 
are seeVa + 1. Ans, y’ = —= l . 
2Vx(e + 1) 
»seo Var + 1. Ans. y' = —1_. 
arc sec V a -+ ns. Y ed 
arc csc —————. Ans, y! = wae 
20% —1 ; V1 — ow 
are CSC - zt — Ang. y' = — see 
2x2 —] V2(3 2 — 1 — 224) 
are vers (1 — 2 2), Ans, y' = ses 
Vi = 424 
2 y2 
are vers e mae Ans. y' = r a3 
xvare sin x. Ans. y’ = arc sing + Soy 
Vi — 2 


e* are cos (8 2 — 2). 


+ 
Ans. y' = ¢& [are cos (8 « — 2) J Gaea } 
1 


=Va — x + aare sin”: 
a 


= are sin Vsin 0. 


aVa? — 2 + a are sin” 
€ 


are cos (log @). 
are tan ¢9, 


0 
are cot e4. 


y =(are sin x)2, 


v 


Pte) ee (CEN 
Ans. f(a) (| i = 
Ans. f’(0) = 4v1 ++ ese 0. 
Ans. f'(x) = 2Va® — x. 


-—1 
Ans. S' (x) tN pp 
eV 1 —(log x)? 
= ce 
Ans. s! er) 
9 
Nghe eee 
Ans, 3’ = 5G tot)" 


2 are sin x, 


Ans. y’ = == 
Vi — 22 


[Cuar. 


Ii 
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, -1 
24. y = (arc tan x)”, Ans, y/ = Mare tan x)”, 
i j 1+ 2? 
25. y = earesing, Vie eee ea, 
Vi —2 
| EEF a] 
26. u = arc tan (° — ©). Ans, wi =? __. 
2 ev + Ca 
= 2 
a7. y = are cot ® + log y/2—% Ans. y! = 2%. 
x z+a xt — a 
28. y = waresina, Ans. y! = gare alee sin x a ez) 
x Al aes: 


29. Prove that the curve y = arc sin a (see Fig. 13) intersects the X-axis at an 
angle of 45°. 


30. Prove that the principal branch of the curve y = are cos x (see Fig. 14) 
meets the Y-axis at an angle of 135°. 


31. Prove that the slope of the principal branch of the curve y = are tan x 
(see Fig. 15) at any given point (a, y:) upon it is the same as at the 
point (— 2, — y)) situated symmetrically opposite with respect to the origin. 
State and prove the corresponding facts in the case of the principal branch of the 
curve y = are cot x (see Vig. 16). 


32. Prove that as x increases from — 1 to 1 the rate of increase of arc sin x 
as © passes through any given value is precisely equal to the rate of decrease of 
arc cos x at the same value of x. State and prove the corresponding fact as re- 
gards the rates of change of arc tan x and are cot x as x increases from — » to 


+o. 


83. Find the derivative of each of the following functions: 


(a) y =arcsin V1 — 2°; (i) y = are sec —_L__; 
s V1i- 2 
yi = are cos ———__ ; 
i ee (j pon x A 
G)) OPS GIO Gio —— ae 
ee Fe x? — 
oy = : 
Oy Ls leper are sin x? 
(hk) y = ——— ; 


= : x 
(d) y = arc sin 4 fe fe se) 
ata O y= (are sin x)? , 


(e) y = are tan Vx? + a?; Pe 
(f) y = are cos Vx? + a; (m) y = log are sin x; 
(9) y = arc tan —"_; (n) y = sin (are sin 2); 
a (0) y = tan (are cot 2) ; 
a ear 8 M3 + i ; (p) y = cot (arc tan z). 


34. A point moves to the right along the curve y = arc tan x (Fig. 15) at the 
uniform speed of 3 inches per second. Find, correct to two decimal places, the 
z- and the y-components of its velocity at the point where x = 1. 
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34. The differentiation of implicit functions. The special types — 


of functions whose derivatives we have thus far considered all belong 
to the general class known as explicit functions; that is, the dependent 
variable, y, is connected with the independent variable, x, through 
an equation which is explicitly solved for y, as in y =V ax? — 1 or 
in y = logz. It frequently happens, however, that y is connected 
with x through an equation of a different character, as in xy? + 2 xy 
—1=0oriny=sin(zy). In such cases y is said to be an implicit 
function of z. The following examples illustrate the common method 


of determining the derivative ay in such cases: 


Example 1. Find dy if 
dx 


ey+2e2y—-1=0. (1) 
Sotution. We have 


é. (xy? + 2ay — 1)=0, Th., Art. 13. 

4 (22y8) + (2 ay) — G. ~ (1)= 0, Th. I, Art. 15. 

a LW) + pt t (@)+ 22S Z w)+ yt = (22)— 0= 0, Th. II., Art. 15. 
ipa ae ee Th., Art. 17. 


or, collecting terms and transposing, 
(3 ay? + 2 2) a =—(2ay3+ 2y). 


Hence, 
dy _ 20 +2y. (2) 


dx 8 xy? + 22 


Example 2. Find dy if 
dx 


y = sin (zy). (3) 
Sotution. We have, differentiating the equation member by member, 
d d 
io = Cos (xy) 5 - (xy) ‘Chie Art. 19. 


ll 


cos (xy) - [=@ dy 4 v| 


= 2 cos (zy) - wy se y - cos (xy). 


: 
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Hence, transposing and collecting terms, 


dy iy hs 
Be [1 — x cos (xy)] = y cos (ay). 


Therefore, 


dy ___y cos (zy) (4) 
dx 1-—2xcos (ay) 

Note 1. It is to be observed that the derivative of an implicit function as ob- 
tained by the method illustrated in the foregoing examples usually contains the 
dependent variable y as well as the independent variable x. It is, in fact, difficult 
or even impossible in general to express the derivative of an implicit function in 
terms of the independent variable x alone. Theoretically, however, the deriva- 
tive may be thought of in all cases as a function of x alone, for wherever y occurs 
in it it is replaceable by the function of x which y represents in the original equation. 

Thus, the y in the result (2) may be thought of as replaceable by the expression 
in ¢ which would result from solving the original relation (1) for y, though actually 
to effect such a solution would be difficult inasmuch as (1) is a cubic equation 
in y. Similarly, the y in (4) may be thought of as replaceable by the expression in 
x which would result by solving (8) for y if it were possible to do so. 


Note 2. Not infrequently an implicit function may be converted without 
difficulty into its corresponding explicit form. Whichever form is used, the 
derivative is of course the same, or can be identified as the same after suitable 
reductions. 

Thus, the implicit function y defined by the equation 


I aaa (5) 
is equivalent to the explicit function 
yai Vina () 


since this equation results by solving (5) for y. Incidentally, it appears that in 
this case y is a double-valued function of x; that is, two values of y correspond 
to every value of x. If (5) be used to find the derivative, we proceed as in Exs. 1 
and 2, thus writing 


22 —2yY =0 


dx 
from which we obtain 
dy _ 2, 
| Fee (7) 
If, on the other hand, (6) be used, we have by Art. 17 
d 
== (7-0?) 
dy _1dz 22 a x (8) 


al 
de 2ivgr—o—g? 24+Ve2?— a? +V 92? — a2 


The fact that the two forms (7), (8) are equivalent appears by replacing the y in 
(7) by its value as given in (6). 
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35. Derivatives of higher orders. The derivative of y with respect 
to x is itself a function of x and is termed the derivative of the first 
order, or simply the first derivative. The derivative of the first © 
derivative is called the derivative of the second order, or par the 


second derivative, and is represented by the symbol © 4 (read d 


second y with respect to x). The derivative of the cee dene 
is called the derivative of the third order, or simply the third deriva- 
tive, and is represented by the symbol oe 3) etc. Other symbols for 
the derivatives of the second, third, --. orders are y’”’, y’””, ---; D2 y, 
D} URES, f’(@), f"'(@); has 

The examples which follow illustrate the usual manner of deter- 
mining derivatives of higher orders. 


Example 1. Find oe if y = « + loge. 


Sotution. We have os 22+ ue 
dx a 
Hence, differentiating again ay 2- ue 
é  Ohy. x 
Py + 
Example 2. Find di ey — aes (1) 


Soxution. Differ oe both members of the given equation, we obtain 
au 


28 — 2 Ube = 0. 
Therefore 
dy _@ 
dey (2) 
Differentiating again, remembering that y is a function of z, we obtain 
dy 
2 Carag pss 
LD aL Th. III, Art. 15. 
dx? ip 
Substituting for we its value from (2), 
pe 
dy. Taig 2 ie 
G2 y y 


This result may be simplified by substituting for y2 — 2? the value — a2, as 
obtained from (1), thus giving as a final answer 


ay _ in a 
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EXERCISES 


Find the derivative, au, of the implicit function y defined by each of the follow- 


ing equations: 


Ly 4a: Ans. y' = 2. 
y 
2. 22 + y? = a?. AGS, Hf Sr 
y 
2a 
pup — 2ax = 0. Ans. y’ = 
Ba) 3y +2axr =0 ns. Y sa - Pp 
, 2 xy? 
b GRIP = GE Ans. = 
4, oy? —3y =5 ms. Y ay 
6. a? + y? =a, Is, Oh = = aEZ 
x 
6. x + ys = a, Ans. y’ =— Ni 
a 
F ‘ ie Anas ,__ Siny + y cosa 
7. zxsiny +ysnz =1 ns. Y ar ence 
8. y? = cos2 2. Ans. 4! =— ae 
Ave 
9. y? cosx = sin3z. Ans, y! = 300882 + y’ sin x, 
2y cos x 
y= : Ans. yea ee 
ee Aa 3 2y +sin (x + y) 
11. If y=2t—3234+22+22—1, show that y” =1222—182+2 and 
yl! = 240 — 18. 
12. If f(x) = az? + bx +c, show that f’’’(x) = 0. 
. CGN Ret Ose, 
13. If y = log (2 + 1), show that Se Cae 
14. If y = sin az, show that Cn aty. 
; dx4 
a £ mae ts y 
15. Ify = ae +e 2), show that y” = ah 
16. If y =(1 + x)(sin z + cos 2), show that 
dty ay ae 
EL Ne Oereh = 0. 
Te des ad 
1 
17. Find y” if y2 +2y = 2. Ans. y"” = ape 
Hint. See Example 2, Art. 35. y 
é 4a 
18. Find y” if y? = 4 az. Ans. y” =— ae 
: . n —_ b—ae 
19. Find y” if az? + 2 bry + cy? = 1. Ans. y= Gece 
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: : 3z 
20. Find y’” if y2 +2y = 2”. Ans. y/” =— . 
Hint. See Ex. 17. GQ +9) 


21. If y = tan (x + y), show that 


is Ls 2(3 yt +8y? +5) 
y a 
ys 
22. If 2? + y? = 3 azy, show that y” =— _2aery 
(y? — az)? 
23. By use of the lemma in Art. 25, establish the following general formula: 
dy 
ae at 
dy? dy 3 
ee 


24. By use of the theorems in Art. 15, establish the following formula, known 
as the theorem of Leibnitz, concerning the nth derivative of the product of any 
two functions u, v: 


2 
oe Caja oe ee 24 meee. d‘v 
dx” dx” dx®-1 dx |2 2 ax? 
4. n(n—1)(n—2) a 3yu dv du d"~ly d"v 
»-—+t-+n—. +u—- 
[3 ds? tax" dx qx"-} dx” 


25. Use the theorem of Leibnitz to show that the nth derivative of ze? is equal 
to (x + n)e. 


26. Find by the methods of Arts. 34 and 35 both y’ and y” for each of the 
following functions y: 


(a) y® = 2°; @) zsiny? = 1; 
(b) +2y = 2; Qj) ytany =z; 
(c) ay? + by = cz}; (k) y? log (xy) = a; 
(d) b?z? + ay? = ab?; Q) ylog(at+y=a; 
(e) y(a — z)= (a +2); (m) e=*¥ = zy; 
(f) xy? + 32y =1; (n) y =1+2¢e; 
(g) xy + xy? = a3; (oc) #+y=e+2; 
(h) zsiny = 1; (p) tan (zy) =a. 
27. Find y’” for each of the following functions y: 
(a) y* = 2; (d) y = sin (zy); (g) x = ert; 
(b) y+ 243 = 22; (e) y = log (z@ + y); (h) z+ y = logy; 
(c) ba? — a2y? = a2b?; (ff) ysnz =zsiny; (i) zy = logy. 


28. Use the theorem of Leibnitz (see Ex. 24) to find 
(a) the second derivative of z? sin z; 
(b) the third derivative of e7 log z; 
(c) the fourth derivative of z2az. 


CHAPTER IV 
MAXIMA AND MINIMA. POINTS OF INFLECTION 


36. Definitions. Given any curve which, besides being continu- 
ous, presents one or more distinct waves as represented in Fig. 20. 
The points P, Q, R, S, etc. marking the 
crests of the waves are known as maximum 
points of the curve, while the points L, M, N, 
etc. marking the points of greatest depres- 
sion are called minimum points. In case the 
curve is defined by means of a given equa- 
tion, as y = f(x), the calculus affords a 
simple method, as we shall now show, for 
determining the exact position of these maxi- 
mum and minimum points. The values of 
the ordinates AP, CQ, etc., of the maximum points are called the 
maximum values of the function f(«), while the values of the ordi- 
nates BL, DM, etc., of the minimum points are called the minimum 
values of f(x). 


37. Location of Maximum and Minimum Points. We proceed to 
establish the following important theorem : 


Theorem. Given a function f(x) whose first and second derivatives 
are represented respectively by f’(«) and f’'(x). If a is a special value 
of x such that f'(a) = 0 and f(a) vs negative in sign, then x is the 
abscissa of a maximum point of the curve y = f(x). Tf, on the other 
hand, x, ts such that f'(a:) = 0 and f’’(x) ts positive in sign, then x1 
is the abscissa of a minimum point of the curve y = f(x). 


Proor. From the fact that f’’(x) is the derivative of f’(«) and the 
fact that, by hypothesis, f’’(71) is negative in 
sign, it follows from the theorem of Art. 10 
that as « passes by continually increasing 
values through the fixed value x the corre- 
sponding values of f’(«) are continually de- 
creasing. But this in turn implies, by Art. 9, 
that in the neighborhood of the point P whose 
abscissa is x, the tangent lines AB, CD, EF, 
GH, IJ, etc., that can be drawn to the curve y = f(x) have con- 
tinually decreasing slopes. Moreover, the further assumption of the 
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theorem that f’(«:) = 0 implies that at the point P in question the 
slope of the curve is equal to zero; that is, the tangent HF at this 
point is parallel to the X-axis. Therefore, the general shape of the 
curve in the neighborhood of P must be as indicated in Fig. 21, the 
point P itself being necessarily a maximum 
point. 

If, on the other hand, we have f’(x1) = 0 but 
f’’(#1) positive in sign, similar reasoning based 
upon Arts. 9, 10 shows that as x increases 
through the fixed value 2 the tangent lines 
at the corresponding points upon the curve 
have continually increasing slopes, while the 
value of the slope at the special point P whose abscissa is 2 is, as 
before, equal to zero. Hence the general shape of the curve in the 
neighborhood of P must be as indicated in Fig. 22, the point P itself 
being necessarily a minimum point. 

The proof is thus complete. 


Note1. Ifacurve y = f(x) has a maximum or a minimum point where x = 21, 
then necessarily we have f’(x1) = 0, for it is only then that the tangent line at the 
point in question can be parallel to the X-axis. Hence, the single equation 
f'(x1) = 0 may be described as a necessary condition for either a maximum or a 
minimum. This single condition, however, is not sufficient, for it is possible to 
have f’(x1) = 0 and yet not have either a maximum or a minimum point present, 
as will appear in Chap. VIII. To be assured of the existence of such a point one 
must have, besides the condition f’(x,) = 0, the further condition mentioned in 
the theorem relative to the sign of f’’(x1), or some other supplementary condition. 


Note 2. If, in the language of the theorem, 2x; is such that f’’(71) =0, the 
theorem cannot be applied, for f’’(#1) cannot then be regarded as having any 
definite sign. Such exceptional cases will be considered subsequently. See 
Art. 41. 


Example 1. Determine the maximum and the minimum points of the 
curve whose equation is 


Y = — Noa O tate (1) 


Sotution. In the language of the theorem we have 
f@=2—-—6224+92+4+1 
and therefore 
f(z) = 32? —122+9, 
fi@)i= 6 e2i— 12: (2) 


Arr. 37] MAXIMA AND MINIMA 67 


The values of « for which f’(x~) becomes equal to zero are therefore the 
roots of the quadratic equation 


32 —124+9=0, or “w—42+3=0. (3) 


Solving (8) by any one of the usual methods, its two roots are found to be 
eo — andia =" 3: 
When x = 1, we have from (2) 


f Q=6- 1 — 12 =— 6, 
and when x = 3, we have 
if (@O) = Oe 8) 1G a) (6, 


Applying the theorem, it thus appears that the 
curve (1) has a maximum point whose abscissa is 
x=1and a minimum point whose abscissa is =3. 
To find the ordinates of these points, we need only Fie. 23 
substitute these values of x in (1) and note the re- 
sulting values of y. Thus, when x = 1, we find y = 5, and when x = 3, we 
hindeyje—s le 

In summary, the curve (1) has a maximum point at (1, 5) and a minimum 
point at (3, 1), as shown in Fig. 23. Moreover, by Note 1 there can be no 
other such points upon the curve, since it is only at these that f’(~) = 0. 


Example 2. Find whether the function 


_ logz (4) 


Ly x 


has any maximum or minimum values and, if so, determine them. 


Soxtution. Proceeding as in Example 1, we have 
_ logaz 
fe)= 282 


and therefore 
—3+2logz 
3 


f(e)= =F and p@)= 3 = 


(5) 


The equation f’(«) = 0 thus becomes 

1 —logx = 0 or loga =1, 
and this equation has the single root = e. When « has this value, the 
second derivative, as obtained in (5), is seen to have the negative value — 5 


Hence, applying the theorem, the function (4) has a maximum value when 
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zx=e and it has no other maxinium 
or minimum values whatever. For this 
value of x the value of y as computed 


from (4) is log nae 7 This is, therefore, 


a maximum value of y, and y takes on 

no other maximum or minimum values. 

Fie. 24 This result is illustrated in Fig. 24, where 

the graph of the function (4) is shown, the 

point M being the one whose abscissa is « = e. Note that the curve 

possesses no other point at which y takes on either a maximum or a mini- 
mum value. 


EXERCISES 


By use of the theorem of Art. 37 determine the maximum and the minimum 
points upon each of the following curves: 


1. y=x3—32? -—9x. Ans. Max. at (— 1, 5); min. at (3, — 27). 
2. y =823+922?-—62+2. Ans. Max. at (— 1, 9); min. at (4, 48). 
8. y = 2(a + 2)2(a — 2). Ans. Max. at (— a, 0) and Cs a, ee a 
16V5 
Min. at (a, 0) and mene 5 
in. at (a, 0) an (-~ a, 125 a 
4, ys=(a+ 1)3(x — 5). Ans. Max. at (4, 81/18) ; min. ‘at (5, 0). 
5. y= i ae Ans. Max. at (1, 1); min. at (— 1, — 1). 
6. y = 2 + — where a is greater than b and both are positive. 
os 
Ans. Min. at( ete); max. at ( a , 2”, 
+0’ a—b a 
hb V= —__.. Ans. Max. at (4, ps’5V5); min. at (— $, —zo8sV5) 
(is-rae) a 
_ «a= 2) 2ab (a — b)2\. 
8. y ee ae Ans. Max. at sues oa ) 
9. y =sin2”2—-2. Ans. Max. at (5 sven), min. at (— w t= 84), 
6 6 6 
tO. im LSS ‘iMas 1); nat (oe ey 
y (eb cote Ans ax. at role j min. at rae q 
Lag ee Si EIN ENS in ah fom aN 
7] Cates Ans. Max. at n Z min. at ra Z 
12. y = sinz + cos2 2. Ans. Max. at (are sin 2’ vs) min. at ¢ 0). 


1 
Gh peace Ans. Min. at G «+: 
e 


ing curves. 
(a) y=222 —9a? 4+ 122 —3; 


(6) y=x —3822?-—924+6 
(©) y= an +2; 
x 
pets v 9 
ON tf coreg 
2 
ED para 


? 
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14. y= log log 2 Ans. Max. at (© 2): ; 
log x 2 
15. y = aek + be. Ans. Min. at ioe log bs 2vab). 
a 
Es 
16. y =2e 4sin2z. 
Find the maximum and the minimum values (if any) of each of the following 
functions : 
17. 2 —9224 152 —3. Ans. Max. val. = 4; min. val. = — 28. 
18. 3x25 — 12523 + 21602. Ans. Max. vals. = — 3712 and 3834; 
min. vals. =— 3834 and 3712. 
19. (1 + x3)(7 — x)? Ans. Max. val. = 72; min. vals. = 0 and 49, 
20, (2 — 2). Ans. Min. val. = 2. 
a—22 32 
= 2 
21. Toe Ans. Min. val. = 2. 
22. eta 8. Ans. Max. val. = 25; min. val. = 1. 
a 10 
3 2? — a Baye oe 1 
23. @ +a? Ans. Max. val. = tai! min. val, = — me 
24. 2 tan x — tan? x. Ans. Max. val. = 1. 
25. 2 tana + sec? 2. Ans. Min. val. = 0. 
26. log cos x. Ans. Max. val. = 
27. sin? x cos 2. Ans. Max. val. =325V3; min. val. = —33, V3. 
1 1 
28. x7. Ans. Max. val. = e:. 
Gas Ans. Min. val. = e. 
log 
30. x — e*. Ans. Max. val. =— 1. 
Slee Ans. Max. val. = i 
™ 9 5m 
32. e7 cos x. ’ Ans. Max. val. = ~2 e*; min. val. = — ae Ane 
33. Determine the maximum and the minimum points upon each of the follow- 


() y = — 2); 


Oy = S29G22) ae =), 
(h) y = sin x(1 + cos 2); 
(2) y =tanz + 8cotaz; 
QG) y=ert+e*, 
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38. Abridged Method. The values of x that render a given 
function f(~) a maximum or a minimum may frequently be determined 
directly from a knowledge of the roots of the equation f’(x)= 0. 
In other words, the labor of finding the second derivative f’ (a) and 
the subsequent consideration of its sign, as called for by the theorem 
of Art. 37, may frequently be dispensed with. This fact, which is 
particularly important in connection with applied problems, is 
illustrated in the following examples: 


Example 1. Two sides of a triangle being given, what should be the value 
of the angle between them in order that the area of the triangle may be a 
maximum ? 


Sotution. Let the given sides be represented by a and 6 and let x be the 
(variable) angle between them. We first observe (see Fig. 25) that as x 
ranges from very small values up to 
values near to 180° the area of the 
corresponding triangle AOP, while al- 
ways changing continuously, at first 
increases but eventually decreases, be- 
coming zero at 180°. It follows that 
the area of AOP has one maximum 
value but no minimum value as & 
ranges in the manner just indicated. It remains but to determine the exact 
value of x at which this maximum area occurs. 

Representing the area of the triangle AOP by y, we have by trigonometry 


y =tabsin«. (1) 


The derivative of this function of zis 4. ab cos x. Hence (see Note 1, Art. 37) 
the desired value of x is necessarily the root lying between 0° and 180° of 
the equation : 
4ab cos x = 0, 
or 
cos ¢ = 0. 


But the value of x between 0° and 180° which satisfies this equation is, by 
trigonometry, z = 90°. We therefore conclude that the triangle has its 
area a maximum when the two given sides include a right angle. 


Note. In the foregoing simple example, the answer to which may be surmised 
beforehand by inspection of Fig. 25, the quantity y which is to be made a maxi- 
mum is readily expressible in terms of the variable z, as in (1), thus making the 
problem readily solvable. This should now be contrasted with Example 2 wherein 
the chief difficulty is merely that of obtaining the expression for V in terms of the 
altitude x of the cone. 


a 
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Example 2. I’ind the altitude of the right cone of minimum volume that 
can be circumscribed about the sphere whose radius is r. 


Sotution. Let x represent the (variable) altitude DC of the circumscribed 
cone. Then «# can take any value greater than DE, or 2r. Moreover, it 
appears by inspection that as @ ranges from values 


near to 2r through larger values the corresponding (0) 
circumscribed cone ABC at first has a very large 

volume which continually diminishes for a time but /\ 
eventually begins to increase and finally increases 


value but no maximum value as « ranges upward 
from its smallest value, 27. It remains but to dee 4&7 p 
termine the exact value of # at which this minimum Fic. 26 
volume occurs. 
Representing the volume of the cone ABC by V, we have by solid geometry 


V =1i7DB’ X DC. (1) 
Moreover, since the right triangles CDB and CFO are similar (having the 
angle OCF in common) we may write 
DB DCR NOME Cs 
EeUCrX OR ANCL tie 


without limit as x becomes very large. It follows ae Fr 
that the volume of the cone ABC has one minimum é a 
B 


Hence, DB 6 = FC 7 FE (2) 
But 
FC =V0C — OF =V (CD — OD)? — OF* =V(@ — 1? — 2 =V a2 — Ore. 
Hence, DR eT 

Va — 2re 


Substituting the value of DB in (1), recalling also that DC = 2, we obtain 


wree3 ar ie 
A = _ i . 3 
3(a? — 2 rz) 3 @-—2r . 
Thus V becomes expressed as a function of the single variable a. 
Differentiating, we obtain ; 
ye Som (Oe 2 Rye nee te Oe re 
dx 3 (w — 27)? 38 (@—2r) 
The value of x at which V attains its minimum value is therefore necessarily 
determined (see Note 1, Art. 37) by the equation 
v—4re = 0. (4) 
The roots of (4) are « = 0 and # = 47, and of these only the root ¢ = 4r 
pertains to the problem since; as stated before, x must be greater than 2 r. 
The cone will therefore have a minimum volume when its altitude is equal 
to four times the radius of the sphere. 
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39. Special methods. The labor involved in solving problems in 
maxima and minima by the direct methods of Arts. 37, 38 can fre- 
quently be greatly reduced by introducing two (or more) variables 
into the problem and then using some special ingenious method to 
arrive at the desired result. While no general rule can be stated in 
this connection, the following example will suffice to illustrate the 
use of such methods. 


Example. What are the most economical proportions to use in making 
an ordinary cylindrical pail from sheet metal? 


Sotution. The question is equivalent to asking what proportions should 
be used in a right circular cylinder of given volume, JV, in order that the 
sum of the lateral area and the area of the base may be a 
en ae } minimum. : 

dil il, [| Let x represent the (variable) radius of the base and let 
iil | y represent the (variable) height. Then, by solid geometry, 
iid il Vi we have 


[; 


Fia. 27 V = wxy. (1) 


Also, if A represents the sum of the lateral area and the area of the base, 


we have 
A = 2 rey + 72?. (2) 


Differentiating equations (1) and (2) member by member with respect to 


xz, recalling that by hypothesis V is a constant and that aa 


= 0 when A isa 
minimum, we obtain the following two equations which must coexist between 


x, y, and dy when A is at its minimum value: 


dx 
0 = rat Y 4 Oxy, (3) 
dx ‘ 
= dy 
0 = 2ae at lay + 2a. (4) 
From (8) we obtain 
dy __ 2y 
du ee 
and substituting this expression for i in (4), we obtain after simplification 
and rearrangement of terms 
yi = fr 


The pail will therefore have the most’ economical proportions when its 
height is equal to the radius of its base. 
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EXERCISES 


The following exercises are divided into three groups: I, IJ, III. For the 
exercises in Group I the direct method explained in Art. 38 may well be used; for 
those in Group II it will be found advantageous to use the special method ex- 
plained in Art. 39; for those in Group III the student should decide for himself 
which method is best. It is preferable to work several problems from each group 
rather than confine the attention to any one group. 


Group I 

1. Divide the number 16 into two parts such that their product shall be a 
maximum. Ans. 8, 8. 
2. Divide the number a into two parts such that the sum of their squares shall 

be a minimum. nee 
2 2 

3. Divide the number a into two parts such that the sum of the double of the 
one and the square of the other shall be a minimum. Ans..a;— 151: 
4. What number exceeds its square by the greatest amount? Ans. 4. 


5. It is desired to divide the number ke into a number of equal parts in such 
a way that the product of all the parts shall be a maximum, it being understood 
that k is any positive integer and that e is the base of the Naperian system of 
logarithms. Show that for this purpose each part must be taken equal to e; that 
is, there must be k parts. 


Hint. Let x be the number of parts. Then any one part is equal to fe and the 


product of all the parts is ap 


6. A boatman is at A which is 3 miles from B 6 rei 
the nearest point B on a straight shore LM, L——*—————,—*—_M 
He wishes to reach in minimum time a point C an 
situated on shore 6 miles from B. How far "4 oe 
from C should he land if he can row at the rate Wee 


of 4 miles an hour and can walk at the rate of 
5 miles an hour? Ans. 2 miles. 

Hint. In all cases of uniform speed, the distance travelled equals the time 
occupied multiplied by the rate. ~-—12.-—~ 


Fig. 28 


7. A two-branched figure in the form of a letter Y and having 
a total height of 16 inches and a total width across the top of 
12 inches is to be made in such a way that the total length of the’ 
figure shall be a minimum. How long should the vertical stem 
be taken? Ans. 16 — 2V3 inches. 


8. A length of wire is cut into two portions which are bent into 
the shapes of a circle and a square respectively. Show that if the sum of the 
areas obtained is the least possible, the side of the square will be equal to the 
diameter of the circle. 


f 
16 
| 

! 
i 
—--4 
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9. It is desired to make an open box of greatest possible 
volume from a square piece of cardboard whose sides are each 
2 feet long by cutting equal small squares out of the corners and 
then folding up the remaining piece so as to form the sides 
of the box. How long should each side of 
the small squares be made? Ans. 4 in. 


10. If three sides of a trapezoid are 
each equal to 5 inches, how long must the 
remaining side be taken in order that the trapezoid shall 
have a maximum area? Ans. 10 inches. 


11. It is desired to cut off the two shaded portions of the triangle ABC in such 
a manner that the remaining parallelogram APQR shall 
have the greatest possible area. Show that for this 
purpose each side of the triangle should be cut at its 
middle point. 

Hint. Letting AP =z and AR =y, we have by 
trigonometry area of parallelogram APQR=cy X sin A. 
Now note certain similar triangles, thus obtaining y in 
terms of « and the lengths of the sides of the triangle which, 
for convenience, may be represented by a, b, c. Compare 
Example 2, Art. 38. 
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Fig. 32 


12. Show that the altitude of the right circular cylinder of 
maximum volume that can be inscribed in a given right cir- 
cular cone is equal to one third of the altitude of the cone. 

Hint. In the notation of the figure, the volume of the £-;==-- 
cylinder is rx’y. By the consideration of similar triangles 
show that this may be written in the form 
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S are AN 

72 y(h — y)?. 
13. Show that the isosceles triangle of maximum area that 

can be inscribed in a given circle is equilateral. 
Hint. In the figure note that since the angle SPQ is a 
/p right angle (being inscribed in a semicircle), we have by 
geometry RP’ = RS X RQ. For convenience use « to repre- 
Q sent RP, y to represent RS, and note that we then have RQ = 
Fie, 34 2r—y. Hence show that the area of the triangle may be 
expressed in the form y2(2 r— y)?. 8 


14. Show that the altitude of the right circular cone of 
maximum volume that can be inscribed in a given sphere is 
equal to four thirds of the radius. 

Hint. Make observations similar to those in the hint of 
Ex. 13, showing that, in the notation of Fig. 35 the volume in 
question may be expressed in the form 


52 r—y), where y = SR. Fie. 35 
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15. A rectangular flower garden is to contain 20,000 square feet and is to be 
laid out in such a manner that there shall be a border of shrubs 10 feet wide along 
each of the longer sides and a similar border 20 feet wide along each of the shorter 
sides. Determine the dimensions of the smallest rectangle of land necessary to 
contain both garden and shrubs. Ans. 240 feet by 120 feet. 


16. A ladder of length d stands against the side of a house. Y¢ 
If P is the point on the ground which is distant a from the 
house, show that the vertical distance PQ from P to the 
ladder will be greatest when the foot of the ladder is at the 
distance Vad? from the house. 


17. A fence 3% feet high is 8 feet from a house. Find the 
length of the shortest ladder that will reach the house if one 
end rests on the ground outside the fence. Compare Ex. 16. 

Ans. 153 feet. 


Fig. 36 


18. Prove that are tan f(z) can have a maximum or a 
minimum value only at such values of x as render f(z) itself a maximum or a mini- 
mum, f(«) being any function possessing a derivative f’(x) for every value of z. 


19. Two vertical poles OT and O/T’, 
whose lengths are respectively 30 feet and 
20 feet, stand 100 feet apart ‘upon a hori- 
zontal plane. In order that the angle ¢ 
between the tops 7’, T’ as viewed from 
various points H# in the line OO’ may be 
greatest, show that the distance O# should 
be equal to the smaller of the two roots 


of the quadratic equation 
xz? — 600 x + 29400 = 0 


and hence should be 300 — 10V 606, or 53.83 feet, approximately. 


Hinr. Take O as origin of a system of coérdinates, with OO’ as X-axis and OT 
as Y-axis. Let x be the (variable) distance OH. Then the coérdinates of the 
points 7’, H, 7’ are respectively (0, 30); (2, 0); (100, 20). Find the slopes of 
the lines HT, HT’ and then show that 


_ 10x — 3000 
Lan? = aoe = 600" 
or 

10 x — 3000 


= ate (al +5 100s 4600. 


Now make use of the result in Ex. 18. 


20. A tapestry 7 feet in length is hung on a wall so that its lower edge is 9 feet 
above the observer’s eye. At what distance from the wall should he stand in 
order to obtain the most favorable view? Ans. 12 feet. 

Hinr. The vertical angle subtended by the tapestry at the eye must be at a 
maximum. Compare Ex, 19, 
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Group II 


21. Show that of all rectangles having # given area the one of least perimeter 
is & Bquare, 

22. Show that of all rectangles having a given perimeter the one of greatest 
area is 4 square. 


23. A rectangular garden plot is to be inclosed alongside a house, using 32 feet 
of wire fencing on the three exposed sides, What should be the dimensions used 
in order that the inclosed area may be as great as possible? Ans. 16 ft, by 8 ft. 


24, Prove that a window of the shape here shown (Norman 
window) and having a given perimeter will admit the most light 
when the height of its rectangular base equals the radius of its 
semicircular top. 


26. A window in the form of a rectangle surmounted by an 
equilateral triangle is to have a total perimeter of 35 feet. Find 
the dimensions of the rectangle in order that such a window may 
admit the most light. Ans. 8.2 feet by 5.2 feet. 


26. A right circular cylinder of given volume is to be so shaped that its total 
surface (both bases plus the convex surface) shall be as small as possible. Show 
(hat for this purpose the height should be taken equal to twice the radius of the 
base. Compare Mxample, Art. 39. 
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27. Show that the rectangle of maximum area that can be inscribed in a given 
circle is a square, 

28. Show that the dimensions of the rectangle of maximum area that can be 
inseribed in the ellipse b2a* 4- a2y? = ab? are in the ratio a:b. 

29, Show that the area of the smallest ellipse that can be circumscribed about 
a rectangle is to the area of the rectangle in the ratio a: 2. 


30. Show that for a given amount of convex surface the right circular cone of 
maximum volume will have an altitude and radius of base in the ratio V2: 1. 


31. Given the total surface and the altitude of » reetangular parallelopiped. 
Show that if the volume is to be a maximum, the remaining dimensions must be 
equal. 


82. A water tank is to be constructed having a square base and open top, the 
sides being vertical. It is to contain 192 cubic yards. If the cost (including 
labor) of the sides is $4 per square yard and of the bottom $3 per square yard, 
what should be the dimensions in order that the cost may be a minimum, and 
what will the cost be? Ans. Side of base =8 yards, height =3 yards. Cost = $576. 

33. A silo is to be made in the form of a eylinder with a floor and a hemispherical 
roof all of the same material. Determine the most economical proportions. 

34. The sum of the surfaces of a sphere and a cube being given, show that the 
sum of their volumes will be least when the diameter of the sphere is equal to the 
odge of the cube. 

$5. If (he combined length and girth of a parcel post package is to be 60 inches, 
find the maximum volume, the package being a box of square cross section. 

36. Work Ix. & by the method illustrated in Art, 89. 
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Group III 


37. It is shown in mechanics that the horizontal range OA (measured in feet) 
which will be attained by a projectile when fired at O 


is given by the following formula in case the resistance » 
of the air is neglected : an 
OA = sin 24 oO Al 
g Fie. 39 

where 2 is the initial velocity of firing (measured in feet per second), where ¢ is 
the angle of projection, and where g is a constant whose value is 32.2, approxi- 
mately. Show that the greatest possible range is obtained by taking ¢ = 45°. 

38. The time (measured in seconds) which it takes a small heavy ball to roll 
down an inclined plane in case the resistance of the air is neglected 
is given by the formula 


as 
P=2 Nj sin 2¢’ 


where ¢ is the angle of inclination of the plane and a is the length 
of the base (measured in feet) and where g is the constant men- 
tioned in Ex. 37. Hence show that, for a given length of base, the time of descent 
will be a minimum on a plane of 45° inclination. 

39. An arc light L is to be placed directly over the center O of a circular grass- 
plot afeetinradius. It being given that the intensity of the 
illumination at any point P in the circle varies directly as the 
sine of the angle LPO and inversely as the square of the dis- 
tance LP, find how high the light should be placed above O 
in order that a narrow path along the circumference of the 
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L 


grass-plot may be most brilliantly lighted. Ans. ve . 


40. Two vertical poles of heights a and 6 respectively 
are standing on a horizontal plane c units apart. Show 
that the point on the line joining their bases such that the sum of the squares of 
the distances from this point to the tops of the poles is a minimum is situated 

y_ halfway between the bases. 
41. If, in Ex. 40, it is desired to find the point P on 
fe the line OQ joining the bases such that the sum of the 
b distances from this point to the tops of the poles is 


a a minimum, show that it is the point P such that 

O S OP: PQ =a:b. Hence show that the position of P 

! Vg P ee may be constructed geometrically by prolonging LO by 

ieee a its own length to L’ and then joining L’ to M, the 

fe point P where L’M intersects OQ being the point 
Fig. 42 desired. | 


Note. It may be observed in Fig. 42 that the angles OPL and QPM are equal. 
Hence the following principle in optics: Whenever a ray of light is emitted from a 
source L in such a way as to pass through a given point M after reflection from a 
plane mirror OQ, it follows the shortest possible path between the two points. 
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42. A person L is in a field at a distance a from a 
fence OQ and he wishes to go to a point M situated at a 
distance b into the next field and at a distance c to the 
right of this former position. If he can travel at the rate 
of v; feet per minute in the first field and at the rate v2 
feet per minute in the second field, show that he should 
cross the fence at the point P such that pine *1 the 

sin 6 V2 
angles @ and @ being respectively the angles made by 
LP and MP with the direction perpendicular to OQ. 


Note. It is shown experimentally in physics that if a ray of light emanates 
from a point L and, after traveling through one medium such as air, strikes an- 
other transparent medium such as water, the ray is bent at 
| the point P of incidence, and in such a way as to follow 
the law just described; that is, 


sing _ 4 
sin® v9’ 


<v3—— Where 2 and v2 now represent the velocities of light in the 
_, two respective media. The law is known as ‘‘Snell’s 
Law of Refraction.” - It follows from this fact and the 
foregoing statements that a refracted ray LPM is always 
bent in such a manner that the light passes from L to M in the least possible 
time. 
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43. An open trough having a cross section in the form of an arc of a circle is to 
be constructed by bending a long rectangular strip of metal of 
breadth 2a. Show that in order that the trough may have 


maximum capacity the radius used should be equal to : as 
TT 


that is, the are will form a semicircle. 
Hint. Let x be the (variable) radius and @ the (vari- 
able) central angle measured in radians. Then, by geometry 


26 =2a, orz= ea 
B 0 
Now show that the total area of the segment ABC is expressible in 
O the form 


2a? . 
Tae (@ — sin @). 


A 44, Show that of all circular sectors having the same 
Fic. 46 perimeter the one of greatest area is that whose are is 
double its radius. 


46. The lower corner of a leaf whose width is a is folded over so as 
just to reach the inner edge of the page. Find the width of the part 
folded over (a) when the length of the crease is a minimum; (b) when the area 
folded over is a minimum. 
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46. Find the length of the longest rod that can be passed 
(without tilting to one side) up a chimney where it enters an 
open fire-place, the width of the chimney being a and the height 
of the opening above the floor being h. Compare Ex. 16. 

47. It isshown in solid geometry that the area of the zone of 
a sphere of radius R that will be visible at the distance z from 
27h? (4 — R) 

x 


the center is equal to Hence, show that on Fic. 48 


the line OO’ joining the centers of two spheres whose radii are respectively R 
and r the point at which the most spherical surface is visible (counting both spheres) 
3 
is at the distance See from O, a being the distance OO’ between centers. 
R? + 7? 
48. Show that the sector that should be removed from a given circle in order 
that the remaining area may form the curved surface of a cone of maximum 


volume has as its central angle 2 7(1 — V2). 

49. Into a full conical tumbler of water of depth a and generating angle ¢ a 
small spherical ball is slowly dropped. Show that in order to cause the greatest 
possible amount of overflow the radius of the ball should be 

asin ¢ ; 
sin ¢ + cos 2 ¢ 

50. It is shown in physics that the intensity of the illumination J received at a 
point P from a small source of light L varies inversely as the square of the dis- 


Hint. See Ex. 17, page 271. 


tance PL; thatis, I = pee. where k is a constant whose L Ped 
P Vig | ee ened | 
value is to be regarded as the intensity of the illumina- | 


tion at a unit’s distance from P. Hence show that if a 
is the intensity of one light source Z at a unit’s distance 
from it and b is similarly the intensity of another source L’ at a unit’s distance 
from it, then the point on LL’ at which the least total illumination is received from 
both sources divides the distance LL’ in the ratio Va: Vb. 

51. Prove that the problem ‘to describe a circle with its center on the cireum- 
ference of a given circle so that the length of the are intercepted within the given 
circle shall be a maximum ” is reducible to the solving of the trigonometric equa- 
tion + = cot x. ; 

52. If the portion AB of the tangent to a given curve intercepted by two fixed 
lines OA, OB is to be a minimum, prove that PA = NB, where P is the point of 
contact and N the foot of the perpendicular let fall on the tangent from O. 

53. Show that the greatest rectangle that can be circumscribed about a given 
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rectangle of dimensions a, b is a square the length of whose side is ae (a + b). 


54. Through a point O on the prolonged diameter AB of a semicircle a secant 
ORR’ is drawn, thus forming an inscribed quadrilateral ABRR’. Prove that in 
case the area of this quadrilateral is a maximum the projection of RR’ upon AB 
is equal to the length of the radius of the circle. 
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40. Definition. A point, such as P in Fig. 50, 
at which a curve changes its character from con- 
cave upward to concave downward (or vice versa) 
is called a point of inflection. Such points are 
numerous, for example, in the graphs of the equa- 
tions y = Sinz, y = cosa, y = tan z, etc. See 
Figs. page 370. At a point of inflection the tangent passes through 
the curve. 
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41. Location of points of inflection. We proceed to establish the 
following theorem: 


Theorem. Given a function f(x) whose second and third derivatives 
are represented respectively by f’"(x) and f(x). If x1 1s a special value 
(of x such that f’’(a1)= 0 but f’’"(x1) A O*, then x1 7s the abscissa of a 
point of inflection upon the curve y = f(x). 


Proor. Since f’’’(«:) ¥ 0, let us take first the case in which f’”’ (2) - 
is negative in sign. Then the entire hypotheses become f’’(a1)= 0 
but f’’’(v1) negative. But these relations imply that the function 
f’(x) attains a maximum value where « = 2, as follows by applying . 
the theorem of Art. 37 to f’(x). Hence, the slope of the curve y = f(x) 
attains a maximum value where x = 2. This fact, however, is 
equivalent to saying that there is a point of inflection where x = x, 
for if, as in Fig. 50, the slope of the curve is continually increasing 
as one selects points A on the curve that are nearer and nearer to P 
on the left and at the same time the slope is continually diminishing 
as one selects points B near to P on the right but farther and farther 
removed from it, then evidently the curve is necessarily concave 
upward at the left of P and concave downward at the right of P. 

Similarly, in case f’’(a1)= 0 but f’’’(x1) is positive in sign we may 
show that the curve is concave downward at the left of P and concave 
upward at the right of P, so that at P there must be a point of inflec- 
tion. 

The proof is thus complete. 

Note. The single condition f’’(a:)= 0 may be regarded as expressing the 
necessary condition that the curve y = f(x) shall have a point of inflection where 
x =2,. This single condition, however, is not sufficient to assure the existence 
of such a point, hence the added condition f’’’(x1) #0 as stated in the theorem. 
Compare Note 1, Art. 37. Further consideration of points of inflection, including 
cases in which f’’’(x;) = 0, will be given in Chapter VIII. 


*The symbol # is commonly used to denote “is not equal to.” 


-of inflection whose abscissas arex = 0 andz=2. To 


. 


- no other such points than these two, since it is only at 
_ these that (x)= 0. Upon drawing the graph of (1) 
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Example 1. Determine the points of inflection of the curve whose 
equation is 
y=ut—4e4+ 82+. (1) 


Sotution. In the language of the theorem we here have 


f(~)= 28-4234 8243 
and therefore 


f(z) = 423 — 1222 + 8, (2) 
f"(@) = 12.27 — 242, (3) 
f’"(e) = Mw — 24. (4) 


The values of x for which f’’(x) = 0 are therefore determined by the equation 
1222 — 242% =0, or «ze — 2)=0, 

the roots of which are x = 0 and = 2. Moreover, 

we see from (4) that f’”’(0)=— 24 and f’’”’(2) =+ 24, 

so that, applying the theorem, the curve (1) has points 


1% 


obtain the ordinates of these points, we place = 0 and 
xz = 2 in (1), thus obtaining respectively as the corre- 
sponding ordinates y = 3 and y = 3. 

In.summary, the curve (1) has points of inflection 
at (0, 3) and (2, 3). Moreover, by Note 1 it can have 
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in the usual manner it is found to have the form shown in Fig. 51, the two 
points of inflection being here denoted by P; and Ps. 


Example 2. Determine the points of inflection of the curve 


y = sin 2. (5) 
Sotution. We have 
Gc) = isin 
and therefore 
f(c)— cosa, {’@)=— sine, f/"(e)=— cosa. 


Since the roots of the equation f’(x)= 0 are in this instance « = + nz, 
where m is any positive integer, zero included, and since we have f’”’(+ nm) 
=— cos (+n7) = +1, it follows from the theorem that the curve in question 
has inflection points whose abscissas are x = + nr. Moreover, upon placing 
these values of x in (5) we see that the ordinates of all the points just men- 
tioned are equal to zero. 

In summary, every point of the type (+ mm, 0), where n is any positive 
integer, zero included, is an inflection point of the curve (5). Moreover, 
by Note 1 the curve has no other such points since it is only when « = + nr 
that f’ (x)= 0. The points, unlimited in number, where the curve crosses 
the X-axis are therefore the inflection points in this case. See page 370. 
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42. Curve tracing. The usual method of analytic geometry for 
drawing the graph of a given equation consists in plotting various 
individual points and then sketching as accurately as possible the 
smooth curve which passes through them. This method, however, 
is frequently laborious inasmuch as it is only after a large number. of 
points have been plotted that the essential features of the curve in 
question become apparent. A much easier method is furnished in 
most cases by the calculus. 


Example 1. Trace the curve 
y= 42 —15a?4+ 12¢41. (1) 
Sotution. Representing the second member of (1) by f(x), we have 
f(e)= 423 — 1504 122+1 
and therefore 
f'@= 122? — 802-12, f’(@)= 2424 —30, f(a) = 24. 

The equation f’(w) = 0 is readily found to have as its roots « = 4 and # = 2, 
and for these we obtain f’(4) = — 18, f’(2)=+ 18. Hence, by the theorem 
of Art. 37, « = +4 is the abscissa of a maximum point while « = 2 is the 
abscissa of a minimum point. The ordinates of these points, as determined 
from (1), are found to be y = 33 and y =— 8 respec- 
tively. The point (4, 34%) is therefore a maximum point 
while (2, — 3) is a minimum point, and these, by Note 1 
of Art. 37, are the only such points possessed by the curve. 

Again, the equation f’’(x)= 0 is seen to have the one 
root « = 14 and for this value of # the corresponding value 
of y as determined by (1) is found to be y = 3. It follows 0) 
by the theorem of Art. 41 that (14, 3) is the only point of 
inflection of the curve. 

With this information at hand, the general form of the 
curve must be as shown in Fig. 52. To add accuracy to 
the result, however, the special points corresponding to 
x = 0, «= 1, « = 24 have been plotted to serve as additional guiding points, 
the ordinates of these points having been found from (1) to be respectively 
Yah = 2, y=. 


Example 2. Trace the curve y = 
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aa (2) 


Sotution. It is first desirable to make the following general observations : 

(a) The point (0, 0) satisfies the equation. Thus, the origin lies on the curve. 

(b) As & increases from 0 to + 1 the corresponding values of y are negative. 
Moreover, they increase indefinitely in numerical value as x approaches the 
value 1. However, as soon as x passes 1, the values of y are positive and, 
as & increases indefinitely, they approach zero as a limit. 
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(c) As # decreases from 0 to — 1 the corresponding values of y are positive. 
Moreover, they increase indefinitely as « approaches the value — 1. How- 
ever, as soon as x passes — 1, the values of y are negative and, as « decreases 
indefinitely in the negative direction, they approach zero as a limit. 

These preliminary facts having been noted, we now proceed as in Example 1. 
Letting f(x) represent the second member of (2), we obtain in the usual 
manner, after making simple reductions, 

haa sl 228 = : 

fe=-Giay f@y=2ee. (3) 
The equation f’(x) = 0 is therefore equiva- 
lent to z?+1=0. But this equation has 
no real roots, its roots being imaginary. It 
follows (see Note 1, Art. 37) that the graph 
of (2) has no maximum or minimum points. 
On the other hand, the equation f’’(«) = 0 is 
seen from (3) to have but one real root, 
namely, x = 0. Thus, by the Note to the 
theorem of Art. 41, the origin is the only 
possible point of inflection which the curve 
may have. 

Upon considering properties (a), (b), (c) together with those just mentioned, 
it is evident that the curve must have the form shown in Fig. 53. 
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Note. The subject of curve-tracing will be considered in further detail in 
Chap. VIII. For a summary of the general properties of a curve that are obtain- 
able directly from its equation, like the properties (a), (b), (c) of Example 2, the 
student may be referred to the author’s text ‘(A Brief Course in Analytic Geome- 
try’ (Holt and Co.), pages 23-25. 


EXERCISES 


Trace each of the following curves, drawing the graph of each: 


1. y=o2? —2 +2. Gye x ; 
2 y=ie —32. ; (~ — 1)(@ + 2) 
age (Die) s 
Saya — Sa 20. 10. y (e 2)? 

Lat 2 
4. y a +32°4+82+1. fp Eon 
Ds RN at As ok 12. y = tanz. 
Cry Se. 13. y = e*. 
tool 
o 14. y = logz. 
Bl grr : 1 
Fen, | 15. y = 2°. 
8. y=. 
. eI) 


16. Prove that no conic has an inflection point. 


CHAPTER V 


FURTHER APPLICATIONS OF THE DERIVATIVE TO GEOMETRY 


43. Introduction. It follows from Art. 9 that if y = f(x) is the 
equation of any curve, then the slope, m, of the tangent to the curve 
at any specified point (a, y:) is given by the formula 


Y = tan 2xor =[% wv £ (1) 
(a, alles ate the symbol [4]... indicates that the de- 

Q rivative o (which is itself a function of x) is be- 
Fig. 54 ing evaluated for the given special value 2, of x.* 


Thus, the slope of the parabola y = 422 — 22+ 1 at the point (2, 18) 
upon it is equal to 14 since we have in this case 


m = [ou = [Se — Ose 16 One 1a 
dxje=2 

More generally, if the given equation, instead of presenting the 
specific form y = f(#) and thus expressing y explicitly as a function 
of x, is of the type f(x, y)= 0, thus including all cases in which y is 
defined implicitly as a function of x (see Art. 84), then the formula 
corresponding to (1) becomes 


dy 
= tan 2X Ol —— 2 
a Bis Q tee x mr ( ) 
y=V1 
where the symbol (s] indicates that the derivative dy (which 
dx dx =x, dx 
Vr 


will in general contain both « and y) is to be evaluated for the given 
values x, of x and y; of y. 


* Tn this statement and in those that follow it is tacitly assumed that the deriva- 
tive in question exists; that is, that the limit defined by (5), page 11, has a definite 
value for the given f(x) when x = 21. 
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Thus, if the equation of the curve is 
ry? — ay? + a —2y =0 (3) 


and the given point upon the curve is (0, 0), the slope at this point may be 
found as follows: 

Differentiating (3), member by member, with respect to x (compare Art. 34), 
we obtain 

dy dy f dy 
2 xy, 4 xy? — 3 x2 — 28 Ba OYE 
wy at EY 3 ry rP ye 22 25 0, 

or 


(Qarty — 3 ay? — 2) U =~ 4 ay +o — 2a, 


Hence, 
Cn ee te ee 
dx 2x4y — 3 ry? — 2 


At the given point (0, 0) we therefore have 


(@] ~=0+0-0- 0 _ 96 
dt -9 Di Mee? TAG 


thus indicating that at the point (0, 0) the curve (3) has a slope equal to zero ; 
that is, the direction of the curve at this point is parallel to the X-axis. In 
this instance the curve itself is not easily drawn. 

In order to have a more simple notation, we shall hereafter write 
the last member of (2) (which contains the second member of (1) as a 
special case) in the form os Then the universal formula for the 

© 
slope m of any curve f(x, y) = 0 at the special point (71, y1) becomes 


m = slope at the point (x1, y1) = dys 
dx, 
Note. The student should note that the symbol dys as thus employed indicates 


. dz, 
the special value which the (variable) expression au assumes when z = x and 


UP UKG 


44. The angle of intersection of two curves. .An immediate 
application of the formula just obtained is in finding the angle at 
which two given curves intersect. Such an angle, in fact, may always 
be regarded as the angle between the tangents to the two curves at 
the point of intersection, and this angle may usually be determined 
in the manner illustrated in the following example: 
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Example. Find, correct to 10 minutes, the angle @ of intersection of the 
two curves (circle and parabola) whose equations are 
2+ y?—4¢4—5=0, (1) 
and 
ye — 8x =0. (2) 
Sotution. It is first necessary to find the points of 
intersection of the two curves, and for this we solve 
their equations simultaneously. Thus, substituting 
-for y? in (1) the value 8z as obtained from (2), we 
obtain after simple reductions 
vt4er—5=0 (3) 
Fra. 55 from which the abscissas of the intersection points 
of (1) and (2) are to be obtained. Solving (8) by the 
ordinary methods of solving quadratics, we find its roots to be x = 1 and 
x =— 5, and placing these values in (2), we find the corresponding values 
of y to be y = + 2V2 and y =+ 2V— 10 respectively. There are, there- 
fore, two points of intersection of the curves (1) and (2), namely, (1, 2V2) 
and (1, — 2V2), it being necessary to discard the additional intersection 
points (— 5, 2V — 10), (— 5, — 2V — 10) because the ordinate of each is 
imaginary. 
Next, the values of the derivative wy as obtained in the usual manner for 


the curves (1) and (2) are respectively 
dy 2 — ia 
“y= Al = 
dx y oe d. y 
Hence, by the formula of Art. 43, the slopes m; and me of (1) and (2) at the 
point of intersection (1, 2V’2) are respectively 
21 1 1 4 
m, = == ~=-V2 and m= —= =V2. 
"9% avg 4 * 3v2 
Recalling from analytic geometry that the angle @ between the two lines 
whose slopes are m and mz is determined by the formula 


WW 
ie 


M2 —- M1 
1+ mm () 
it follows that the angle @ between the tangent lines to (1) and (2) at (1, 2V2) 
is determined by the equation 
Ep ER) 

ese 
Therefore, by the tables of natural tangents (see page 365) 

6 = 35° 20’, approximately. 

The angle of intersection at (1, — 2V2) is evidently, for geometric reasons, 
the same as at (1, 2V2). However, this: fact can be shown independently 
if desired by the process above described. 


tan 6 = 


3 = = 
tan @ = iv? 5¥2 = 3141421) = 0.70711 approximately. 
3 
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EXERCISES 


The following exercises are to be worked by the formula of Art. 43, full use 
being made of the methods of differentiating implicit functions as there illustrated. 
Compare with the exercises on page 19. 

1. Find the slope of the semicubical parabola y? = 23 at (a) the point (1,1); 
(b) the point (2,2V2). See page 368. Ans. (a) 3; (b) 3/V2. 

2. Find the slope of the curve y3 = 2x? at (a) the point (1, 1); (b) at (2V2, 2). 

3. Find the slope of the cissoid y?(2 a — z)= 23 at (a, a). See page 369. 

4. Show that the tangent to the curve zy? = « + y + 1 at the point (2, $) 
is perpendicular to the line 8 z — 2 y = 1. 

5. Show that the tangent to the curve zy? + yx” = 2 at the point (1, 1) makes 
an angle of 135° with the positive X-axis. 

6. Show that, whatever the value of a, the tangent to the curve 2?y? = 
a?(x + y) at the origin makes an angle of 135° with the positive X-axis. 

7. A tangent is drawn to the curve z2y = 4 a*(2a — y) (witch of Agnesi) at 
the point upon it whose abscissa is a/2. Show that the slope of this tangent is 
— 425 and hence determine, correct to 10 minutes, the angle which it makes with 
the positive X-axis. For the graph of this curve, see page 370. 

8. Prove that the tangent to the curve y? cosz — sin3 2 = 0 at the origin 
coincides with the Y-axis. 

9. Determine the points upon the circle x? + y? = 100 at which the slope of 
the tangent line is — 3. Ans.) (ce 6) 8). 

10. Determine the points upon the curve as + y3 =a? (four-cusped hypo- 
cycloid) at which the tangents are perpendicular to the line x —-2y +3 = 0. 

11. Show that the tangents to the folium x? + y? = 3 azy at the point where 
it intersects the parabola y? = ax are parallel to the Y-axis. See page 368. 

12. Find, to the nearest 10 minutes, the angle of intersection of each pair of 
curves in the following list. If the curves intersect in more than one point, find 
the angle of intersection at each. 

(a) x -—Ty +25 =0, 2? + y? = 25. 
(6) y2 = 62, 2 + y? = 16. 
(c) @+yY—-—4¢=1, 2% +y—2y =9. 

13. Find, correct to 10 minutes, the angle of intersection of the parabola 
x? = 4 ay with the witch 22y = 4a2(2a — y). Ans. 1° 340 


2 2 2 F 
14. Show that the ellipse e + 2 = 1 and the hyperbola = — a = | intersect 


at right angles at each of four points. Draw a figure. 

15. Show that the circle 2? + y? = 8 az and the cissoid y?(2 a — x) = x3 meet 
at an angle of 45° at each of two points other than the origin. 

16. Prove that the two conics ayz? + by? = 1 and asx? + boy? = 1 intersect 
at right angles only if the following condition is satisfied : 
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45. Equations of tangent and normal. By means of the formula 
of Art. 43 we may at once establish the following theorem : 


Theorem. The equation of the tangent to the curve f(x, y) = 0 at the 
point (v1, yr) is given by the formula 


y-y = Ses (x — x). (1) 


Proor. For the proof we have but to recall from analytic geometry 
that the equation of the straight line passing through a given point 
(a1, y:) and having a given slope m is 

yY — yi = M(x — 2&4). 
This equation immediately takes the form stated in the theorem when 
we use for m its value as stated in the formula of Art. 48. The proof 
is thus complete. 

The foregoing theorem enables one to write also the equation of the 
normal to a given curve at a given point. In fact, the normal by 
definition is perpendicular to the tangent, hence by analytic geometry, 
the slope of the normal is at once obtained by taking the negative 
reciprocal of the slope of the tangent. To write the normal at the 
point (a, yi) in any given case, therefore, we have but to write the 
equation of the line passing through this point and having as its slope 
the negative reciprocal of the slope of the tangent at this point. 


Example. Write the equations of the tangent and the normal to the 
semi-cubical parabola y? = «8 at the point (1, 1). 


Soutution. We have y? = «3, so that, differentiating member by member, 


Ka ee Bet 
we obtain 2 y - = 3.27. Hence, 
le 


dy _ 3.02 
de Jy 

At the given point (1, 1) we therefore have 
dy, 3-1_ 3. 
day 2 le 


Hence, by the foregoing theorem, the equation of the tangent at (1, 1) is 
y= l=F@ sd), 
which may be reduced to the form 
82—2y—1=0. 
As to the normal at (1, 1), its equation is now immediately written down as 
y—1=—2(@—- 1). 
This equation may be reduced to the form 2% + 3y —5 = 0. 
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46. Length of subtangent and subnormal. In the adjoining 
figure let P:7’ be the tangent to the curve AB at P, and let P,N be 
the normal at the same point. Suppose that P,7' intersects the 
X-axis atQ and that P,N intersects the same axis 
at. Rk; also, suppose that M is the foot of the 
ordinate drawn at P;. Then, the length QM is 
called the subtangent of the point P; and the 
length MP is called the subnormal of P;. These 
two lengths play an important réle in the prop- 
erties of certain curves and it is now to be ob- 
served that they may be readily formulated in 
terms of the derivative as follows, it being understood that the 
equation of the given curve is in the usual form f(z, y)= 0 

We have, in fact, from elementary trigonometry together with 
the formula of Art. 43, 

MP, 
QM = fan ZXQP, = ie = length of subtangent, 
dx, 


MR = MP, tan ZXQP; = ySht = = length of subnormal. 


Y 


MR 


Fia. 56 


Note. As thus formulated, QM will be positive only when Q lies to the left of 
M, while MR will be positive only when f& lies to the right of M, as illustrated 
in Fig. 56. In all cases, however, the numerical values obtained by the formulas 
represent the lengths of the subtangent and subnormal respectively. The stu- 
dent is advised to confirm this statement by drawing several figures in which 
Q and R are situated differently as regards M and carrying through the reasoning 
similar to the foregoing for each. 

Example. Find the lengths of the subtangent and the subnormal to the 
semicubical parabola y? = x at the point (2, 2V 2). 

Souution. As in the solution of the example in Art. 45, we find that for 
~ this curve we have at any point (a, y) 
dy _ 32° 


iii PLY 
Hence, at (2, 2V2) we have 
Wi 8 ewe on. 
Ot (2) AON Faas OD 
Bra. 57 Thus, by use of the ieee formulas, 
v2 


QM = Subtangent = “3. = MR = Subnormal = 2V2- Re = 6. 
V2 
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EXERCISES 


1. Find the equations of the tangent and the normal to the circle x? + y? + 
2% +2y —6 = 0 at (a) the point (1, 1); (b) the point (— 4, — 45%). 
Ans. (a) e+y =2,2=y; (0) c+7y =— 28,4 —72 =6. 
2. Find the lengths of the subtangent and the subnormal to the parabola 
y? = 4 at the point (4, 4). Ans. 8, 2. 
3. Find the equation of the tangent and the normal to each of the following 
conics at the points indicated. Find also the length of the subtangent and the 
subnormal in each case : 


Conic Point 
(a) 2 +2y?-—8ay+a2—-1=0, Gl i))e 
(b) 922 +122y+4y? —54+8y+2 =0, (= We 
(c) 522° +2ay —y+a-—y-—6=0, (— 1, — 1). 


4. Find the equations of the tangent and the normal to the curve 
ys — 2y? + 2 = 0 at the points whose ordinate is 1. 
Ans. 24 —y=1¢e+2y=3; 2¢+y =—1,2y —2=3: 
5. Show that upon the curve y = tan x the point whose abscissa is 7/4 has 
its subtangent equal to one fourth its subnormal. 
6. Prove that the equation of the tangent at (x1, yi) to the standard ellipse 


2 42 ; 
. aL ; 5=lis ae aL at = 1. Also, state and prove the corresponding result 
2 2 
for the standard hyperbola ~ — ¥ = 1. 
a = 


7. Prove that the equation of the tangent at (x1, y:1) to the general conic 

Ax? + 2 Hxy + By? + 2 Gx + 2 Fy + C =0 may be written in the form 
Aga + H(yie + ay)+ Byy + Ga +a)+ Fy +y)+C =0. 

8. Find the equations of the tangent and the normal to the witch 
xv’y = 4a2(2 a — y) at the point wherer=2a. Ans. c+2y =40a,24—y =8a. 

9. Find the equations of the tangent and the normal to the curve z¥ = y? 
at the point (1, 1). Ans. y=a2,e2+y = 2. 

10. Prove that in the parabola y? = 4 px (a) the subnormal is the same (con- 
stant) for all points; (b) the subtangent is bisected at the vertex. 

11. Prove that the subtangent to the curve y = a? is the same at all points, 


and is equal to mas. 
log a 
12. Show that in the equilateral hyperbola 2 zy = a? the areas of the triangles 


formed by tangents and the coédrdinate axes is a constant, and is equal to a?. 
13. Show that the sum of the intercepts of a tangent to the parabola 
1 1 1 
x? + y? = a? on the codrdinate axes is a constant, and is equal to a. 
j 14. Show that for the hypocycloid a HE ys =a® the portion of any tangent 
included between the codrdinate axes is equal to a and hence is a constant. 


x 
15. Show that the curve y = a¢ has a constant subtangent. 
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47. Definition. In Fig. 58 let P be a fixed point upon the are 
AB and let P’ be a neighboring point situated at a distance As from P 
asmeasured along AB. Letthetangents y, 
at P and P’ make the angles’ and 7 + Ar 
respectively with the positive X-axis, 
thus causing Az to represent the angle 
between these two tangents. Then Ar 
evidently measures the entire change of 
direction of the curve as one passes along 


it from P to P’, while the ratio a comes 
s 


Fie. 58 


to represent the average change of direc- 
tion.per unit of arc as one passes from P to P’.* If P’ be now 
allowed to approach P, thus making both As and Ar approach zero, 


this ratio a will approach (in general) a limit which, by Art. 9, will 


be equal to the derivative o evaluated at P. This limit pertains 
s 


specifically to the point P and may be considered as measuring the 

rate of change of direction of the curve at this point. The numeri- 

cal value of this derivative is called the curvature t of the curve at P. 
In summary, then, we have by definition 


dry 


Curvature at P = 
ds, 


, (1) 


dr 


where the symbol - indicates the numerical value of the deriva- 
S1 


tive a when evaluated for the special values of s andr that pertain 
Ss 


to the point P. 


*The change in direction corresponding to a unit’s distance along PP’ will 
evidently vary according to where the unit is laid off, but if the whole change of 
direction Ar is divided by the whole distance As, the result will be the average 
change of direction per unit of arc. 


} It follows from Art. 9 that a will be a positive or negative number according 

s 
as the angle 7 is increasing or decreasing as s passes by increasing values through 
the particular value which it has at P. However, the numerical value of oo is, of 


course, always positive. 
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Note. The conception of “‘curvature’”’ as thus accurately formulated is readily 
seen to be in accord with the commonly accepted use of the word. In fact, as 
ordinarily understood, the curvature at any point of a curve is great or small 
according as there is a great or small change in the direction of the curve as one 
passes through the point, and it is this idea that is basal in the foregoing accurate 
definition. The student will find as he proceeds in the study of mathematics that 
the notion of curvature plays an important part both in geometry and mechanics. 


48. Curvature of the circle. Itis important to observe that in case 
the arc AB (Fig. 58) is that of a circle, the value of the curvature 
at every point P is the same. That this is a fact might be inferred 
directly upon noting that as one passes along a circle the change in 
direction corresponding to any given length of arc passed over is 
everywhere the same. The fact may, however, be more accurately 
and completely established in the form of a theorem as follows, the 
proof being made to depend upon the fundamental formula just 
mentioned. 


Theorem. The curvature of a circle is the same at every point, and 


is equal to y where r is the radius. 
r 


Proor. For convenience, place the circle so that its center is on 
the Y-axis at a distance from the origin, O, equal to the radius. 
Y Let the are s be measured from O and let 6 be the 
central angle, measured in radians, corresponding 
tos. Then, if r is the radius, we have by elemen- 

tary geometry 


ee Gh ayy 
4, x But inasmuch as the sides of the angler are re- 


O spectively perpendicular to those of the angle 8, 
Fie. 59 we have in the present case 9=7r. Thus (1) takes 
the form 1 
9S har or ea 3, (2) 
from which we obtain at once 
dr _1 
ds. 


Therefore the curvature, as determined by the general formula of 
Art. 47, is the same for all values of s and r, being equal to the 


constant 1 : 
r 


The proof is thus complete. 
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49. Curvature in rectangular coordinates. In order to use the 
general formula of Art. 47 to determine the curvature of a given 
curve at a given point it is evidently necessary that the angle 7 be 
known in advance as a function of the are length s, as illustrated in 
equation (2) of Art. 48. To obtain this functional relation, however, 
for a curve whose equation is given in the usual form f(x, y)= 0 is 
frequently difficult. It therefore becomes desirable, if possible, to 
convert the formula into a more convenient form. This we shall do 
presently, but it is desirable first to establish the following lemma: 


Lemma. The variable distance s measured along any given curve 
y = f(x) from some fixed starting point, as A, to a variable point P = 
(x, y) on the curve is a function of x such that 


aie : 


Similarly s, when regarded as a function of y, is such that 
ds | dane 
CO Sail sada) Vi 2 
dy cy iy) @) 


Proor. Let any point P’ =(# + Az, y+ Ay) be chosen on the 
curve near to P. Let the distance from P to P’ as measured along 
the curve be As and let the straight-line distance 
(chord) connecting P to P’ be represented by PP’. 
Then we shall evidently have 


PP” =(Az)? +(Ay)?. 


By dividing both members of this equation by (Az)? 
and subsequently writing the left member of the Fra. 60 
result in a form wherein (As)? enters in such a 

manner as to cancel from numerator and denominator, we obtain 


Pp? 2 2 
Cy ay 1+ @y 
AS Ax Az 
If we now allow Az, and hence Ay and As, to approach zero, noting 


al A 
that lim PP. 1, we obtain’ 


as>-o As 
leas 
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ds dy\? 
OS eS eNill oy) 
dx +(G4) 
as was to be proved in (1). 
The proof of (2), being similar to the above, is left to the student. 
The foregoing lemma having been established, we may now estab- 


lish the following theorem whereby the formula for curvature takes a 
form more adaptable to general use than (1) of Art. 47: 


Hence 


Theorem. The curvature K of the curve f(a, y)= 0 at the point 
(x1, yr) is determined by the formula 
d?y1 
dx" 


a 
[1 +(e) ] 


a indicate respectively the values asswmed by a and 
1 


K = abs. val. 


dy 
h, we 
where d 


v1 
2, 
vy when x = x, and y = y, and where abs. val. indicates that the absolute, 


or numerical, value only of the expression is to be taken. 


and 


Proor. Returning to Fig. 58, let us suppose that the codrdinates 
of P and P’ are respectively (a, y) and (a + Aa, y + Ay) and let us 


now write the fundamental ratio < in the form 
8 


Ar 
Ar _ Ae. 
As ‘As 
Ax 
Then, using Theorem III of Art. 5, we may write 
im ar 
dt in Ar = dx=0 AY (1) 
ds aso As lim As 
acz=0 AX 


We proceed to evaluate the two limits here appearing in the last 
member. 
By Art. 8 we have at once lim Ar _ dr, But tan7; = dy or 
ac>oAx dx da 


7 = are tan tu. Hence, using the theorem of Art. 30, we obtain 
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as the numerator of (1) 
ad £ (au dy 
Ci ia da? 
dit ae (2 <7 = dy? 2 
ie 


As to the denominator of “ we have by the foregoing lemma 


th NG 1 +(ty uy. (3) 
We have now but to substitute the forms (2) and (3) in (1) to obtain 
d’y 
o Fy 


1 
 p+@T 
Hence the curvature, which by the definition in Art. 47 is the 


absolute, or numerical, value of a, will be equal to the absolute value 
s 


of the expression here appearing on the right when evaluated at the 
point P in question. 

The proof is thus complete. 

Note. It may be observed that the expression (4) whose absolute value is the 


a 
curvature K, is positive or negative according as its numerator, ae is positive 
iy 


or negative and hence, by the reasoning in Art. 41, according as the curve is con- 
cave upward or concave downward at the point in question. This assumes how- 


3 
ever, that oy ~ 0 at this point. 


Example. Find the curvature of the parabola y? = 8a at the point 
(2, — 4). 
Soutution. We here have 
dye Ae Ome & dy ey 16) 
dz y’ dx y? de 
Substituting in the formula of the foregoing theorem, we obtain as the desired 
curvature at the point (2, — 4) 


16 a 
eos 4)3 _ _ v2 


ei i 
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50. Circle and radius of curvature. Let P be a given point upon 
an are AB and let P’ and P”’ be two points neighboring to P and also 
upon AB, as illustrated in Fig. 61(a). Draw the circle determined 
by the three points P, P’, P’ and suppose that C’ and R’ represent 
respectively the center and the radius of this circle. Such a circle will, 
in general, pass through AB at each of the points P, P’, P”. Now 

suppose that the same 

B construction is re- 

peated, P remaining 

the same in position 

as before but with P’ 

0 P x and P” chosen nearer 

to P than before. 

eee eae ee The resulting circle 

will evidently have a different center C’ and radius R’ than before. 

Again, suppose the same construction is repeated but with P’ and P” 

still nearer to the fixed point P. A still different circle will result. 

Suppose that this process is now continued indefinitely, the points P’ 

and P”’ thus approaching P asalimit. The resulting family of circles, 

indefinite in number, will evidently approach in general a limiting 

circle which is tangent to AB at P, as illustrated in Fig. 61(6). This 

limiting circle is called the circle of curvature of AB at P; its center 

C is called the center of curvature, and its radius R is called the radius 

of curvature of AB at P. Moreover, it is possible to show, though 

we shall for brevity omit the proof, that the curvature of this circle 

at P is the same as the curvature K of the arc itself at this point. In 
other words, recalling the theorem of Art. 48, we have the equation 

1 


K == (1) 


Solving (1) for R, we thus have the following fundamental theorem : 


y{A 


Theorem. The radius of curvature R of any arc AB at any point P 
is given by the formula 1 
R = x’ 
where K may be determined by the theorem of Art. 49. 


Note. The radius of curvature is a magnitude of fundamental importance, 
particularly in dynamics; that is, in the general study of motion. For example, 
it can be shown that if a small particle, such as a bead, moves along any are AB, 
the centrifugal force which it develops at any point varies inversely as the radius 
of curvature of the are at that point. 
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ry? e 


Example. Determine the radius of curvature of the ellipse * = ety 


16 
at the extremity of the major axis. 

Sotution. We first observe from analytic geometry that this ellipse has 
its center at the origin, that its semiaxes are 4 and 3, and that the major axis 
lies along the Y-axis. Thus, the codrdinates of 


the upper extremity of the major axis are (0, 4), of 
so that the problem is that of determining the 
radius of curvature at this point. 
Writing the equation in the form 
1622+ 9y? = 144 x 
and differentiating, we obtain 
320+ 18y@ = 0, (2) 
and hence, when x = 0, y = 4, we have ew 0. 
Upon differentiating (2) we obtain Fie. 62 
32+ 18 y SY + 18(2 \" =o) (3) 
v 


and hence, recalling that y = 4 and wy = 0 at the point (0, 4) in question, we 
eS 
4 


find that at the same point the value of oy is — 5 
dx? 
The value of K at the point is therefore, by Art. 49, 


K = abs. val. oye = abs. val. ie *)= 4 
[1 + 0}? 9 


The desired radius of curvature at (0, 4) is therefore, by the foregoing 
theorem, 


Note. If in the foregoing example it had been desired to determine RF at the 
extremity of the minor axis; that is, at the point (8, 0), the method would have 


to be altered inasmuch as the value of a at this point is infinite. However, 
dx 


this difficulty is easily removed by first interchanging the X- and Y-axes. Then 
the equation of the ellipse becomes 


and the extremity in question becomes (0, 3). Reasoning as before, we find that 
at this point R = 54. The student is advised to carry through the steps. 
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EXERCISES 


1. Show that the curvature of any straight line is equal to zero at every point 
and draw such inferences as you can regarding its radius of curvature. 
Hint. Take the equation of the straight line in the form y = mx + 6, where 
m and 6 are constants. 


2. Find the radius of curvature of the hyperbola zy = 3 at (2,14). Ans. 128. 


3. Find the radius of curvature of the semicubical parabola y? = x3 at the 

: 6 
oint (1, 1). Ans. : 
ce 13V 13 


4. Show that the curvature of the curve y = sin x at any one of its highest 
or lowest points is equal to 1, and prove that the curve y = cos x has the same 
property. See Fig. 370. 

5. Determine the radius of curvature of each of the following curves at the 
point indicated for each: 


Curve Point 
(a) Parabola, y = 422 +22+41, (— 1, 3); 
(b) Ellipse, 4x? + 9 y? = 100, G2) 
(c) Hyperbola, 4 x2 — 9 y? = 100, (6, V11); 
(d) Cissoid, y?(2a — x) = 23, (a, a); 
(e) Logarithmic Curve, y = log x, (1, 0). 


6. Show that at a point of inflection upon any curve the curvature is zero. 
7. Show that the radius of curvature at any point (zx, y) upon the ellipse 


4,2 4p2)$ 
b2x? + a®y? = ab? is equal to ae and hence show that the radii of 
a 
curvature at the ends of the major and minor axes are respectively b?/a and a?/b. 
x zg 
8. Show that the radius of curvature of the catenary y = 5c" +e 4) at any 


point (x, y) is equal to y?/a. For the graph of this curve, see page 368. 


9. For each of the following curves, show that the radius of curvature at any 
point (x, y) may be expressed in the form indicated : 


3 
(a) Cubical Parabola, y = az’, R= (1 + 9 atst)?., 
6 ax 
1 3 
(b) Semicubical Parabola, y? = ax, R= a? (4 + 9 ax)? ; 
6 a? 
3 
(c) Parabola, 2? + yt = a2, R = 2+ y)*. 
1 
a? 
(d) Hypocycloid, x? + y? = a3, R = 3(azy)s. 


10. Ifa bead slides with uniform velocity around the ellipse 4 x2 + 9 y? = 100, 
compare the centrifugal force which it has when at the extremity of the major 
axis with that which it has at the extremity of the minor axis. 

Hint. See Note, Art. 50; also Ex. 7 above. 
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51. Parametric equations. Instead of using a single equation 
between the codrdinates x and y to describe a curve it is frequently 
an advantage to use two equations expressing « and y in terms of a 
third variable, or parameter, which we may represent by a. Such a 
pair of equations have the type forms 


| i f(a), (1) 
Ue o(@), 
and these are called the parametric equations of the curve correspond- 
ing to the parameter a. 
Thus, instead of the single equation 

Pe Ela i (2) 
used to describe all points upon the circle whose 
center is at the origin and whose radius is r, we 
may use the parametric equations 

‘y =r cosa, (3) 


Of Se Suave, 


Fic. 63 


the parameter a here being the central angle corresponding to any 
point (x, y) upon the circle. In fact, Fig. 63 makes it clear 
geometrically that the values of x, y, and a pertaining to any point P 
upon the circle are connected by means of the relations (3). More- 
over, we can actually obtain (2) from (8) by eliminating a from 
(3) as follows: 

Squaring each of the equations (3) and adding the resulting equa- 
tions, we have 

x? + y? = r?(sin?a + cos? a), 

and this reduces to (2) when it is recalled from trigonometry that, 
whatever the angle a, we have sin? a+ cos? a = 1. 

Similarly, it is shown in analytic 
geometry that the ellipse 


may have its equation expressed in the 
x parametric form 
x= acosa, 
{* = bsina, 
the parameter a in this case being the 
so-called eccentric angle corresponding 
Fia. 64 to the point (x, y). 


SER I NEI EE 
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For the purposes of the calculus it is desirable to state and prove 
the following theorem relative to the forms which the derivatives 


“ and fae Y take when « and y are joined together through parametric 
ie x 


equations; that is, through two equations of the type (1). 


Theorem. If x and y are functionally related through the parametric 
equations 
La f(a), Yo o(a), 


d’y 


and da corresponding to any assigned value of a 
ae 


then the values les 


are given coats y by the formulas 


23h (a) d?y _ f’(a)p’’(a)— 9” (a)f’’(a) 
2 @) aa [f’(a)]8 


where the primes denote derivatives with respect to a. 


Proor. By the theorem of Art. 16 together with the lemma of 
Art. 25, we may write 


dy 
dy _ dy da _ da _ ¢'(a). (4) 
da da, da (da ie) 

da 


Thus, the first part of the theorem is established. 
Again, we may write for similar reasons 


d (cv d (wv 
dy _ o (at) = c(t _da _ da\dx/ _ do\dx/ (5) 
ae? da\d da dx dx f' (a) 
da 


But, upon differentiating (4) with respect toa, making use of Theorem 
III of Art. 15, we have 
dy dz d*y dy dx 
ts i (ae — d{da) _ da do’ da _do?® _ f'(a)d"(a)— ¢'(@)f"(@). 
dx da\ dx dx\? [f’(@)]? 
: dot i) 


When this expression for a (54) is substituted in (5), the result 
da \dx 


. 2 . 
obtained for is seen to be as stated in the theorem, thus finishing 


the proof. 


i 
/ 
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dx? 
v=o? + 2, y=8a+a (6) 
corresponding to the value a = 1. 


f 2, 
Example. Determine the values of wu and dy at the point upon the curve 


Sotution. In the language of the theorem we here have f(a)= 0? + 2 
and ¢(a)= 303+ a. Hence f’(a)= 2a, f’(a)= 2, and ¢’(a)= 9a +1, 
¢’(a)= 18a. The theorem thus gives 

dy o 9a? +1 dey ign 18 « — (9a? + 1) -2 aU ieee it 


da Dawe? dau 8 ai 4 a3 
12, 
For the given value a = 1 it thus appears that Oy 5 and d ¥Y = 2, 
da da? 


The student is advised to obtain a notion of the geometric form of the 
curve (6) by plotting carefully a variety of points upon its graph. In order 
to do this, assign various values to , noting for each the point (”, y) deter- 
mined by the two equations. 


52. Applications. The determination of the subtangent, subnor- 
mal, and other important geometric magnitudes for curves whose 
equations are expressed in parametric form is readily carried out, as 
illustrated in the following example relative to the cycloid.* 


* The path described by a point upon the circumference of a circle as the circle 
rolls without sliding upon a fixed straight line is called a cycloid. If the radius 
of the rolling circle is a and 
if P is the generating point 
and M the point of contact 
of the circle with the fixed 
line, then in all positions of 
P the are PM will be equal 
to the line-segment OM, 
where O is regarded as the 
initial position of P, it being 
assumed that O is on the 
given fixed line. If, there- 
fore, we take O as origin and the fixed line as X-axis and represent the (variable) 
angle PCM by 0, we have for all positions of P 

z=OM — NM = a0 — asin 0 = a(0 — sin 0), 

y = NP = MC — AC =a — 408 0 = a(1 — cos 8), 
These, then, may be taken as the parametric equations of the cycloid, the central 
angle @ being the parameter. 

By -liminating @ from the foregoing equations it may be shown that the equa- 
tion o} the cycloid in rectangular coérdinates is 


Zz = aare cos(4 =H) — va ay — y?. 
a 


Fria. 65. Tur Crcrnorp. 
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Example. It being given that the parametric equations of the cycloid are 


x = a(6 — sin 6), y = a(1 — cos 6), (1) 
find the lengths of the subtangent and the subnormal and the value of the 
radius of curvature at the point on the ecycloid for which @ = s 

SotuTion. We have 
dx dy ; : 
ie a a 2 
a a(1 — cos 8), qo 7 asin 0, (2) 


and therefore, by the theorem of Art. 51, we may write 
dy __- sme _. 
de 1—cosé6 


The value of a“ at the given point, namely, the point for which 6 = ee is. 


therefore 
sin = 
dy Ba ' We 
7 = —__—__ = ], (3) 
diy cos 
2 


Moreover, the values of x and y at the point in question are, from (1), 
nm = a(% sin? ae as n= a(1 — cos *)= a, (4) 


Substituting the values given by (8) and (4) in the formulas of Art. 46, we 
obtain 


Length of subtangent = oF pee rte 
dx, 
Length of subnormal = y1- us =@-1=a. 
1 
Again, from (2) we obtain 
Cone aye 
Ta He, Gigt HOO 8 


and therefore, by use of the theorem of Art. 51, we may write 


d’y _ a(1 — cos 0) - acos 0 — asin 0: asin 0 


dx a3(1 — cos 6)8 
The value of oe at the given point is therefore 


Tv wv . v 
a(t — cos *) cos = — a* sin? — 


(5) 
a a(1 — cos zy 


a | 


2 
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Substituting the values given in (3) and (5) in the formula of Art. 49, we 


obtain 

1 
pad at me CU 
eat 12]3 2av2 


K = curvature = abs. val. 


Hence, by the theorem of Art. 50, we have at the point in question 


r Radius of curvature = z = 2av2. 


EXERCISES 


1. Having given the curve whose parametric equations are 
2 =(a + 1),y =(@ — 1% 
find (a) the codrdinates of the point corresponding to the parameter value a = 0; 
(b) the slope of the curve at this point. Ans. (1, — 1); 1. 


2. Obtain the equation of the tangent to the curve mentioned in Ex. 1 at the 
point whose parameter value is a = 2. Ans. 7 —9y = 18. 
3. Show that the two curves 
xz =a(a+1), xz =a(a? +3a+3), 
y =a(a — 1), y =3ae+1) 
intersect each other at right angles at the point for which a = 0; that is, at the 
origin (0, 0). 
4. Find, in terms of the parameter t, the values of the subtangent, the sub- 
normal, and the radius of curvature at any point upon each of the following curves: 
fx =3F?, a=+t, fe =sint, 
a b c 
Ce ee (0) Y= US a aptre 
5. Express the values of the subtangent, the subnormal and the radius of cur- 
vature at any point upon each of the following curves: 
= 3 
(a) The four-cusped hypocycloid ‘% a ae A 
, 2 =? 6—4 6 
(b) The four-cusped epicycloid ie a0 os 4° <a ty 
y = Zasin éd — tasin 5 65 
aoe = - 2 6) 
Th Asoid 2 a(2 cos 8 cos , 
) an 8 ly =a (2 sin 6 — sin2 8). 
6. Show that at any point on the cycloid the radius of curvature is equal to 
twice the length of the normal. 


7. In Fig. 65 suppose that the circle is rolling in the direction OX, the center 
moving at the rate of 2 inches per second. How fast will the point P be rising 
when (a) 6 = 30°; (b) @ = 45°; (c)@ = 60°? Investigate also for @ = 90°, 180°, 
210°, 300°, 3 


CHAPTER VI 


RATES 


53. Introduction. It was shown in Art. 11 that whenever a point 
moves along a given curve y = f(x) in the general direction from left 
to right (more exactly, in such a way that x is continually increasing) 
the value of the derivative “ at any fixed point P =(a, y) on the 

a 
curve is equal to the ratio of the rate of change of y to the rate of 
change of x at the point Pin question. Moreover, it was shown that y 


will be increasing or decreasing at P according as the sign of “a at 


this point is positive or negative. 
In the present chapter we shall show in further detail the connec- 
tion between the derivative and the idea of rates. 


54. Velocity and acceleration in rectilinear motion. If a point P 
moves along a straight line in such a way that equal distances are 
everywhere passed over in equal times, the motion is said to be uni- 
form. Insuch motion the ratio of the distance s to the time ¢ required 
to pass over it is everywhere the same and is called the velocity v of 
the moving point; that is, in uniform rectilinear motion we have the 
law 

s 
y=8 (1) 

If on the other hand, the motion, though confined to a straight line, 
is not uniform, we may proceed as follows to define the notion of 
velocity. 

Suppose that at the instant when the moving point arrives at a 
given position, as P, the time that has elapsed in order to reach this 


P point is ¢ while the space that has been 
—_——— —_+—_+—_> é 
2) = : As passed over is s. Moreover, suppose that 
ie. 66 


during a small interval of time, At, immedi- 
ately following t the moving point. passes over the additional dis- 
tance As. Then it follows from (1) that, at least if At and hence As 


are very small, the ratio a will form a good approximation to the 


104 
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velocity of the moving point while traversing the distance As. Since 
the correctness of this approximation grows better and better as At 
is taken smaller and smaller, it is natural to define the velocity at P 
as the value of 
i As 
im — 
Ato At 


But this limit, by Art. 9, is equal to the value of the derivative “ 


at P. In summary, then, we have the following law pertaining to 
all rectilinear motion : 


; é ASSmeends 
v = velocity at P ree ieLae ere (2) 


it being understood that the derivative : is to be evaluated at the 


point P in question. 


Example 1. A point moves along a straight line in such a manner that 
the distance passed over varies as the cube of the time. If the point is 
observed to be 3 feet from the.starting point at the end of 2 seconds, what 
will be its distance from the starting point and its velocity at the end of 
6 seconds? 


Sotution. The general law of the motion when stated in the form of 
an equation becomes 
8 = ke, (3) 


where k& is some constant. Moreover, by hypothesis s = 3 when t = 2. 
Hence (8) gives 3 = k- 8 so that k = 2. The precise law of the motion is 
therefore 

s=28. (4) 


The desired distance from the starting point at the end of 6 seconds will 
therefore be 
Si: = 2- 63 = 81 feet. 


As to the velocity, we have from (4) 


as a 38, (5) 


so that, in accordance with the explanations of this article, the desired velocity 
at the end of 6 seconds will be 


v; = 2- 6 = 404 feet per second. 
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The rate of change of the velocity at any point P is called the 
acceleration at that point and is commonly represented by the letter 
j. In the case of uniform rectilinear motion the acceleration is equal 
to zero at every point since there is no change whatever in the velocity, 
while in the case of non-uniform rectilinear motion we have but to 
reason as in the foregoing study of the velocity v in order to arrive 
at the following universal law. 


. . i END Gh GES - 
= acceleration at P = lim — = —=-—— 
apn oti At>oAt dt dé’ (6) 
f 2 
it being understood that the derivative “ or a is to be evaluated 


at the point P in question. 

Example 2. Find the acceleration of the point described in Example 1 
at the end of 6 seconds. 

Sotution. From (5) we have 


Ps _ 9, 
Gp ah 

Hence, by (6) the acceleration j at any time ¢ is given by the equation 
9 St: 


In particular, the desired acceleration at the end of 6 seconds will therefore be 
ji = %- 6 = 134 feet per second per second. 


55. Circular motion. ‘The simplest type of motion, aside from the 
rectilinear type described in Art. 54, is circular 

motion. Here again the motion may be either uni- 

in form or non-uniform. If uniform, the central angle 6 
changes at a constant rate during the motion, this 

rate being known as the angular velocity of the 

moving point. If non-uniform, the angular velocity 

Fie. 67 changes from point to point along the circle, its 


value at any one point being the value of the derivative ° at that 


point (compare Art. 54). Thus, we have the following law pertaining 


to all circular motion: 


w* = angular velocity at P = - (7) 


it being understood that the derivative a is to be evaluated at the 
point P in question. 


* The Greek letter w is pronounced o-ma’ga. 
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The rate of change of the angular velocity in the case of non-uniform 
circular motion is called the angular acceleration. Thus, we have 


a = angular acceleration at P = — = — (8) 


it being understood that the derivative is to be evaluated at the point 
P in question. 

. It is to be observed finally that if s represents the distance along 
the circular path from the starting point, which for simplicity we may 
take as corresponding to @ = 0, then by elementary geometry we 
have s = r@ provided, however, that @ is measured in radians. 
Hence, at any time ¢ we have 


But, by reasoning as in Art. 54, it appears at once that measures 


the velocity of the moving point along the circle. We therefore 
have 


v = velocity at P = rw = r&, (9) 
it being understood that the radian is taken as the unit of angular 
measurement and that w is to be evaluated at the point P in question. 


Example. A point moves about on a circle of radius 6 inches, the law 
of its motion being 
¢=8—64 98, (10) 
where ¢ is measured in seconds and @ in radians. Find (a) the angular velocity 
‘ when t = 4 seconds; (6) the angular acceleration when t = 1 second; (c) the 
velocity of the point along the circle when t = 5 seconds; (d) the time and 
the angle at which the point reverses its direction of rotation (two answers) ; 
(e) the time and the angle at which the velocity changes from an increasing 
to a decreasing value, or vice versa. 


Soutution. (a) From (10) we obtain 
pee ara IPE OF (11) 
; dt 
Hence, by (7), the angular velocity when t = 4 seconds is 
w, = 3-42 — 12-4+9 = 9 radians per second. 
(6) From (11) we obtain 


a= 


20 
—~=6t — 12. 12 
7B (12) 
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Hence, by (8), the angular acceleration when t = 1 second is 

a, = 6: 1 — 12 =— 6 radians per second per second, 
the significance of the negative sign being that the angular velocity is decreas- 
ing at the time ¢ = 1 second. 

(c) From (9) and (10) the velocity of the point at any time ¢ is given by the 
formula 

» = 6(3 2 — 12¢+ 9). 
Hence, the velocity when ¢ = 5 seconds is 
v, = 6(8- 5? — 12-5 + 9)= 144 feet per second. 

(d) The time at which the point reverses its direction of rotation is the time 
at which » = 0; that is, the value (or values) of ¢ which satisfy the equation 
380 —12%¢+9=0. 

Hence, solving, there are two such times; namely, 4; = 1 second and k = 3 
seconds. Moreover, corresponding to these two values of t we obtain from 
(10) the values 6; = 4 and 6 = 0, so that the desired angles are 6; = 4 radians 
and 62 = 0. 

(e) The time at which the velocity changes from an increasing to a decreas- 
ing value (or vice versa) is the time at which a = 0, and this value of ¢ is 
seen from (12) to be t; = 2 seconds, corresponding to which 6; = 2 radians, 
as determined from (10). 


EXERCISES 


1. If a point moves along a straight line subject to the law 
s=8—-92424t4+1, 
where the distance s is measured in feet and the time ¢ is measured in seconds, 
answer the following questions, giving the proper interpretations to the signs of 
all results: (a) What is the velocity when ¢ = 3 sec.*? (b) What is the velocity 
when t = 5 sec.? (c) What is the acceleration when ¢ = 1 sec.? (d) What is 
the acceleration when ¢ = 5 sec.? (e) At what times does the point change its 
direction of motion? (f) At what times does the point change its velocity from 
increasing to decreasing values, or vice versa? 
2. If a point moves along a circle subject to the law 
¢6=8—1224 45t+2, 
where the angle @ is measured in radians and the time ¢ is measured in seconds, 
answer the following questions, giving the proper interpretations to the signs of 
all results: (a) What is the angular velocity when t = 4 sec.? (b) What is the 
angular velocity when ¢ = 6 sec.? (c) What is the angular acceleration when 
t = 2sec.? (d) What is the angular acceleration when tf = 6 sec.? (e) At what 
time does the point change its direction of motion? (f) At what time does the 
point change its velocity from increasing to decreasing values, or vice versa? 


* Hereafter the abbreviations ft. and sec. will be used respectively for foot and 
second and the expression “feet per second per second” will be abbreviated into 
ft. per (sec.)?. ; 
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3. By experiment it can be shown that a body when falling freely from rest 
near the earth’s surface (the resistance of the air being neglected) obeys the law 


a) 

es gt p) (1) 
where g is a constant whose value, when the distance s is measured in feet and the 
time ¢ is measured in seconds, is approximately 32.2. Hence establish the follow- 
ing laws relative to the velocity v and the acceleration 7 of such motion: 


v= gt, ze = gs, (2) 
heats (3) 

"These laws are commonly known as the ‘laws of a falling body.” 

4. Assuming that a body falls from rest, find its velocity (a) at the end of 
3 seconds; (b) at the end of 1 minute; (c) after it has fallen 10 feet. 

5. If a body starts with any given velocity vo and moves along a straight line 
with any given constant acceleration j (positive or negative), it may be shown that 
the distance s traveled during the time ¢ elapsed since the beginning of the motion 
is determined by the formula 

s = vet +370. (1) 

Hence show the existence of the following laws as regards the velocity v in all recti- 
linear motion in which the acceleration j is a constant : 

v = vo + Jt, 4? — fv? = js. (2) 

It is to be observed that in case vo = 0 andj = g the laws (1) and (2) reduce, 
as they should, to (1) and (2) of Ex. 3. 

6. An aeroplane, starting from rest, acquires a velocity of 100 miles per hour 
in 5 minutes. What is the acceleration (regarded as a constant)? See Ex. 5. 

7. A train running 45 miles per hour is brought to rest uniformly in 3 minutes. 
(a) How great is the constant i aan (negative acceleration)? (6b) How far 
does it travel? (a) 1820 ft. per (min.)?; (b) 5940 ft. 

8. A stone was dropped from a ones while ascending at the rate of 30 feet 
per sec. and reached the ground in 10 sec. How high was the balloon when the 
stone was dropped? Take g = 32.2. Ans. 1310 ft. 

9. A flywheel 8 ft. in diameter is making 40 revolutions per minute. What 
is its angular velocity and what is the velocity of a point upon its rim? 

10. If a body starts PONE in a circular path with a given initial angular 
velocity wo; that is, if o = wo  whent = 0 and @ = 0, andif the motion thereafter 
is constantly accelerated by an amount a (positive or negative), then it may be 

- shown experimentally that the following relation between @ and ¢ will hold true 
throughout the motion (compare (1), Ex. 5): 
= wot + F al?. (1) 
Hence show that the following laws exist as regards the angular velocity w in all 
uniformly accelerated circular motion (compare (2), Ex. 5): 
o = wo + at, zo — Fw? = a. (2) 


11. If the flywheel mentioned in Ex. 9 is brought uniformly to rest in 4 of a 
minute by means of a brake, find (a) how great the constant retardation is and 
(b) how many revolutions the ae makes before it comes to rest. See Ex. 10. 

. (a) 240 7 rad. per (min.)?; (b) 6% rev. 
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12. A wheel is revolving at the rate of 30 turns a second when a resistance 
begins to retard its motion uniformly at the rate of 6 radians per second. Find 
(a) in what time it will be brought to rest and (b) how many turns it will make 
in stopping. Ans. (a) 107 sec. (b) 1507 rev. 


13. If a body starting from rest slides down an inclined 


plane, friction being neglected, its motion obeys the law 


. s= gl sin 4, 


where ¢ is the angle of inclination of the plane and where 

Fie. 68 is a constant which is equal approximately to 32.2, pro- 

vided that the distance s is measured in feet and the time ¢ is measured in seconds 

(compare Ex. 3). Hence establish the laws relative to the velocity in such motion 

and from your result show that the final velocity is the same as it would be if 
the body were to fall vertically through the height h of the plane. 


14. Prove that the times of sliding from rest down the chords issuing from the 
highest point of a vertical circle are equal. See Ex. 13. 

15. If the swing (amplitude) of an ordinary pendulum is 
small, it is shown in dynamics that the motion obeys approxi- 


mately the law we 
6 = 6) cos a t, 
g 


where 4 is the angle (measured in radians) made by the rod OB 
with the vertical direction OY when the rod is in its outermost 
position, where / is the length of the rod, and where g is a constant whose value is 
approximately 32.2 in ease J is measured in feet and ¢ in seconds. Hence show 
that the velocity of the bob B is determined by the formula 


oe ii! (42 — 62), 
g 


and use this result to find the velocity of the bob when in its lowest position in 
case 6) = 10° and = 2 ft. 


Fie. 69 


56. General Curvilinear Motion. If a point moves along any 
given curve, its velocity v, when considered at any special position 
of the point such as P, is in the direction of the tangent to the curve 
at this point, while the magnitude of v at P 
may, by elementary physics, be regarded as 
the length of the diagonal of the rectangle 
whose dimensions are vz and v,, where vz 
and vy, measure the magnitudes of the so- 
called ‘‘ components” of the motion in the 
directions of the X- and Y-axes respectively 
at P. Hence, by elementary geometry, 


Fie. 70 v=Vo02 + 0,7. 


ne 
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But vz, being the rate of change of the abscissa 2, is equal by Art. 54 


da dy 


to Fe while for similar reasons v, = —%- Therefore, we reach the 


following universal formula for the magnitude of the velocity v of 
a moving point in any given position P upon the curve of motion: 


oN) + @) 


it being understood that the derivatives are to be evaluated at the 
point P in question. 


2 


Note. The magnitude of v may also be regarded as the value of the expression 


lim a where As is the distance traversed along the curve beyond P in the time 
Ai>0 


At. Relation (1) may, in fact, be shown to be a consequence of this latter uni- 
versal definition of v. 


Moreover, from Fig. 70 it is evident that, if 7 represents the angle 
made by the direction of v at P with the positive X-axis, we have 
tania ey or T = are tan 2¥. Hence, using the values of vz and v, 


Vz Vz 


as before, we obtain the formula 


t = direction of velocity at P = arc tan ae (2) 


dt 


it being understood that the derivatives are to be evaluated at the 
point P in question. 
Similarly, if we recall that the components parallel to the codrdinate 
axes of the acceleration 7 are jz = ae and jy = cape sGail and 
Gh GE ab Ue 
that, by elementary physics, j may be obtained from jz and j, by the 
same process as v may be obtained from v, and v,, we arrive at the 


formulas 
7 d?2x\?2 (ey 3 
te (By + (&) 7) (Ga ®) 
d*y 


dt? 
dt 


® = direction of Meclenation at P = arc tan 
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In order to obtain the derivatives which appear in the formulas 
(1)-(4) it is evidently necessary in any given case to know the ab- 
scissa x and the ordinate y of the moving point as functions of the 
time ¢t. That is, the motion must be defined by two equations of the 


We c=f), y= ol. (5) 
It is also to be observed that by eliminating ¢ from the two equations 
(5) we may obtain in any given case the equation of the path of the 
moving point in rectangular coérdinates. Equations (5) are, in fact, 
the parametric equations of the path with ¢ as parameter (Art. 51). 


Example. A point (z, y) moves subject to the law 
r=2%, y=8, (6) 
x and y being measured in inches and ¢ in seconds. For the point P reached 
at the end of 3 seconds find (a) the codrdinates ; (6) the magnitude of the ve- 
locity ; (c) the direction of the velocity ; (d) the magnitude of the acceleration ; 
(e) the direction of the acceleration. Also obtain the equation of the path. 


Sotution. (a) The position of the point when t = 38, as obtained by 
placing this value of ¢ in (6), is seen to be (18, 27). 
(b) From (6) we obtain 


d d 
v, = = 41, by = = BP. (7) 


Hence, by (1), the magnitude of the velocity when ¢ = 3 is 
o = [V16 2 + 9 A,_3 =V873 = 29.55 in. per sec., approximately. 
(c) From (2) and (7) it appears that the direction of the velocity when 
i= 31s 
7 = arc tan [FF] ‘ = arc tan 24 = arc tan 2.25 = 66°, approximately. 
be 


(d) From (7) we obtain 


dx ay 
=4 = Oi 
dt? ; dt? : (8) 


Hence, by (3), the magnitude of the acceleration when ¢ = 3 is 
ji = [V 16 + 36 @],-3 =V340 = 18.44 in. per (sec.)?, approximately. 


(e) From (4) and (8) it appears that the direction of the acceleration when 
tie ons) 
1 = are tan [s] 47 are tan 4.5 = 77° 30’, approximately. 
t= 


As regards the equation of the path, the second of the equations (6) gives 
= ys. Substituting this value of ¢ in the first of the equations (6) and 
simplifying the result, the equation desired is seen to be 
w= 84. 
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57. Tangential and Normal Acceleration. Formula (3) of Art. 56 
gives what is termed in physics the resultant acceleration j of the 
moving point at any position Pin the path. It is frequently desirable, 
however, to know also the components of 7 in the directions of the 
tangent and the normal at P. In this connection, we may now state 
and prove the following theorem : 


ie Theorem. The tangential and the normal components of the accelera- 
‘tion of a moving point at any given position P in its path are given 
respectively by the following formulas in which v represents the velocity 
and R represents the radius of curvature of the path 


2 
ja @ jaa (1) 


it being understood that these expressions are to be evaluated at the 
point P in question. 


Proor. Representing by 7 the angle made by the tangent at P 
with the positive X-axis, the acceleration in the tangential direction 
due to jz alone will be jz cost while that 
due to j, alone will be j, sinz. The sum 
of these two contributions will, therefore, 
be the total acceleration in the tangential 
direction. That is, we have 


dt = je COST + jy Sint. 


But from Fig. 70 it appears that cost = 
Vx 


and sinr = “. Hence, it appears di- Fia. 71 

v 
rectly that the foregoing expression for j: may be written in the form 
Vrjo + VyJy, 


Sax 
v 


However, this expression may be identified as *. for we have 


dv dv 
20z — + 20, — ‘ ; 
dv a d (v2? + v 25 mae dt Y dt _ Vaje + VyJy, 
dt ~ at avo + op F 


Thus the first of the two formulas (1) becomes established. 
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Again, we have by similar reasoning 
Ay V2 _ We , Vy (2) 


in = Jy COST — Jz SINT = —¥+ = — —* 
foe atone Cleat dt v 


But, with the meanings for s and R employed in Arts. 47-50 we may 
write 


(3) 


and 


Similarly we may write 
dvz = dvz dr dy a ddy 5 dr. (4) 


at dr at’ dt dr dt 
Substituting in (2) the expressions obtained in (8) and (4) for = 


ee ae du, dr dx _ dv, dr. dy 
"“"R\dr dt dr dr dt dr)’ 


which in turn reduces to 
- _1 dv, dx _ dv, dy\_ 1/7, dy, _ , du. 5 
IS Nae fain Dae a) ae dae ao (5) 


The expression appearing in the last parenthesis may now be identified 
as v®, for we have by Art. 56 


v 
7 = arc tan —, 
Vz 


so that, upon differentiating both members with respect to 7, we ob- 
tain by Art. 30 


dvy dz iy Ope 

Vz os Vy Vz > Vy 

ee Wns ees di a hai dr. 
14% v2 v 
hee 
Hence 

dv dv 

Vv, — — y= = 0’, 
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wo 


so that (5) reduces to the indicated form, j, =— 


>| 


Thus, the second of the two formulas (1) becomes established and 
the proof becomes complete. 


Example. If a point moves subject to the law described in the Example of 
Art. 56, find its tangential and its normal acceleration at the end of 3 seconds. 


_ Soturion. From (7) of Art. 56 we have 
: 


vy =V02 +0, =V (402 +3 22 = 1V¥16 + 92. (6) 
Hence, by the foregoing theorem the tangential acceleration when ¢t = 3 is 
Givietor] =[Set*) --4. 
dt t=3 LV164+9P4=3 V97 


= 18.07 in. per (sec.)?, approximately. 


In order to determine also the normal acceleration by use of the foregoing 
theorem, it is evidently necessary first to obtain the formula for the radius 
of curvature F& of the path; that is, of the curve whose parametric equations 
(see (6), Art. 56) are 

z= 2, y= 8. 

This may be readily done by use of the theorems of Arts. 49-51, giving 

as the result 


aes 21S 
R= 75ll6 + 9 #). (7) 


Using the expressions for v and R given in (6) and (7), the desired value of 
the normal acceleration when ¢ = 3, as found by the foregoing theorem, is 
seen to be 
GWE es meus +98) -[ 12t 36) 
RAi=3 (16 +92)2 4-3 LVI6+9P4=3  V97 


(sec.)?, approximately. 


= 3.65 in. per 


EXERCISES 


1. A point (z, y) moves in accordance with the law 
= ay Dit, 

where xz and y are measured in feet and ¢ in minutes. For the point P reached 
at the end of 2 minutes find (a) the codrdinates; (b) the magnitude of the ve- 
locity; (c) the direction of the velocity; (d) the magnitude of the acceleration ; 
(e) the direction of the acceleration; (f) the tangential acceleration; (g) the 
normal acceleration. Also obtain the equation in rectangular coérdinates of the 
path and draw its graph. | 

Ans. (a) (4, 4); (0) 2V5 ft. per min.; (c) arc tan 4; (d) 2 ft. per (min.)?; 

(e) 0°; 45 ft. per (min.)?; (g) 3V5 ft. per (min.).2 
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2. Work Ex. 1 in case the law of motion, instead of being as there stated, is 
2 =2snt, y = 2 cost. 

3. Neglecting the resistance of the air, it may be shown that the motion of a 
projectile obeys the law 

x=vcos¢:t, y=using-t — gl, 
where v; = the initial velocity, ¢ = the angle of projection 
with the horizon, ¢ = the time of flight, and where g is a 
constant whose value, in case x and y are measured in feet A 
and ¢ in seconds, is 32.2 approximately. Find (a) thes 
magnitude of the velocity at any time t; (b) the magnitude of the acceleration at 
any time ¢; (c) the magnitude and direction of the velocity when t = 2 seconds, it 
being given that v; = 100 ft. per sec. and ¢ = 30°. Show also that the path of 
the projectile is a parabola. 


Fig. 72 


Vj 


4. Show that uniform circular motion of a point (a, y) 


is described by the equations tN 
Z£=rcosé, y=rsind, 6 =ct, AAyer 
26 


where r and c are constants. Hence show that in uniform 

circular motion the acceleration is everywhere directed toward \ Z Ce, 

the center and is directly proportional to the radius. Ge Ps 
5. It is a principle of dynamics that whenever a particle 

of mass m pounds moves along any given curve (as a heavy 

bead sliding along a wire or a planet revolving about the sun) the centrifugal force 
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exerted by the particle at any given point P of the path is equal to Oe pounds, 
g 


where j, is the normal acceleration at P and where g is a constant whose value, 
in case the foot and the second are taken as the units of distance and time respec- 
tively, is 32.2 approximately. Hence show that if a particle of mass m revolves 
about an ellipse in accordance with the law 


=acost, y = Ddsini, 
the centrifugal force possessed at either extremity of the major axis is the same at 


each revolution and is equal to re while the value of the centrifugal force at 


either extremity of the minor axis at each revolution is mb. 
Hint. See Ex. 7, page 98. 4 
6. If a point moves in accordance with the law 
c=at, y =bsinat, 
show that the acceleration at any instant is proportional to the distance of the 
point from the X-axis. Also describe the form and character of the path. 


58. Miscellaneous Illustrations. Aside from the foregoing general 
considerations of this chapter it is to be noted that the calculus 
enables one to treat a wide class of miscellaneous problems dealing 
with rates. A few illustrative examples will best convey the nature 
of these problems and the methods of their solution. 
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Example 1. A man is walking at the rate of 6 miles per hour away from 
a tower 80 feet high standing in a horizontal field. At what rate is he reced- 
ing from the top when 60 feet from the base? 

Sotution. Let M be the man’s position at the 
time ¢ and suppose that at this time his distance 
from the base is x and his distance from the top 
isy. Then y®? = x? +(80)*, and since @ and y are 
seach functions of t, we obtain 


HHA HAAAAAAHE? 
CERES 
SEP 


i 
“ 


HiT 
iM 


tf 
“ 


J cp dae _ dy _ 2 de 
ae a hy de 
Hence, at any time ¢ the man is receding from the 
top x/y times as fast as he is receding from the base. But by hypothesis 
he is receding from the base at the rate of 6 miles per hour; that is, dx/dt = 
6 X 5280 ft. perhr. Thus (1) may be written 
dy _ 
dt 
At the particular time with which we are concerned in the problem, namely, 
the time at which « = 60, we have y = my ceo + (80)? =V/10,000 = 100, so 
that (2) gives 
a = 6 X 5280 X - an ft. per ae = 33 mi. per hr. 
We conclude, therefore, that at ee particular instant in question the man 
is receding from the top at the rate of 33 miles per hour. 


= 6 X 5280. %. (2) 
y 


Example 2. At a certain instant the base and the altitude of a triangle 
are respectively 8 inches and 10 inches in length and the former is increasing 
at the rate of 2 inches per second while the latter is decreasing at the rate 
of 3 inches per second. Is the area of the triangle increasing or decreasing 
at the instant in question and in either case by what amount? 


Soturion, Leta be the length of the base, y the length of the altitude, and 
A the area at any time t. Then A = 42y and hence, differentiating with 
respect to t, 


dA 1 ‘ 
——=+¢ 3 
a oe sy = | (3) 
But it is given that when « = 8 and y = 10, the values of 
ne and uy are respectively 2 and — 3, the negative sign in 
t 
rr the latter embodying the By-pothesis: that dy ; is decreasing. 
p dt 
Fig. 75 Thus, for = 8, y=10, we have 
ant *8-(—3)+4 +2 =— 12+ 10 =— 2 sq. in. per sec. 


Hence, the area of the triangle is decreasing at 2 square inches per second. 


118 RATES [Cuar. VI 


Example 3. Where in the first quadrant does the are increase twice as 
fast as its sine? 


So.turion. In Fig. 76 suppose that the radius of the circle is equal to | 
and that the are s subtends the central angle 6, measured in radians. Then 
by trigonometry we shall have y = sing and @=s. 
Hence, differentiating with respect to the time t, we 
\ shall have at any instant 

s 


ve cos of and e = *, 7 

so that 
ment uy = 608 6: ‘e (4) 
Here wy and a represent respectively the rates at which the sine and its 
ae are are increasing at any time ¢. At the particular time in 
question, namely, that at which & = 2: a equation (4) evidently gives 


cos 0 = 4, so that at this instant we must have by trigonometry @ = 60°. 
This, therefore, is the angle desired. 


EXERCISES 


1. In Example 1 of Art. 58 find how fast the man is walking away from the 
tower when distant 50 feet from the base. Ans. 3.18 mi. per hr. approximately. 


2. Work Example 2 of Art. 58 in case the base of the triangle is decreasing 
at the rate of 4 inches per second while the altitude is increasing at the rate of 
3 inches per second, other conditions remaining the same. 

Ans. Decreasing 8 sq. in. per sec. 


3. In an expanding circle what will be the value of the radius when the area 
is increasing twice as fast as the radius? Answer the same question for the case 
in which the area and the radius are increasing at equal rates. 


4. If at a certain time the two dimensions of a rectangle are a and b and these 
dimensions are diminishing at the rates m, n respectively, show that at the time 
in question the area of the rectangle is diminishing at the rate an + bm. 


5. Having given that the volume of the sphere of radius r is $773 and that 
its surface is 4 rr?, show that in an expanding sphere the volume at any instant is 


increasing 5 times as fast as the area, r being the radius at the instant in question. 


6. The three dimensions of a rectangular parallelepiped at a certain instant 
are 4 inches, 5 inches, and 6 inches, and these are increasing at the respective rates 
of 1 inch per second, 2 inches per second, and 3 inches per second. How fast is 
the volume increasing at the instant in question? 
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7. AB and CD are two straight railroad tracks, AB running due east and CD 
due north. Ata certain time an eastbound train is traveling at a point 10 miles 
to the east of the crossroads, O, at the rate of 40 miles 
per hour, while a northbound train is traveling at a 
point 8 miles north of O at the rate of 50 miles per 
hour. How fast are the trains separating from each 
other at the instant in question? 

Ans. 62.47 mi. per hr. approximately. 


_ 8. Work Ex. 7 in case the northbound train is 

*8 miles south of O at the instant in question instead 
of 8 miles north of it, other conditions remaining 
the same. 


‘ ‘ ‘iG. 77 
9. A man 6 feet tall is walking away from an ane 


arc light suspended 20 feet from the ground. If the man’s rate is 4 miles per hour, 
show (a) that the farther end of his shadow is receding along the ground at the 
constant rate of 52 miles per hour and (6) that the entire length of his shadow 
is increasing at the constant rate of 17 miles per hour. 


10. In the accompanying figure W is a windlass which is hoisting 
a block of granite G by means of a rope passing over two pulleys 
P, and P2, P; being 50 feet vertically above W while P» is 16 feet 
horizontally from P;. If the rope is being pulled in at the rate of 
5 feet per second, how fast is the top of the block receding from 
the windlass when at a distance of 38 feet from P2? 
Ans. 3 ft. per sec. 
Hint. Neglect the size of the pulleys and of the drum of the 
windlass, thus regarding W, P, and P» as points. 


11. A pail of mortar is being hoisted vertically along the side 
of a building by means of a rope passing over a pulley near 
the cornice. If the pulley is 80 feet above ground and the 
rope is being pulled in at the rate of 2 feet per second by a 
man who stands directly across the street at a distance of 
40 feet from the building, how fast is the pail receding from 
the man when 40 feet above ground? 
Ans. V2 = 1.414 ft. per sec. 
Hint. Neglect the size of the pulley and of the pail and 
disregard the distance of the man’s hands from the ground; 
also neglect the small distance between the vertical rope , 
and the building. 


12. One end of a ladder 30 feet long is leaning against 
the perpendicular side of a house. If the foot of the ladder 
be pulled away from the house at the rate of 3 feet per minute, find (a) how fast 
the top of the ladder will be descending when the foot is 18 feet from the house; 
(b) what will be the position of the foot when the top and bottom are moving at 
the same rate; (c) what will be the position of the top when descending at the 
rate of 6 feet per minute. oe, 

Ans. (a) 2 ft. per min.; (b) 15V2 ft.; (c) 6V5 ft. from the ground. 


Fie. 78 


Fie. 79 
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13. The knob K on a door is 28 inches from the vertical axis AB through the 
hinges. If the door is opened at the rate of 10° per second, find (a) how fast the 
knob is receding from the doorway AD m the wall when the 
opening is 30°; (b) how fast the knob is approaching the rear 
wall AC as the opening is 75°. 

ne 


5 kai = ee Te, per. see.3mi(0)) CL 4+V3)x i in. per sec. 


Hint. Sin 75° = ee 2 +3). 


14. A lighthouse containing a revolving reflector which) 
makes 1 complete turn a minute is situated 4 miles off a 
straight shore. With what speed does the flash pass through 

ee a point on the shore 2 miles distant from the point on shore 
nearest the lighthouse? Ans. 107 = 31.416 mi. per min. 


15. A small boy is riding on a merry-go-round 40 feet in diameter and making 
4 revolutions a minute while his father stands watching him at a distance of 10 feet 
from the revolving platform. How fast is the boy moving away from his father 
when one fourth the way round from him? 

Ans. 482V13 7 = 418.23 ft. per min. approximately. 

16. An automobile wheel 32 inches in diameter is making 330 revolutions per 
minute as the car advances along a straight level road. | 
Show that a point on the tire at a radius’ distance from ao 
the center is advancing horizontally at the rate of 
5(2 +2) miles per hour when its position angle, as indi- 
cated by ¢ in the adjoining figure, is 45° but that it is ad- 
vancing at the (smaller) rate of 5(2 — V2) miles per hour 
when the position angle is 135°. Does it make any differ- 
ence whether the point in question lies on the forward half 
or the rear half of the wheel? 

Hint. Use the equations of the cycloid as given in Art. 52, noting that the 
angle @ there used and the angle ¢ just mentioned are connected by the rela- 
tion 6 = 180° + ¢. 

17. Prove that the topmost point of a rolling wheel travels forward just twice 
asfast asthe center. 

18. It is shown in solid geometry that if a small source of light is placed at the 
distance s from the surface of a sphere of radius r, the amount of the surface illumi- 
nated is given by the formula 
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cS 2x78 

r-+s 
Hence show that if a man carrying a lantern is approaching a hemispherical hay- 
stack of diameter 30 feet at the rate of 5 feet per second, the amount of hay illumi- 
nated when he is 30 feet from the stack will be decreasing at the rate of about 
264 square feet per second. 

19. By means of the formula in Ex. 18 obtain a formula for the rate of increase 
of the visible area of a soap bubble as the bubble is blown up. Assume that the 
rate of increase of the radius is a constant, v, and that the distance of the eye 
from the bubble remains a constant, c. 
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20. Water is flowing from a faucet at the rate of 8 gallons a minute into a 
hemispherical bowl of radius 10 inches. How fast is the water level rising when 
the bowl is half full; that is, when the depth of the water is 5 inches? 

Ans. 7.84 in. per min. 

Hinr. The volume of the smaller segment of a sphere of radius r cut off by a 
plane distant h from the center is given by the formula 


Vee G —bypQr +h). 


21. An elevated car is h feet vertically above.a surface car, their tracks having 
directions which are at right angles to each other. If the speed of the elevated 
car is v; miles per hour while that of the surface car is v; miles per hour, show that 
the rate at which the two cars are separating t minutes after they meet is given 
by the formula 

aE 88 t(v12 + 022) 
V (88 vit)? +(88 vot)2+ h? 

22. A projectile is moving in a parabola in accordance with the law stated in 
exercise 3, page 116. Show (a) that the velocity at any point in the path is that 
which would be acquired in falling freely to that point from the directrix of the 
parabola; (6) that, with a given initial velocity v, and a given accessible target A 
on the X-axis, there are two possible values for the angle ¢ and that their sum is 
90°. 

23. The center of a wagon wheel 2 feet in radius is traveling along a road with 
a velocity of 12 feet per second. If a piece of mud is thrown off the wheel at the 
top prove that it will never meet the circumference again. 

24. A gun which can fire a projectile with a fixed initial velocity is on a plane 
inclined to the horizontal. Prove that the portion of the plane within range of 
the gun is bounded by an ellipse. 

25. A lighted candle is carried directly away from the eye at a constant rate 
of speed. Show that when the candle is at the distance of 1 foot from the eye 
its brilliancy is diminishing 8 times as fast as when at the distance of 2 feet from 
the eye. 

Hint. The intensity of a small source of light varies inversely as the square 
of the distance of the observer from it. 

26. A pound weight is carried vertically away from the earth’s surface at the 
constant rate of 1 foot per second. _ Show (a) that the rate at which it is losing 
its weight varies inversely as the cube of its distance from the earth’s center and 
(b) that in the immediate neighborhood of the earth’s surface its weight is dimin- 
ishing at the rate of about 0.000000947 pounds per second. 

Hint. By Newton’s law of gravitation, the attraction of the earth varies 
inversely as the square of the distance from the earth’s center. 

27. If a point P moves around an ellipse whose center is at O in such a way 
that its eccentric angle increases at a constant rate c (see Fig. 64), show that its 
acceleration at any instant is directed along the line OP and that the amount of 
this acceleration is c? - OP. 


mi. per hr. 


CHAPTER VII 


PARTIAL DERIVATIVES y 


59. Definition. Suppose that z is a function of the two inde 
pendent variables x and y; that is, using the usual notation, suppose 


that 
z= f(a, y). 


Then the derivative of z with respect to x as x varies while y remains 
constant is called the partial derivative of z with respect to x and is 


denoted by A Similarly, the derivative of z with respect to y as y 
az 
varies while x remains constant is called the partial derivative of z 


with respect to y and is denoted by a. 
Y 


Thus, if 
2=2P + oy ty, 
we have 
= 2x2+ y, y being here treated throughout as a constant, 
a =a-+ 2y, x being here treated throughout as a constant. 


02 2 and 22 a 


In place of the Neg ene symbols are frequently 


used such as 


FL; fell u)i Defy Daf 


The definitions just given may evidently be extended at once to 
functions of more than two independent variables. For example, if 
u= fie, Y, Z), 
we have the three partial derivatives 
du Ou du, RL of iM 
du’ dy’ dz’ — da’ dy’ dz 

122 


or D:f, Dyf, Def. 
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Thus, if 
uw = sin (aw + by.+ ca), 
we have 
a = acos*(ax + by + cz), both y and z being here regarded as constants ; 


a = bcos (aw + by + cz), both x and z being here regarded as constants ; 


x = c cos (ax + by + cz), both x and y being here regarded as constants. 


In the preceding illustration the function w is an explicit function of 2, y, 
and z. As an illustration of the determination of partial derivatives of an 
implicit function, suppose for example that 


u? = ay + yz + wz. 
Then we have 


ou Ou Ou 
2u—=1 2,2u—=x2+2,2u—=1 Av 
ae y +2, °F ares, es y+ 


Hence we may write 
Or ae e Cl 2 sad CH Wi aee 
ou 2u’ oy 2u ’ o 2u 


60. Partial derivatives considered geometrically. When con- 
sidered geometrically, every equation of the type z = f(x, y), or more 
generally f(x, y, z)= 0, is the equation of a 
surface in space. Moreover, to keep y con- 
stant, say equal to b, implies that we are 
confining our attention to those points which 
lie upon the curve AB formed by the inter- 
section of the surface by the plane y = b. 


The partial derivative x, therefore by Art. 


9, measures the slope of the curve AB from 


point to point upon it. In other words, ie Fie. 82 


is equal to the tangent of the angle s formed between the tangent line 
PT at any point P upon AB and the direction of the positive X-axis. 


Similarly, the partial derivative oz measures the slope of the curve 
Y 


formed by the intersection of the surface f(x, y, z)= 0 by a plane 
whose equation is of the type form x = a, where a is a constant, the 
slope-angle in this case being that between the tangent line to the 
curve and the direction of the positive Y-axis. 
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Example. Find the slope at the point (1, 2, 2) on the circle cut from the 
sphere 


of yt +2 = 9 (1) 
by (a) the plane y = 2; (6) the plane x = 1. 
Sotution. (a) Upon differentiating each member of (1) partially with 
respect to x, we obtain 


92 +0 +22 % 20, 
Ox 


Hence, j 
OCT 
; Ox @ 
At the given point (1, 2, 2), we thus have 
yee aall 
ens 


which is the slope required. 
(0) Upon differentiating (1) partially with respect to y, we find readily that 
ae, Ne 


oy z 


Hence at the given point (1, 2, 2) the required value of - is — 1. 
y 
The student is advised to draw a figure to illustrate these results. 


61. Higher partial derivatives. The derivatives oo = are them- 
wv oy 


selves functions in general of x and y, hence they also have partial 
2 

derivatives. These are denoted by the symbols a etc. as indicated 
a 


in the following list : 


OP /O2Z2\e Ore O)/GEN GHB 
ax eS) Oa?’ Ox a Ox oy’ 
PHONO DAGEN OS 
oy aD dy dx’ dy a) ay? 


The meaning of still higher derivatives, such as a may be readily 
supplied by analogy with the foregoing. oe 
It may be shown that, in general, we have the following relation 
whatever the function z: 
O82.) Bore 
dy ox ax oy 


That is, the order of differentiation in a partial derivative is im- 
material. This fact will be assumed throughout what follows, 
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EXERCISES 
Li If z= +4, show that % See 
Ox oy 
2. If 2 = zy, show that © —=Y, Le oh, 
a 
3. If z= 2?y + zy?, show that S — = 2ay + 7, 2 = 7? +2 ay. 
Bel) chowthet (2 \= 4 ae at. 
Lay dx ae oy («+ y)? 
5. If z =sin (x + y), show that a 2-2 = cos (x + y). 
y 
6. If z = tan “, show that Lis 1 sec? ”, deo & gee? 2 
y ox y oy y y 
Jw _ Ow 1 
7. If w =arc tan (p +4q), show that <“ = = = 
Op 20g) =e ere) 
8. If s =r‘, show that — Le 1, oe r' log r- 
or ” at 


18. 


OPS 


» Tf ay? + 22? + y?2? = a?, show that 2 a 
vc 


. Tf 2 + y8 + 2 = 3 xyz, show that = = 


Zeer 2y 


. If z = log (a? + y?), show that x = es 
x 


ety ay w+ yr 


» fu =aytaz+ yz, show that = y +.2, Stim + z, ot = c+ y. 
oy 


Ou _ Ou Ou 


. If vw =sin (2 + y +2), show that — = — = 
Ox 


oy 0z 
= 2 9 2 OU OU OU as eee 
. If wu = log (2? + y* + 2%), show that — :— :— =aiy:z. 
on dy dz 
. Tf 2? — y2 + 22 = 25, show that © 22-22 =. 
z oy zZ 
Hint. See Art. 34; also the Mee of the Example in Art. 60. 


DOR See Ge ser), 
a(a® + y2)' dy a(a® + 4?) 
02 yz — 2 Oz _ ce — 
2 —ay dy 2 — xy 


. If z =sin xyz, show that dz _ __yecosxyz 9% _ __ © COS TYZ 
ow 1—aycosaye oy 1.— xy cos xyz 
. Ifz = log (x + y), show that — = u ‘ 
oy? (x + y)? 


If the surface whose equation is wy + xz + yz = 1 is cut by the plane 
1 and a tangent is drawn to the curve of intersection at the point (1, 1, 0) 


upon it, find, correct to 10 minutes, the angle at which the tangent will meet 
the X Y-coérdinate plane. Ans. 153° 30’. 

19. Work Ex. 18 in case the intersecting plane used is « = 1 instead of y = 1, 
other conditions remaining the same. 
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20. Work Exs. 18 and 19 in case the surface used is 23 + y? + 23 — 3 xyz = 2, 
other conditions remaining the same. 4ns. 45° in each case. 
Oz dz de d% 
ox dy ox dz 2 a 


21. If z = zy? + 2?y%, find 


= dz . 
7 y ae Ox Oy 


22. Given z = sin zy. Verify the relation 


3 3 3 
23. If z =e7, verify the relation Ge = alc — = Cae 
Oy 0x® dx dydx dx? dy 


24. If w =(y —z)(z —2z)(a — y), show that ot + ae + Ce 
(+) a) 8) 


25. Iu =o + y+ yz, Sew tas ge tay ta = 2u. 


26. If wu = log (2? + y?), show that $ cone % 48 —— 10) 
=a 


27. If wu = ev, show that ae ou = aL) + i 7 
+ ay2 u 


28. Ifw=sin(a +y+ A show that 


Bu , Ou , du. du , eu , Ou eu , du 
= ih 
oxs ~~ Ox? ime ays a5 oy? +4 ~ 928 A Oz? ie 
2 2; 
29. jue ale a ae 
Ve +yp+tz oy Oz 


62. Tangent plane and normal line to a surface. We may now 
state and prove the following theorem (compare Art. 45) : 


Theorem I. The equation of the tangent plane to the surface z= 
f(a, y) at the point (a1, x1, 2) upon this surface is given by the formula 


O21 O21 
2-4 = ——C-xm)+—Yy- 
1 Pra 1) Th (y — y1), 


Oe indicate the values of the partial derivatives ® % and 2 se 
Yu Ox oy 


respectively when & = %1, Y = Y1, and z = %. 


Oz 


where ™ and 2 
Ox 


Proor. From solid analytic geometry we know that every plane 

passing through the point (a1, y1, 21) has an equation of the type form 

A(z — m)+ By — w)+ Ce — a)=0, (1) 

where A, B, and C are constants. Now, it follows from Art. 60 that 
(1) will be tangent to the surface 

z=f(@, y) (2) 

at the point (a, y:, 2:) if, and only if, the partial derivatives i . as 

uv oy 
determined from (1) have the same values at (a1, y1, 21) as the deriva- 


Art. 62] TANGENT PLANE AND NORMAL LINE 127 


tives a, 3 as determined by (2) when evaluated at the same point. 


But the values of ne Zaid & ay = as determined from (1) are ereacily found 


to be = and — - respectively. It follows, then, that (1) will be 


the tangent plane to (2) at (a, y1, 21) if 


021 A 02; B 
4 —_=S= = — d — 
OX, @ a OY GP (3) 
where ° and 2! indicate the values of 2 = and 52 at (11, 1, 21) as 
Oxy x1 OY" oy 
determined from (2). 
From (3) we have A =— Cees B=— qos and, introducing 
0x4 Oy 


these values for A and B in (1) and then dividing the resulting equa- 
tion through by — C, we ee as the equation of the tangent plane 


ce @ — at 5 — W)—@ — 2) = 0 (4) 
Uy 


which may be written in the a given in the theorem. 

The proof is thus complete. 

Note. The theorem fails in case the tangent plane in question is perpendicular 
to the X Y-coérdinate plane, for then we have C = 0 in (1), as follows from elemen- 


tary solid analytic geometry, and with this value of C the steps of the foregoing 
proof cannot be carried through inasmuch as they involve division by zero. 


We may now also state and prove the following theorem : 
Theorem II. The equation of the normal line to the surface z= 
f(a, y) at the point (x1, yi, 21) wpon this surface is given by the formula 


Ati metuoreee gal 
Ox1 ~ OY1 
where and — Gz indicate the values of the partial derivatives @ % and ge 
cael Y1 Ox Oy 


respectively when 2 = 2%, y = y1, and z = %. 
Proor. Upon observing that the coefficients ns x; a and z in the 
on 
and —1, 
ey ro Oy, 
it follows immediately from solid analytic geometry that the equation 


of the line perpendicular to this plane at the point (a, y, 21) is as 
stated in the theorem. 


equation of the tangent plane (4) are respectively 924 
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Example. Find the equation of the tangent plane and the normal line 
to the ellipsoid 
: 2 yp, 
So fe = 7 4 
3 is A “ie 9 | (4) 
at the point (V2, 1, — 1) upon its surface. 
Sotution. By differentiating (4) member by member partially with 
respect to x and partially with respect to y, we find readily that 
Be Ls ai eee a 
Ox 42 oy 22 
At the given point (V2, 1, — 1) we therefore have 
021 V2 2) 021 1 1 


a a eae Oy poe ie 
By use of the first theorem, the equation of the tangent plane at the given 
point thus becomes 


ESS ee eee 


which may be reduced to the form 
V2Qe+2y—42-8=0. 
Again, by means of the second theorem the equation of the normal at the 
given point becomes 
C= V2 pa el ae e—-V2_y-1_z2+1. 
V2 1 —1’ V2 2 —4 


a, 2 

63. Total derivatives. It frequently happens that a function z is 
given as a function of two variables x and y and in addition to this 
the variables x and y are themselves functions of some single variable, 
as t. In this case z is clearly a function of ¢ alone, and we shall now 
show that its derivative with respect to t may be calculated by means 
of the following theorem which may be regarded as a generalization of 
the theorem of Art. 16. In all such cases the derivative in question, 


3, is called the total derivative of z, thus distinguishing it from the 


partial derivatives GEtOEE 
Ox dy 
Theorem. If z = f(x, y) where x and y are given as functions of the 


variable t, then the total derivative Be may be calculated by means of the 
formula dt 


dz ta 07 d% oz dy 


dt oaxdt | oydt 


» 
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’ Proor. It is first to be observed that for any given value of t the 
corresponding values of both x and y and hence that of z are fully 
determined, as results from the present hypotheses. Stated geo- 
metrically, this implies that to each value of t there corresponds a 
determinate point P =(z, y, z) upon the given surface z = f(a, y). 
Now, supposing a value of ¢ to have been chosen, let us suppose that 
t is given an increment At. Corresponding to the new value t + At 
there will be a second point Q upon the surface. Suppose that the 
codrdinates of this point are Q =(a + Aa, y + Ay, z+ Az). Geo- 
metrically considered, Avy and Ay will 
then be certain line-segments in the X Y 
plane as indicated in Fig. 83, while Az will 
be the line segment LQ, it being under- 
stood that the plane PSL has been 
drawn parallel to the XY plane. From 
the definition of a derivative we then 
have 


Pee = limi’ (1) 
dt ar>o At Ar>o At 
and it remains but to study the limit here appearing on the right. 


Draw the tangent plane PRM to the surface at P. Then 


Fig. 83 


lm te in (2) 
ar>o At atr>o At 
But LM = LN+NM=SR+ NM. Moreover, (3) 
SRePSten ZSPR=Axr a, NM=NRtan ZNRM =Ay . (Art. 70) 
Thus (8) may be written , f 
0 0 
= SAA ALON 4 
LM Bee + ay y (4) 
and hence we have y 
LM _ of Ax , of Ay (5) 


At dxAt dy At 


Upon taking the limit as At > 0 of each member of (5), recalling also 
relations (1) and (2), we obtain as desired 

Czy Of Of tor Gy 

dt dxdt  dydt 


* This relation, which we here regard as self-evident, may be proven to be cor- 
rect, at least under slightly limiting conditions upon the function f(z, y). Such 
considerations, however, pertain properly to a second course in calculus. 
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Corollary. The theorem may be readily generalized so as to apply 
to a function of any number of variables. Thus, in the case of a 
function u = f(a, y, 2) of the three variables x, y, z, each of which is 
a given function of ¢, the formula becomes 


du _ of dx, of dy , af dz 


dt oxdt oydt ozdt 


Example 1. Given z = e siny in which e = # andy =e. Find e 
Soutution. We have = = ae sin y, = = €°* COs Y; ae = 21, a =e 


The theorem therefore gives 


a = ae* sin y- 2t + e cosy: e! = e*"(2 at sin e' + e! cose’). 

Example 2. The three dimensions of a rectangular parallelepiped are 5, 4, 
and 3 inches respectively. At a certain instant they are increasing at the 
rate of 2 inches, 1 inch, and 6 inches per second respectively. At what rate 
is the volume of the cube increasing at that instant? 


Soutution. Let the three (variable) dimensions be 2, y, 2 and let w be the 
U 
y 


volume. Then u = xyz. Hence, = =e, < = 22, a = xy, so that by the 


foregoing corollary we may write 


Wy. 2 alts dy , dz 
ay nae eae an 
But by hypothesis we have at the instant in question z = 5, y = 4,2 = 3, and 


OEE gy UN 5 UE ats 
vs 2; age 1 ai 6. At this instant we therefore have 
du 


ike 12-2+15-1-+ 20-6 = 159 cu. in. per sec. Ans. 


64. Differentiation of implicit functions. We may now state and 
prove the following important theorem concerning the derivative 
of any implicit function y of the variable z. 


Theorem. If y is defined implicitly as a function of x through the 


equation f(x, y) = 0, the derivative “ is determined by the formula 
5 


of 
dy Wax. 
dx of 
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~ Proor. For convenience, place z = f(x,y). Then, by the theorem 
of Art. 63 we may write 


dz _ 02 dz Oe dy _ Of 4 Of F dy, (1) 
Gh Oe Ui” On the ~ Ce Oi Ch 


But under the present hypotheses we have z = 0 for all values of z, 


and hence also “ = 0. Equation (1) thus becomes 


a 


Upon solving this equation for —* 7 We obtain directly the form for it 


given in the theorem, thus aes the proof. 
oy CT : 
Example. Find aE if zy? + siny = 0. 


SotuTion. Let f(x, y)= vy? + siny. Then, of = 3 xy", 2 = 2 ay + 
cos y. Hence, by the theorem, we have 


dy 3 oy? ‘ 
da 2 xy + cosy 


This result, here obtained by a general method, may be obtained though 
with more labor, by the special methods illustrated in Art. 34, as the student 
may readily verify. 


EXERCISES 


1. Find the equation of the tangent plane and the equations of the normal 
line to the sphere x? + y? + 2 = 14 at the point (1, — 2, — 3). 
Ans. © —2y—82=14; 6% =—3y =— 2z. 

2. Find the equation of the tangent plane and the equations of the normal 

line to the surface (hyperboloid of one sheet) = = e +2 = 1 at the point 


(8; 2;-= 1). 


5) WS BSP i 
2 =3 —6 
8. Find the equation of the tangent plane and the equations of the normal line 


ae 
to the surface (ellipsoid) = + ans = 


Ans, 2% 4 YY 4 22 1 Pade eredicn 


Ans. 2~—3y—62=6; 2 


= 1 at the point (a, y1, 21). 


ike 
a b2 c X1 Yt a 
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4. By use of the theorem and the corollary of Art. 63 establish the following 
statements : 
(a) Ifu = a’y andz =1+t4y =?, 


then Gt = ay + 22? =2t(1 +2(2t +1). 


(b) If uw = xyz and x = et, y = logi, z = sin#, 
then at = yet + + zy cos t. 


dBi 


5. By use of the theorem and corollary of Art. 63 fin in case 


(a) u=(—a2)l+y),2=#, 4 =8; 

(0) w=vVv(l—2)(1+ Ps ey aes 

(c) uw = sin (zy?), ef =1+ty =; 

(d) uw = arctan”, 7 = et, y = sint; 

(e) u log Gat 2 a eee 

() u=sinV2® FP +A, 2 = logy =ye=1-t 


6. Given that the area A of an ellipse is determined by the formula A = zab, 
where a and b are respectively the semimajor and semiminor axes. If, at a certain 
instant, the (entire) major axis is 6 inches long and is increasing at the rate of 
2 inches per second and the minor axis is 4 inches long and is decreasing at the 
rate of 2 inches per second, is the area of the ellipse increasing or decreasing at 
the instant in question, and at what rate? Ams. Decreasing at 7 sq. in. per sec. 


7. The volume V of an ellipsoid is given by the formula V = 4abc, where 

a, b, and c are the three semiaxes. If, at a certain instant, the three axes are equal 

respectively to 12, 8, and 6 inches and of these the first is increasing at the rate of 

4 inches per second, the second is increasing at the rate of 6 inches per second, and 

the third is decreasing at the rate of 4 inches per second, find the rate at which the 
volume is increasing (or decreasing) at the instant in question. 

Ans. Increasing 40 7 cu. in. per sec. 


8. The height of a right circular cone is 10 inches and is increasing at the rate 
of 3 inches per second. At the same instant the radius of the base is 4 inches and 
is decreasing at the rate of 2 inches per second. At the instant in question find 
(a) whether the volume is increasing or decreasing and at what rate; (b) whether 
the lateral area is increasing or decreasing and at what rate; (c) whether the total 
area is increasing or decreasing and at what rate. 


Ans. (a) oe 37% m cu. in. sec.; (b) decreasing $¢ 424/29 29 m sq. in. sec.; 
(c) decreasing (4 24/29 29 + 16) m sq. in. sec. 


9. By means of the theorem of Art. 64 find the derivative 4 ee # for each of the 


following implicit functions y: 
(a) 2 —y + 2y3 =0; e 
(o) Qu —3y2)3 = ay +1; ees 
hae : (©) lg@+y)=xr+y; 
(c) oS = 2; (f) cos? (22 — y2) = 2? + y?. 
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' 10. By use of the theorem of Art. 64 show that if zis an implicit function of the 
two independent variables x, y defined by the equation F(z, y, z) = 0, the partial 


derivatives =, - are determined by the formulas 
ic OY 


or or 
ay Or de Oy. 
Si eae oy = OF” 
az az 


11. Show that the tangent plane to the sphere 
eP+y+24+20¢+2My+2Nz2+D=0 
at the point (wi, y1, 21) is given by the formula 
wie + yy + ae+ Lie +2)+ My +y)+ N(z+a)t+ D =0. 
12. Find the equation of the tangent plane at the point (1, yi, 21) to the surface 


a3 + ys + 2% = a3 and show that the sum of the squares of the intercepts of this 
plane on the coérdinate axes is a constant. 


13. Prove that the tetrahedron formed by the coérdinate planes and any 
tangent plane to the surface xyz = a® is of constant volume. 


14. The angle at which two surfaces intersect at a point P is defined to be the 
angle between the normals to the two surfaces at this point, this angle being equal 
to the angle of intersection of the tangent planes to the two surfaces at P. Hence, 
find correct to 10 minutes, the angle at which the plane « + y + z = 2 meets the 
sphere x? + y” + z* = 6 at the point (2, 1, — 1). 

Hint. If 1, ls, 1; be the direction cosines of one line and m1, m2, ms be the 
direction cosines of another line, the angle @ between the two lines is determined 
by the formula 

cos 6 = Lym + lem + lems. 

15. Determine a and 6 so that the hyperbolic paraboloid 8 z = ax? + by? may 
intersect the ellipsoid x2 + 2 y? + 32 = 12 at right angles at the point (1, 2, — 1). 

16. Show that the sphere xz? + y? + 2 = 3 is tangent to the surface zyz = 1 
at the point (1, 1, 1). 

Hint. Two surfaces are tangent to each other at a point P if they have a 
common normal at that point. 

17. If the two surfaces F(z, y, z) = 0 and (a, y, z) = 0 intersect at the point 
P =(zi, y1, 21), Show (a) that the intersection will be at right angles if, and only if, 

dF, 06, | OF, 81 | Fi Ob, _ 
0x1 OX Oy OY1 021 OZ 


’ 


where af denotes the value of of when = 21, y = yi, @ = “1, etc.; (6) that 
Kat 
the two surfaces will be tangent to each other at P if, and only if, 
der _ nn 921, 
0b: Ob: Ob 
Ot, Oy Oy 


CHAPTER VIII 


SINGULAR POINTS. ASYMPTOTES. CURVE TRACING 


65. Introduction. It has been shown in earlier chapters, especially 
Chap. V, that the derivative of a function has immediate applications , 
to geometry. The results heretofore noted, however, form but a 
beginning to this subject. In the present chapter we shall note 
various further geometric applications, including applications of 
partial derivatives. 


66. Definitions. Let AB be an arc of any curve. If at the point 
P upon AB it is possible to draw one and only one tangent, then P is 
said to be an ordinary point upon the curve. If, 
on the other hand, it is possible to draw at P two 


ip B ae A 
and only two distinct tangents, then P is called 
anode. In case the two tan- 
ae ee gents must be regarded as co- 


Orpinary Pornr incident, the point P in ques- 
tion is called a cusp, several 
possibilities being then pres- 
ent. Thus, if the curve in the 
P neighborhood of P lies on 
both sides of the common tan- 
Fig. 85 gent, as in Fig. 86, P is called 
Nene a cusp of the first kind; if the 
curve lies on but one side of 

the common tangent, as in Fig. 88 
Fig. 87, P is called a cusp of PONT oF Oscuration 
the second kind; if the curve has two distinct 
P cusps at P, as in Fig. 88, P is called a double cusp, 
or a point of osculation. Moreover, any point P 
for which the equations of two and only two tan- 
oper prea — gents, distinct or coincident, real or imaginary, 
exist in accordance with the formula of Art. 45 is 
called a double point of the curve. Nodes and cusps are, therefore, 
but special kinds of double points, being double points at which the 

two tangents are real and may therefore be actually drawn. 
134 


y 


Fic. 87 
Cusp oF Srconp KInpD 
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’ A point for which the equations of three and only three tangents, 
distinct or otherwise, real or imaginary, exist in accordance with the 
formula of Art. 45 is called a triple point. Similarly, the definition 
of a quadruple point, quintuple point, etc., may be supplied. 

All points of a curve other than ordinary points are known as 
singular points. 


67. Location of singular points. We may now state and prove the 
* following theorem : 
Theorem. The point (a1, yi) can be a singular point of the curve 
f(x, y) = 0 only in case the first partial derivatives F and or (assumed 
i 


fimite at (a1, y1)) are each equal to zero at this point; that is, only in case 


ee 0 and oft _ 0. 
Ox1 oy1 


Proor. At (a, y:) the value of the derivative ma as given by the 


theorem of Art. 64, is 


Of. 
dy1 0x1 
ye el il 
aah (1) 
oy 


This fraction will have definite significance, thus enabling the equation 
of a single tangent at (x, yi) to be written by the theorem of Art. 45, 


except when go 0 and or = 0. In this failing case the fraction 
02 Oy 
becomes — ° and hence is indeterminate (see Art. 6), thus allowing no 


3 d 5 
inference to be drawn as to the value of a and hence no inference as 
X41 


to the number or character of the tangents at (x1, y1). It is, therefore, 
only when this failing case is present that the equation of more than 
one tangent can be possible; that is, it is only then that a singular 
point can be present. 


Note. It may be observed that in case oh is not zero but oe = 0 the value of 
C1 1 


au as given by (1) becomes infinite. ‘ However, this merely signifies geometrically 
wal 
that the tangent at (a1, y1) is perpendicular to the X-axis, its equation then becom- 


ing simply « = 2}. 
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Example. Locate all possible singular points upon the curve (semi- 
cubical parabola) whose equation is 


y? = a, (2) 
Soxution. Writing the equation in the form f(z, y)= y? — «= 0, 
we have 
x EE a yy 
Ox oy 


The only pair of values (a, y) satisfying all three of the 
E ey Melee of _ 
7 x equations f(x, y) = 0, peed ens 
pair« = 0, y = 0. Hence, by the theorem, the curve (2) 
can have no singular points except at the origin (0, 0). 
That the origin is actually a singular point will appear 
Fre. 89 from the theorem to be established presently, there being 


in fact a cusp at this point. 


0 is evidently the 


68. Algebraic curves. The general theorem of Art. 67 pertains 
to any curve f(«, y) = 0, but if we confine ourselves to the important 
special class known as algebraic curves, that is, those whose equations, 
at least after suitable reduction, contain only positive integral powers 
of x and y, we can go farther than the theorem states and assert that 
Ohi yes 0 and aah 0 is necessarily a 
OX, OY 
singular point of the curve and we may furthermore readily find the 
equations of the two or more tangents which the curve possesses at 
this point. In order to show this, we first observe that the equation 
of every algebraic curve, in accordance with the foregoing definition, 
may be regarded as of the type form 


F(@, y) = a + (ax + diy) + (aax® + boxy + cry?) 
+(asv8 + dbgx2y + cgvy? + dgy®)+ ++ = 0, (1) 


the parentheses being inserted in order to group together for con- 
venience the terms of the first degree, the terms of the second degree, 
third degree, etc. Moreover, we now observe that if (a, yi) is a 
possible singular point of (1), as discovered by the theorem of Art. 67, 
we may at once take a new system of coérdinate axes parallel to the 
old system and having their origin at (1, y:)* in which case the equa- 


any point (a4, yi) at which both 


* This is accomplished, as shown in analytie geometry (see, for example, the 
author’s “ Brief Course in Analytic Geometry,” page 141), by merely substituting 
in (1) + 2 for x and y + y; for y. 
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tion takes a form similar to (1) except that, since the curve now 
passes through the origin, we shall have a) = 0. It suffices, then, to 
confine the attention to equations of the type 

S(@, y) = (ux + bry) + (aex® + beey + coy?) 

+ (asx? + bsx?y + csvy? + dsy®)+ +--+ = 0, (2) 
and the problem in hand is to ascertain the nature of the possible 
singular point of (2) at the origin (0,0). In this connection we may 

‘now state and prove the following theorem : 


Theorem. If, in the algebraic equation 
F(x, y) = (ax + bry) + (dex? + dety + coy?) 
+ (ase® + bex?y + cary? + day®)+ + = 

the group of terms of the mth degree in x and y 1s the first growp whose 
coefficients are not all equal to zero, then the curve having this equation 
has an m-tuple point at the origin, and the equations of the m tangents 
at this point may be obtained by equating this group of terms to zero; 
that is, they are expressed by the formula 

OmX™ +- Dmx ly + Cmx™ By? + oe + tmxy™* + smy™ = 0, 
where not all the coefficients Gm, Dmy Cm) ***; Tmy Sm are equal to zero. 


Proor. From (2) we obtain 


ae = a +(2 ax + boy) +(3 asx? + 2 bsry + csy”) +, 


= bi + (box + 2 coy) +(bsx? + 2 csry + 3 dgy?)-+ + 


Hence, by the theorem of Art. 64, 
dy ___ ay + (2 aor + doy) +(83 asx? + 2 bey + c3y?)-+ + (3) 
dx bi + (bom + 2 coy) + (b3x? + 2 csvy + 3 dsy?)+ -- 

Suppose first that the first group of terms in (2) whose coefficients 
are not all equal to zero is the group ax + by; that is, suppose 
that a, and b, are not both equal to zero. Then the value of y’ 
at the origin (0, 0) may be determined from (3) and is seen to be 


dy: _ _ &, 
dx, by 
Hence, the origin is then an ordinary point and the equation of the 
single tangent at this point, as determined by the theorem of Art. 45, 
becomes 
y—0=-"(@ 0), oraz + by = 0. 


But this result is evidently the same as that obtained by simply 
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equating to zero the terms comprising the first group in (2), as stated 
in the theorem. 

Suppose secondly that the second group of terms in (2) is the first 
one whose coefficients are not all equal to zero; that is, suppose that 
a = 0 and b; = 0 but that a», bo, and c, are not all equal to zero. 


Then the value of ou at the origin (0, 0) as determined by (3) is clearly 
of the form } and hence is indeterminate, thus yielding no informa- 


tion. In order to remove this difficulty, let us suppose that the 
quadratic expression av? + bery + ey? has been factored (as is 
always possible) so that it is written in the form 

dow? + boxy + coy? = co(y — max)(y — mex), (3) 
where m, and my, are certain determinate numbers, real or imaginary. * 
Then (2) takes the form 


fe, y) = ely — miz)(y — mex) + (ase + dsx?y + ---)+ + = 0. ) 

Now, any line through the origin, as y = ma, intersects the curve 
(4) in points whose abscissas are determined by the equation 
C2u?(m — m1)(m — Mme)+ x3(ag + bym + cgym? + dym’)+ --- = 0. (5) 
Two equal solutions of this equation are evidently x = 0, x = 0, 
but as we choose m closer and closer to either of the special values 
m, or m, the coefficient of x? in (5) approaches the limit zero; that is, 
a third point of intersection of the line y = ma with the curve (4) 
then approaches the origin, since then (5) becomes an equation of 
higher order than the second, three of whose solutions are seen to 
be equal to zero. It follows that the two lines y = ma, y = mow 
are each tangent to the curve at the origin. But the equations of 
these two lines may be written in the condensed form 

aor? + boxy + coy? = 0, 

as follows from (3). The theorem is therefore established for the 
case in which the second group of terms in (2) is the first one whose 
coefficients are not all equal to zero. 

The reasoning just employed can evidently be extended to the case 
wherein the third group of terms in (2) is the first one whose co- 
efficients are not all equal to zero. Similarly, the reasoning can be 


extended indefinitely, thus leading to the theorem as stated. 
The proof is thus complete. 


* We here suppose that co is not equal:to zero. If it is, the reasoning which 
follows can be easily modified to care for such a case. 
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’ Example 1. Locate the singular points upon the algebraic curve 
y =2@— 1)? (1) 
and determine for each the equations of the tangents. 


Sotution. In the notation of Art. 68 we here have 


IG a) = yg — ae — A)? 
and hence 


of of 
eas 4 1 ao 
ox un aaa: oy i? 


Ox 
only if, «= 1, y= 0. It follows by the theorem of Art. 67 that the only 
possible singular point upon the curve (1) is the point (1, 0). 

Wishing now to apply the theorem of Art. 68 to (1), we first refer the curve 
to a new system of codrdinate axes X’, Y’ which shall have the point under 
consideration, namely (1, 0), as origin and which shall be parallel respec- 
tively to the old axes X, Y. To do this it suffices to replace the x and y of (1) 
by new variables x’ and y’ such that 


The three equations f(z, y) = 0, ih 0, - = 0 are seen to be satisfied if, and 


a=’ +1, y=y +0=y. (2) 
Equation (1) then becomes y’” =(a’ + 1)x”, which may be written 
y? — 27% — 23 = 0. (3) 


Inasmuch as the singular point under consideration is now at the origin, 
we may at once apply the theorem of the present article to (3), thus inferring 
that the curve in question has a node at the (new) 
origin and that the equations of the two tangents at 
this point are, as referred to the new axes, y’”—a?=0; 
that is, 


yo= ae and yi —— x7. 


These equations, when referred again to the old axes 
by means of the equations of transformation (2), are 
seen to become 


y=a2-—1 and y=—2+1. 


In summary, we conclude that the curve (1) has one 
and only one singular point, this being a node situated at (1, 0) and having 
for its accompanying tangents the lines y = « — landy=—a#+1. 


Example 2. Show that the curve 3 2? + 423 — y3 = 0 has a cusp of the 
first kind at the origin. — 


So.ution. In order to determine the nature of the curve at the origin 
(0, 0) (which is evidently a point upon the curve) it suffices to apply directly 
the theorem of the present article. It thus appears that the origin is a double 
point having its two tangents determined by the equation 3 x? = 0, or simply 
x? = 0, The two tangents are therefore coincident, each coinciding with the 
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line = 0, or Y-axis. By definition (Art. 66) the origin is therefore a cusp. 
That it is a cusp of the first kind may now be shown as follows : 
Writing the given equation in the form 


y= 3a + 423, 


it appears (1) that when a is very small and positive (though not actually 
zero) the corresponding values of y are positive ; (2) that when z is sufficiently 
small and negative (though not zero) the corresponding 

Y values of y are again positive since 4 27°, which is then 

negative, eventually becomes smaller numerically than ‘ 

x 32’, which is always positive. Thus, the given equa- 

O 1 tion when considered for very small values of « of either 

sign, gives positive values of y. This fact, when inter- 
preted geometrically, indicates that the curve, when 
considered sufficiently near the origin, exists on either side of the common tan- 
gent, « = 0 and lies above the X-axis. The cusp, therefore, is of the first kind. 


Fig. 91 


EXERCISES 


1. Show that the curve y = sin x can have no singular point. Do the same 


for each of the curves y = cosa, y? = 42, 2 +% = 1,4 = e7, y = log. 

2. Establish the following statements: (a) The curve x? — 4y? + 23 — y3 =0 
has a node at the origin, the equations of the two tangents at this point being 
e=t2y. 

(b) The curve x? — y3 + y4 = 0 has a cusp at the origin, the two common 
tangents at this point being z? = 0. 

(c) The curve l —-247+y+2y?+ 2? + y3 = 0 has a node at the point 
(1, — 1), the equations of the two tangents at this point being x + y = 0 and 
z—y=2. 


3. Determine the location and nature (whether node or cusp) of each of the 
singular points (if any) upon each of the following algebraic curves, stating also 
whether the point in question is a double point, triple point, ete. Also determine 
in each instance the equations of the tangents (real or imaginary) at the point in 
question. Do not attempt to sketch the complete curve, as this may be under- 
ne to better advantage after later parts of this chapter have also been con- 
sidered. 


(a) a — y*? — 24 =0; Gf) @ +a +y? =0; 

(6) YY — 1)? = 2@ + 1)3; @) 2? Fay Put BF 0; 
(c) + y3 — 3 ay =0; (h) x(x — 1)? = y4; 

(2) x8 — zy? + yt =0; @) y® = 2ax? — x3; 

(e) a4 — y4 + 2343 = Q; a) OY a ae 


4. Show that the origin is an ordinary point upon the cubic «3 + y3 — x+y 
= 0, and hence write, by use of the theorem of Art. 68, the equation of the single 
tangent at this point, 
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5. Show that the origin is an ordinary point upon the cubic 2? + 43 + 3 2? — 
18zy + 6y? — 6a" + 21y = 0, but that there exists a cusp at the point (2, 1). 


6. Show that the conchoid xy? =(a + y)?(b? — y?) has a node at the point 
(0, — a) provided that b > a. 


7. By means of the theorem of Art. 68 write the equation of the tangent to the 
conic (ellipse) 52? — 5ay + 3y2? —42+y = 0 at the origin. 


8. By means of the theorem of Art. 68 obtain the equation of the tangent to 
the conic (hyperbola) 322 + 4ay — 5y?+62 — 8y — 33 =0 at the point 
Tt (Gs OE 
Hint. First refer the curve to a new set of axes having (3, 2) as origin 
(see Example 1, Art. 68), then proceed as in Ex. 7. 
9. By proceeding as in Exs. 7 and 8, prove the following general theorem: 
“ Having given the equation of any conic 
Ax? + 2 Hey + By? +2Gr+2Fy+C =0, 


the equation of the tangent at any point (x1, yi) upon the curve is given by the 
formula 


Ag x + Aye + ay)+ Byy + Gai + 2)+ Fyi+y)+C =0.” 
10. Show that the curve y? + x3 + y? = 0 has a cusp of the first kind at the 
origin. 
11. Show that the curve 27+3y —22+43y?+ y3 = 0 has a cusp of the 
first kind at the point (1, — 1). 
12. Show that the curve (y — 2?)2= x5 has a cusp of the second kind at the 
origin. 
Hint. By solving the equation for y show analytically that the curve, 
when considered in the neighborhood of the origin, exists on one side only of the 
cuspidal tangent. 


13. Prove that the curve (y — x?)?= 2x” has a cusp at the origin and that it is 
of the first or second kind according as n < 4 orn > 4. 


14. Show that the curve zt + 23 — 3 ay? = 0 has a triple point at the origin. 
Show also that the three tangents at this point divide the whole angle around the 
origin into six equal parts. 


69. Asymptotes. Let AB be any curve, or branch of a curve, which 
extends indefinitely to distant portions T ON 
of the plane, or as commonly stated, B 
“extends to infinity.”” As the point of 
contact P of a tangent to such a curve 
is chosen farther and farther away the 4 
accompanying tangent ST may ap- y 
proach a definite limiting position MN. 

In this case MN is called an asymptote 8% 
to the curve AB. Fig. 92 
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Thus, it is shown in analytic geometry that 
the hyperbola 


has two asymptotes situated as in Fig. 93 having 
as their equations 


=—¥—0 and 2+4=0, 
a 6b 


Fie. 93 On the other hand, the parabola has no asymp- 


totes since, as the point of contact of a tangent line recedes indefinitely, the 
accompanying tangent approaches no limiting position. Again, in the case 
of the ellipse there can be no asymptotes inasmuch as the curve has no 
branch of indefinite extent. 


We proceed to state and prove the following theorem in accordance 
with which one may frequently detect the presence of asymptotes to 
an algebraic curve and find the equations of such lines. 


Theorem I. The line 
y=me+k (1) 
will be an asymptote to an algebraic curve whenever the coefficients m 
and k are so determined that, when mx + k has been substituted for y in 
the equation of the curve and the resulting equation arranged according 
to descending powers of x, the coefficients of the two highest powers of x 
are each equal to zero. 


Proor. It is first to be remarked that, from the definition of an 
asymptote in Art. 69, it readily appears that an asymptote to any 
curve may, if desired, be regarded as the limiting position (assumed to 
exist) of a secant line as it is moved about in such a manner that two 
of its points of intersection with the curve recede indefinitely along 
the curve, or as commonly stated, “ go to infinity.”’ It is from this 
standpoint that we shall find it advantageous to regard an asymptote 
in the present proof. 

The result of substituting mx + k for y in (1), Art. 68, and subse- 
quently arranging the result in descending powers of x is an equation 
of the type form 


Agu™ + Aya™ 1+ Anov™2+ +--+ Aye + A, = 0, (2) 


where the coefficients Ao, A1, As, --- involve m and k. As regards 
such an equation as (2), it is not only shown in algebra that it has 
n roots (real or imaginary, distinct or coincident in part or in whole) 
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but it is also shown that the smaller Aj is taken the larger one of the 
n roots will become in absolute value. In fact, it is shown that as Ao 
is allowed to approach zero as a limit one of the roots of (2) becomes 
indefinitely large in absolute value, or as commonly stated, ‘‘ goes to 
infinity.” Similarly, it is shown that if both Aj and A, are allowed to 
approach zero, two of the n roots of (2) goto infinity. Hence, recall- 
ing that the roots of (2) when considered geometrically are the ab- 
scissas of the points of intersection of the line (1) with the given 
- curve, it follows that if m and k& are so determined that Ay = 0 and 
A, = 0, the resulting line (1) will have two of its intersection points 
with the curve lying ‘‘at infinity,” thus making such a line an asymp- 
tote. 
The proof is thus complete. 


Remark. In the case of an asymptote which is parallel to the 
Y-axis the slope m must be regarded as + oo, hence such an asymp- 
tote does not have its equation of the type form (1) but rather of the 
type form x = k, where k is some constant. For this reason the 
foregoing theorem cannot be expected to detect asymptotes of this 
character. Asymptotes parallel to the Y-axis may, however, us- 
ually be detected independently through the following theorem. 


Theorem II. Having arranged the equation of a given algebraic 
curve of the nth degree in descending powers of y, thus causing it to 
assume the form _~ 


ay" +(be + oy"! + (dz? + ert fyt+-=0, 6) 
if the coefficient a is equal to zero while the coefficient b is not equal to 
zero, then the line 

br +c=0, or %=— 7) (4) 


(which is parallel to the Y-axis) will form an asymptote to the given 
curve. ; 


Proor. Reasoning as in the proof of Theorem I, it appears from 
the hypothesis a = 0 that every line of the type form xz = k inter- 
sects the curve (3) in at least one point at infinity. If in particular 


we have x = — i which is equivalent to (4), the coefficients of both y” 
and y"—! in (3) will be equal to zero, so that this particular line will 


intersect the curve in two points at infinity, thus causing it to become 
an asymptote. 
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asymptotes : 


of x, (6) becomes 
Fie. 94 (mx + kh)? —(ma + k)? + 23 


B+y=y. 


[Cuap. VIII 


Example 1. Test the following curve for 


Sotution. First arrange the equation in de- 
scending powers of y. Thus (5) takes the form 
ys — y? a a = 0. 

Replacing y by mz-+-k, as directed by Theorem I, 
and arranging the result in descending powers 


=(m3 + 1)23 +(8 mk — m?)x2 +(8 mk? — 2 mk)x + kB — kh? = 0. 


Noting the coefficients of the two highest powers of « and equating these to 
zero, as also directed by Theorem I, we obtain the following two equations 
for determining values of m and & that will cause (1) to be an asymptote : 


m+ 1=0, 3 mk — m? = 0. 


From these equations we obtain at once m =— 1, k = 4. 
y =—«x+4,or32+3y = 1, is an asymptote to the given curve (5). 

It remains to see whether Theorem II may also be applied, thus discovering 
one or more asymptotes that are parallel to the Y-axis. Theorem II, how- 
ever, cannot be applied in the present instance inasmuch as the coefficient of 
the highest power of y in (6) is not equal to zero but to + 1. 


fact, no asymptotes parallel to the Y-axis. 


Example 2. Test the following curve for asymptotes : 
ae 


2) =) ee 
y 2a-2 


SoLution. Clearing of fractions and rearranging, the equation becomes 


y(x — 2a)+ x = 0. (8) 
Placing y = mx + k in this equation and arranging the 
result in descending powers of x, we obtain 
(m2 + 1)a? + 2 m(k — am)x? + k(k — 4am) — 2 ak? = 0. 
Here the coefficient of the highest power of x is m? + 1, 
and this evidently cannot be equal to zero for any real 
values of m. Hence Theorem I does not apply. There 
are, In fact, no asymptotes in the present instance except 
such as may be detected as follows by use of Theorem II. 
Writing (8) in the form 
0-y +(¢ — 2a)y? + 23 = 0, 
it appears immediately that Theorem IT applies and that 
therefore the line « — 2a = 0, or x = 2a, is an asymp- 
tote parallel to the Y-axis. ; 


Hence, the line 


There are, in 


Fig. 95 


| 
: 
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‘70. Exceptional cases. In the ordinary applications of Theorem I, 
Art. 69, to an equation of the nth degree the result of substituting 
mx + k for y, as directed by the theorem, will be an equation in x of 
the form 

Aja” +E Ay! + Agu? +... + Amen e, + A, = 0, 

where Ay contains m only while A; contains both m and k but con- 
tains k to no higher degree than the first, as illustrated in (7) of 
Art. 69. The two equations A, = 0, A; = 0 therefore ordinarily 
determine uniquely certain values of m and a single value of k corre- 
sponding to each. It may happen, however, in exceptional cases that 
the values of m which render Ay = 0 cause Ai to be equal to zero 
identically, that is, for all values whatsoever of k; or again it may 
happen that A, is identically zero no matter what values be given to 
both m and k. In such cases the two equations to be used for deter- 
mining m and k become Ay = 0 and Az = 0 instead of Ay = 0 and 
Ai = 0, it being now assumed that A» is not identically equal to 
zero, in which case the two equations become Ay = 0 and A; = 0, 
etc. Theorem I as worded in Art. 69 remains true in all cases, 
though the proof of it as there given needs some modification in the 
exceptional cases just mentioned. 


Thus, if mz + k be substituted for y in the equation 
Bp ay ya y = 0, (1) 
the result, when arranged in descending powers of «, may be written 
(1 + m)2x3 + 2k(1 + m)a? +(k? + mx +k = 0. 

Here 

Ap =(1+m)?, Ar =2k0 +m), A2=h+m, As =k. 
From the equation Ay = 0 we obtain m =-— 1, and for this value of m the 
equation A; = 0 is seen to be true identically for all values of k, while the 
equation Az = 0 becomes k? — 1 = 0, the roots of which are k =+ 1 and 
k=-1., 


The parallel lines y =— + + 1 and y =— «x — 1 are therefore asymptotes 
to the curve whose equation is (1). 


Likewise, in applying Theorem II of Art. 69 it may happen that 
a,b, and ¢ are each equal to zero. In this case there will be, in general, 
two asymptotes parallel to the Y-axis, and their equations, in case d 
is not also equal to zero, will be given by the equation dx? + ex + f = 
0 instead of bx +c =0. The various other exceptional cases and 
the method of disposing of each may now be readily supplied by the 
student from analogy with the preceding remarks. _ 
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For example, by writing the equation 


(2 — 1l)yy+23=0 (2) 
0-y8 +0- 7 +@ — ly += 


we may assert at once that the curve having (2) as its equation has two 
asymptotes which are parallel to the Y-axis and whose equations are x? — 1 
= 0; that is, 7 = land¢ =—1. 


in the form 


EXERCISES 


1. Apply Theorem I, Art. 69, to each of the following curves to determine the 
equations of such of its asymptotes as are not parallel to the Y-axis: 


(a) the hyperbola 422 —9y? = 36; Ans. 2a =+3y. 
(b) the hyperbola x? + zy — 6? 


— 380y + 36 = 0; Ans. 2+3y =—6,2 —2y = 6. 
(c) 22 -—2ay—3 y2+22—-2y—4=0; Ans. 38y—a2=1e+y=-—1. 
(d) 8+ ey +y2+ zy = 0; Ans. c+y =0. 


() Bey = ey ty = 0; 
f) + 3ay? + 22%y + 2 = 0; 
(g) + 4a%y + 42y2?+ 8y =0. Hint. See Art. 70. 


2. Apply Theorem II, Art. 69, to determine the equations of asymptotes parallel 
to the Y-axis for each of the following curves: 


(a) (@ — 1l)y? +(@2 + 1)y + 2 = 0; Anes cas 
(b) 2 4+ ay + ay? —ay+3y+y =0; Ans. x =— 3. 
(c) xt + wy? + zy3 + 2y8 = 0; 


(d) 2224 ay —3ay+2y =0. Hint. See Art. 70. 
3. Examine the following curves for asymptotes: 
(a) zy = 4; (2) 8 + ¥ = a8; 
(0) 2 —zy+y+32=0; (e) y(a —2a)— 23 + a8 = 0; 
(c) y(a? + 1) = 222? — 1); (f) vy? = a(x? + 9”). 


71. Curve tracing. The familiar considerations of elementary 
analytic geometry relative to curve tracing, when supplemented 
by the results attainable in the calculus such as indicated in this 
chapter, enable one ordinarily to arrive quickly at the essential 
features of any algebraic curve whose equation is given. While no 
fixed rules can be stated, one may usually proceed as follows: 

(1) Determine (so far as can be done without too much labor) the 
possible region, or regions, within which the curve must lie. To do this, 
recall that the curve is restricted to those points («, y) for which both 
x and y are real numbers. 
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(2) Determine if possible the points, if any, at which the curve inter- 
sects the axes of codrdinates. 

(3) Determine whether the curve is symmetrical with respect (a) to 
the X-axis; (b) to the Y-axis; (c) to the origin. There will be sym- 
metry with respect to the X-axis if, and only if, the equation remains 
unchanged when y is replaced by — y; similarly, there will be sym- 
metry with respect to the Y-axis in case x may be changed to — z. 
There will be symmetry with respect to the origin whenever both 
these changes can be made in the equation. 

(4) Determine the maximum and minimum points, if any. (Art. 37) 

(5) Determine (unless too much labor is involved) the points of in- 


flection, if any. (Art. 41) 
(6) Determine the position and character of the singular points, if 
any. (Arts. 67, 68) 
(7) Determine the position of the asymptotes, if any. (Art. 69) 
Example. ‘Trace the curve whose equation is 
ie ai aeie 
Z 2a—2 


Sotution. (1) The curve is confined to regions in which z is less than 
2 a, for if x is greater than 2 a, the sign of y? is evidently negative, in which 
case y is imaginary. 

(2) If y has the special value zero, x is seen to be necessarily equal to 
zero also, while if « has the value zero, y is necessarily zero. Hence the 
curve does not cross either the X-axis or the Y-axis except at the origin. 

(3) The curve is symmetrical with respect to the X-axis since the equation 
remains unchanged when — y is substituted for y. The curve is not sym- 
metric with respect to the Y-axis since — x is not interchangeable with x. 


(4) Upon taking the derivative of both members of the equation and solving 
the resulting equation for we we obtain, after simple reductions, 
. dy _ (8a — 2)z?. 
de (2a—2)*y 
The only values at which “ can be equal to zero, thus leading to a possible 


maximum or minimum point, are therefore zr = 3a and x = 0. Of these, 
x = 3a is inadmissible because, as stated in (1), x is confined to values less 
than 2 a, and hence must be less than 3a. Moreover, if x = 0 we see from 
the equation of the curve that y is also equal to zero. Hence, when x = 0 the 


foregoing expression for “u takes the indeterminate form ; from which no 
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conclusion can be drawn (Art. 6). Rather than undertake to remove this 
uncertainty immediately by further consideration of wv it is advisable, since 
difficulty is present, to pass at once to a determination of the other important 


features of the curve. In fact, these when ascertained will automatically 
remove the present doubt as to maxima and minima points. 


(5) The consideration of points of inflection, being dependent upon the 
expression for ou is likewise best omitted in the present case. 
x 


(6) Clearing the given equation of fractions and rearranging, it may be 


written 
f(a, y) = 2 ay* — 23 — ay? = 0. 


Therefore 
fai Bigt ye, f = 4 ay —2ay. 
ax oy 
The equations f(x, y) = 0, f = 0, a = 0 are evidently satisfied if, and only 
Y 


if, ¢ = 0andy=0. Hence, by Art. 68, the curve has the origin (0, 0) as 
a singular point, and no other such points can be present. Moreover, this 
singular point at (0, 0) is seen, by the theorem of Art. 68, to be a cusp having 
the line y = 0 as double tangent. 

(7) As shown in Example 2, Art. 69, this curve has the line « = 2a as 
an asymptote. 

From the conclusions arrived at in (1), (2), (3), (6), and (7) we may now 
conclude that the curve has the form indicated in Fig. 95, page 144. This is 
the curve of great historic interest known as the cissovd.* 


EXERCISES 


1. Trace the curves whose equations occur in Ex. 3, page 140. 
2. Trace the set of curves: 
y=xX,y=P—zy=o—ae y= or—e y =o — ow, 
3. Trace the set : 
ety=aP4+Y=e0,8+y =a3, ei +y! =a. 
4, Trace the curve 
xv — 3 a’? = 8. 


* See, for example, the historical note on page 169 of the author’s ‘‘ Brief Course 
in Analytic Geometry.” 


CHAPTER IX 


LAW OF THE MEAN. INDETERMINATE FORMS 


72. The law of the mean. In Fig. 96 let AB be the arc of a con- 
tinuous curve at every point of which a tangent line of finite slope 
can be drawn. ‘Then, if any two points 
P,,P2, be taken on AB and the straight 
line P,;P, be drawn, it is evident that a 
point Q may be located upon AB such 
that the tangent to the curve at Q will 
be parallel to the direction of P,P2, 
whatever this direction may be. In cases 
such as indicated in Fig. 97 it is possible, 
in fact, to locate more than one such point 

Q Q, but in all cases it is Fig. 96 
possible to locate at least one such intermediate 
point as soon as the two points P; and P» are given. 

Let us now formulate this fact analytically. 
Bx For this purpose suppose that the abscissas of P, 
aes and P» are respectively a and 6, in which case the 

Fig. 97 ordinates MP; and N P2 of the same points become 
respectively f(a) and f(b). Hence the slope of the line P;P2 becomes 


RP2 _ flo)— f@, 
Iz ik b-—a 
Again, if we let x; represent the abscissa of the point Q, the slope of the 


tangent at Q becomes, by Art.9, f’(a1). The geometric fact stated 
above is then equivalent to the equation 


B 


vy = f(a) = f’(x), 
a 


or 

f(b) = fla)+(b — a)f’(x1); 
it being understood that x; is some determinate value of x lying be- 
tween a and b. This relation is known as the law of the mean. Its 
importance lies chiefly in the fact that it may be used to advantage in 


proving various theorems in the calculus, as will appear presently. 
149 
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73. Definitions. From Theorem III of Art. 5* it follows that the 
limit approached by the quotient of two functions is equal ordinarily 
to the limit of the numerator, considered separately, divided by the 
limit of the denominator, likewise considered separately; that is, 
one may write, unless F(a) = 0, 


lim 
. f@) _ se) _ fo. ! 
Benes lim p(y) F@) ) 


Thus, 
e+l 44+1 17, lim 128 = 198 — F, lim S22 — sinr _ 0 0. 


C7 ES 8 T T 


pet 4 ae 
Formula (1), however, ceases to apply or indeed to have any definite 
significance in case F(a) is equal to zero, since division by zero is an 
impossible operation in mathematics. In this exceptional case the 
limit which is being considered in the first member of (1) may still 
exist and have definite significance, provided that we have at the same 
time f(a)= 0. To determine the limit (1) in such cases it is usually 
necessary to use some special process. 


Thus, suppose it is desired to evaluate the limit 


lim oe. (2) 


I>1U — 


Here the direct application of (1) would give 
22 SO 


lO: 


which is meaningless. The limit (2), however, exists and may be obtained 
independently by first observing that, by elementary algebra, we have 


xv — 1 


=2z+1. 
z—1 
Thus, we may write 
Yee 
lim 2 ee 
Tot 1 r>1 
Similarly, the application of (1) to the determination of lim Bae gives >. 
z>0 


However, this limit is known to exist and to have the value 1 provided that 
x is measured in radians. (See page 360.) 


* The student is advised to review at this point Arts. 4-6. 


* 
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Whenever in the use of (1) we have both f(a) = 0 and F(a) = 0, the 


limit in question is said to assume the indeterminate form >. 


Again, relation (1) cannot be used to obtain decisive results in case 
both f(x) and F(x) become infinite as x approaches a. Nevertheless, 
the limit in question may exist in such a case and be actually deter- 
minate by other special methods of procedure. 


Thus, (1) is not immediately applicable to the determination of the limit 


lim 38a+2¢-—1 
t>+o02—32+3’ 


since both the numerator and denominator become infinite as 7>-+ o. 
However, the limit in question exists and may be evaluated by first dividing 
both numerator and denominator of the fraction by x? and then using (1). 
Thus, 


20 

fie ee la ie Sues a sear Ole, 

ato v@—324+3 Cc AEC ame So , 1-—0+0 ’ 
Hie ae 


Whenever in the use of (1) both f(x) and F(x) become infinite as x 
approaches a, the limit in question is said to assume the indeterminate 


co 
form —- 
fo) 


74. Evaluation of the indeterminate forms 4 =. Whenever a 


limit assumes the indeterminate form : or a it may, in general, be 


evaluated by a uniform method based upon the calculus, thus avoiding 
special individual devices such as were used in the illustrations in 
Art. 73. In this connection we have, in fact, the following general 
theorem : 


Theorem. In case the limit lim f te : assumes the indeterminate 
I>a 


form ; or then 


Hie. f'(@) 
Lee peeeg ON 


provided the latter limit exists. 


152 INDETERMINATE FORMS (Oi:0%027, dD-¢ 


Proor. We shall here prove the theorem only for the case in which 


the limit in question assumes the indeterminate form >, the case 2 
[e¢) 


presenting greater difficulties and hence being better undertaken in 
a more advanced treatment of the calculus. 

By the law of the mean (Art. 72) as applied to the functions 
f(x) and F(x) throughout the interval from a to x, we may write 


f@) = fa+@ — af’), 
F(x) = F(a)+(@ — a)F'(as), 


where 2 and x» are certain values each lying between a and x. But 
our present hypotheses require that f(a)= 0 and F(a)= 0 since we 


are dealing with the indeterminate form °. Thus, from the two fore- 
going equations we obtain 


f(a) _ (w@ — a)f'(m) _ fF), 
F(@)  (@— a)F’(x2) F(a) 


If in this equation we now allow x to approach a, noting that at the 
same time x; and 2, must necessarily do the same, we arrive at the 
following equation, it being assumed that the limit appearing in 
its second member exists: 


IAS) ofan (ey 
Let Fg) ee ee 


The proof is thus complete for the case >. 


Note 1. In applying the foregoing theorem it Pa happen that the fraction 


a nes itself assumes the indeterminate form ; or %. when the lim is taken. In 
Cc z: a 


such a case, applying the theorem a second time, we differentiate the numerator 


and the denominator again, obtaining £'@) | and we proceed to investigate 


UNG: ys 


- th 
lim f ‘(x) : If this is still indeterminate, we investigate lim f (x) etc. 
>a FP (x) t>a x 


Note 2.. Although the theorem as stated has reference only to a limit of the type 


ma where a is some definite number, it holds true equally well for limits of the 
z a 


type lim and lim (see Art. 4). Proof of this fact is omitted, however, for 
I>+o0 I>-—o 


the sake of brevity. 
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Example 1. Evaluate the limit lim loge: 
t>1%X% — il 


Sotution. Since both log z and « — 1 become equal to zero when x = 1, 


the limit in question assumes the indeterminate form . We may therefore 


apply the foregoing theorem as follows, thus showing that the desired limit 
is equal to 1: 


| bone : 
lim 22 = lim — = lim = = lim - =- =1, 
m>1%—1 251d z>1 1 r>1 © 
1 1) 
d. 
Abn ec 


Example 2. Evaluate the limit lim 
t>t+o e+e 


Sotution. Since lim (@+a—1)=+o and lim (e?+e7)=+ 0, 
I>+ © I>+ oO 


the limit in question assumes the indeterminate form “. We therefore 
ro) 


proceed as follows: 


d 2 

Pei) he de ee) Cpe ea 

= lim ———— = lim ———. 

oo Ce ere t>+o @ = t>+0e* — e* 
OT) 


The last limit here appearing still assumes the indeterminate form ey hence 
ee) 


we apply the same process again. Thus, 


d 

oa (Qian) 
seg | tie Sy foe cs a a Se ee a 
t>+0e7—e€* z>tod (ee = =) z>+o0e* pe 

dx 


The limit in question therefore has the value zero. 


EXERCISES 


1. Establish each of the following equations by means of the theorem of Art. 74, 
checking the answer for the first four by the elementary encehocs illustrated in 
Art. 6 and Exs. 8, 9, page 9. 


5 vw —4 ° +22 —24+3 1 
Sr ARe Ried ate 
O pga +2 OE og at ata ae 
(b) foe 2s, (e) lim = 1; 
a>ie+2—2 3’ a 


Pasa +4 ge c>0 sing 
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2. Evaluate each of the following limits: 


(a) lim 282; (f) lim “082)" n> 0; 
z>o 1 I>+n 2 
x log (2 #2 — 1), 
i cha — oc Oh ot 
(6) lim ez, (9) eS) tan (¢ — 1) ’ 
z>0 cot £ 
-  tane —& 
h) lim ———=; 
(c) lim a8 ne ae 
eee 2” (i) lim 2¢ tanz — 2, 
(@) Barts er Bie °; zZ>-0 a Z 
en lOpay (Qj) lim pione® 
(¢) ae xz u t>~1V1l—2¢ 


75. The indeterminate form 0:0. Let the product of two 
functions be given, as f(x) + F(x), and suppose that as x approaches 
a one function approaches zero while the other increases indefinitely 
in numerical value. The product is then said to assume the inde- 
terminate form 0 - «© asx approachesa. Such a form may, however, 


be converted into the form ; or = and thus treated by the theorem of 
Art. 74, for we may write 
fie) -F@) = £2, 
F FO 
and the quotient thus obtained assumes either the form 3 or es as 


x approaches a. 
a 


Example. Evaluate lim tan z- log sin z. 
2>0 


Sotution. Having noted that the form 0- o is here presented, we write 


log sin _ dogsin# _ 0 


lim tan x - log sin x = lim S 
z>0 z>0 z>o cotxr o°a) 
tan x 
Applying the theorem of Art. 74, we have 
d 1 : COs & COs & 
log sin x . dx ees : sin x ». Sinz 
lim 28.88 O i i eee 
z>0 cotz z>o da z>0 — ese? x z>o 1 
— cot & 5 
dx ; sin? x 
=-— lim sinz: cost =—0-1=0. 
z—>-0 


The value of the limit in question is thorators zero. 
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76. The indeterminate form co — o. Let the difference f(x) — F(z) 
of two functions be given and let us suppose that lim f(x)=-+ oo 
I—>-a 


and lim F(x)=+ 0. Then f(x)— F(z) is said to assume the in- 


determinate form «— o asx approaches a. Such a form, like the 
form 0+ mentioned in Art. 75, may be converted into the form 
Oco 


SE (oy pee 
0 oe) 


r—>1 


Example. Evaluate lim (— —.): 
log « a 


Sotution. Having noted that this limit assumes the form «— 0, we 
may proceed as follows: 


im (-— 1) =1 li im [#1 Woe] _ 0. 
nae logz z—1 ae (« — 1) log 2 0 

The theorem of Art..74 may now be applied, the result being found directly 
to be +. 


77. The indeterminate forms 0°, 0°, 1*. An expression of the 
form [f(x)]”, where f(x) and F(x) are two given functions, becomes 
indeterminate as x approaches a in case it assumes either of the forms 
0°, 0°, or 1%. Such indeterminates may be made to depend upon 
one or the other of the forms considered in Arts. 74, 75, and hence 
may usually be evaluated in the manner illustrated in the following 
example. 


1 
Example. Evaluate lim (1 + 2)?. 
z—>-0 


Souution. First observe that this limit assumes the indeterminate form 1°. 
In order to evaluate, let 


TU 
Then 
log y = “log (1 + 2), 
so that 
ee log y = im |: log A + z)| = =) il. Art. 75 
Thus 


lim log y = 1, so that lim y=e=e. 
z>0 z>0 


The desired limit, therefore, has the value e. Compare Art. 24. 
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EXERCISES 


1. Establish each of the following results: 


(a) lim (rf — 22) tanz = 2; (h) lim (sin x)t22 =1; 
t>5 t>F 
. 1: 2 
(b) lim (1 — tan z) sec 22 = 1; @i ia ey eeetee 
cal z>1 
. Lead No tls (7) lim (log x)? = 1; 
(c) baren Ge x a 3) ae 5 ; : 
(d) eh (sec x — tan x)= 0; () ie sintz 1 —cos :) 73? 
ae) 
1 (1) ae sec mz cosnz = ; 
(e) lim (at — 1)z = loga; We 
ergo tan z 
4 m) lim = 
Gp) tite (f= ya in (! ) 


z>1 \z — 1 Fes ona 


1 (n) lim tan 5 log (2—2)=4 
(g) lim (1 + 2%) =1; t>1 T 
z>-0 


2. Evaluate each of the following limits : 
(a) lim (ese 2 — i); ORES 4, 
z>-0 x 1 
(b) lim (cos a)t; (©) pool eae 
t>0 


li mies 
(f) lim Ges 


(c) lim (1 + sin #)t=; Ce 
z>0 
3. Find lim (tan2 2 — 2 tan x) /23, 
z>-0 
4. Find lim Vax(x +1) +1) + logio u + ae Ans. logioe. 
I> 


5. By trying n = 1, 2, 3, ---, show that 5 is the smallest positive integral value 
of n for which 


3 sin x 
] n 
lint eae | fe 


is different from zero. 


6. Using the general definition of an asymptote as given in Art. 69, it follows 
that the line y =a will be an asymptote to the curve y = f(x) whenever 


lim f(x) =a or lim JM) =a. Draw a figure to indicate the geometrical 
I>+0 t>— 


meaning of this penarall fact; then apply the fact in particular to establish the 
following results, drawing an appropriate figure for each: 

(a) the line y = 1 is an asymptote to the curve zy =logx+a, 

(b) the X-axis is an asymptote to any curve of the type y = eo n> 0, 


(c) the line y = log a is an asymptote to the curve y = a(a *—1). 


CHAPTER X 


INFINITE SERIES 


I. Serres IN GENERAL 


78. Definitions. A series of n terms is an expression of the form 
Un + Us + Us + ve HF Un, 


where the nth term, wn, is a given function of n. 


Tilustrations: 
124+ 224+ 32+..-+n%, Here un, = n?. 
1 1 1 1 1 
a a ae Here ty = 5, 


In case the number of terms in a series is not stated but is regarded 
as indefinitely large, the resulting series is known as an infinite 
series and is represented by the symbol 


Un + Ue + Us + oe 
P24 24 3205, 
Tend hl 
perigee ae 


1 1 1 
Parr awe 8 
If only a limited number of the early terms of an infinite series be 
given, it is frequently desirable to ascertain the function of n which 
represents its nth term. This may often be done by inspection. 


Illustrations: 


Illustrations: In the infinite series 


1 22 32 
a pee tei hee 
; n? 
the nth term is seen to aaarere 
In the infinite series 
1 1 1 
aeRO Ss enel 
the nth term is seen to be as 
(2n — 1)? 


Hereafter the word “ series ”’ will be understood to mean “ infinite 


series ’’ unless otherwise stated. 
157 


158 INFINITE SERIES [Cuar. X 


79. Convergence. Divergence. In the series 
Uy Ue -F us (1) 


let us suppose that the sum of the first n terms is represented by S,,: 
that is, let us place 


Sp = Us + Uy + Us + +++ + Un. 
If, then, lim S, has a definite finite value, the series (1) is said 
n>+o 


to be convergent. 


For example, consider the series 
1 1 1 
hot gp et 


This is recognized at once as a geometric progression whose first term is 1 and 


whose common ratio is. The nth term is ss and the sum S, of the first 
n terms is therefore 
a beak ere Al a5) a 1 
se lt ote tat at Segre 


But this sum, as shown in elementary studies on the geometric progression, * 
may be written in the condensed form 


g, -1=1:@)" _1-@)» 
ee 
We therefore have 
lim S, = ~—® =, (3) 
n> 2 


thus showing that lim S, has the definite finite value 2 and hence establish- 
n> 


ing the fact that the series (2) is convergent. 


If, on the other hand, a series (1) be given for which lim S, does 


n> 
not have a definite finite value, the series is said to be divergent. 
Such a situation may arise in any one of the three ways as follows: 


(1) lim 8S, =+o; (2) limS, =— 0; 
n> n>o 


(3) lim S, has no significance whatever. 
n>o 


* See, for example, the author’s ‘‘ Brief Course in College Algebra,” page 76. 
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For example, the series 
AN eeal igen 1 
Uist tein ge a ere a (4) 


can be shown to be divergent as follows : 
First group the terms in the following manner: 


LFH+E+HFETE+E+ +E tate tlt. © 


The value of each group is seen to be greater than, or equal to, the value of 
the corresponding group in the series below: 

b+S+E+H+R+h+ ht M+ Uist et tat. © 
But each group in (6) has the value 4, so that the sum of these groups can be 
made as large as one pleases by adding enough of them together. The same 
property must therefore belong to the series (5). It follows that the sum of 
the first » terms of the original series (4) can be made as large as one pleases 
by taking n sufficiently large; that is, lim S, =-++-0o. Therefore the series 
(4) is divergent. pig 

Again, consider the series 

1—1+1—14+1-1+- 4+(— 1) +-. 

Here the sum of the first two terms is seen to be 0, the sum of the first three 
is 1, of the first four is again 0, of the first five is again 1, etc. In fact, S, 
has the value 0 whenever 7 is an even number and the value 1 whenever 
nm is an odd number. In this case S, can evidently approach no definite 
limit as increases indefinitely ; that is, Ep S, has no significance. The 


series is therefore divergent. In general, whenever the expression S,, cor- 
responding to a given series presents an oscillatory character such as here 
exemplified, thereby failing to approach any definite limit as n >-+ o, the 
series is said to have oscillatory divergence. 


80. The sum of a series. If S, represents the sum of the first n 


terms of a convergent series, then the limit lim S, is called the sum 
n> 


of the series and is commonly represented by S; that is, we have 
by definition 
S = imss,: 
n> 
As thus defined, the sum of a series is seen to be, strictly speaking, 


not a sum but the limit of a sum. 
Thus the sum of the convergent series 
Lee eel 1 
Il ae 9 in 2 ae ey) ap 34 SP 


is 2, since, by (3) of Art. 79, we here have S = “2 See 2 
nN @ 
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Inasmuch as the limit lim S, has no definite value in the case of a 
n>o 


divergent series, such series are not regarded as having a sum.* For 
this reason, convergent series are of central interest in mathematics. 


EXERCISES 


1. pur by inspection the nen term of each of the following series: 
(a) 4 Re a t ee a 10 ae 


(6) ata ata at 4% Lee 
(c) [dbo 10h 25 - ses 
@ ae ee mA me Be 
(e) r+e4e aaa 
(f) sy _ sin dy , sin By _ a 
(9) 1+ cloga4 Plow a , Blogs | eee tes | 
Orto5 tas taaeT ae 
2. Write the first five terms of the series whose nth term is < 
(a) 3; () GMGnt); @% 
ag @ OO"; () ene. 
3. Show that each of the following series is convergent and find its sum: 
(a) stegtpatct+ma@ent” 
SoLutTion. Since a5 =1-— > 3 = : — * 5p aaa = t 2 <7 


the sum of the first n terms of the series may be written in the form 


nO rire a) 


l\ ae 
(G4 3a lee + 
Upon noting that the group of terms ne appearing in the one parenthesis cancels 


with that in the other, we now have 
1 
Sn =1-—- Oo 


Sn = 


Hence, lim S, = 1, thus showing that the series in question is convergent and 
n>o 


has its sum equal to 1. 


* By changing the definition of the term ‘sum of a series’’ it is possible to 
attribute sums in a consistent manner to many divergent series. Such aspects of 
series, however, lie beyond the scope of the present book. 
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PRD is 1 1 1 

b See TL ee 

Cees 566 * WEDS) 
Lipari ek tee ie 


Hint. Observe that == = iC. 
Prahran Ay A my ae @ etc., and proceed as 
1 


in the solution of (a). It will be found that S, = 1 — 
3 n+3 


1 1 1 
67 Oo w= Dore © 


(1 Aine , ete. 
aa Sra baw 


Snel Wns) 
2 2n+1 


vin ue 4 4 4 
ise sor 0013 186i? tae 


Hint. Show that S, = 1 — Rae 
4n+1 


1 1 1 
Ome? <. eo i ESOC Eas 


Hinr. Show that S, = 3(! os 


1 
©) Tats 


Hint. 


Thus show that 


3m + =) 
4. An arithmetic progression is a series of the type form 
a+(a+d)+(a+2d)+(a+3d)+--- + [a +(n — 1)d] +: 
where a and dare given numbers. It is shown in elementary algebra tee the sum 
of the first n terms of this series may be expressed in the form 


S, = 52 a +(n — 1)d}. 


Hence show that every such series is divergent unless both a and d are equal to 
zero. 


5. A geometric progression is a series of the type form 
a + ar + ar? + are + + + arr fe, 


where a andr are given numbers. It is shown in elementary algebra that the sum 
of the first n terms of this series may be expressed in the form 
a — ar” 
Bn l-—r 


Hence show that a geometric progression will converge and have the sum 


S= 
1-—r 


whenever the value of r lies between — 1 and + 1, but that it will diverge in case 
ris less than — 1 or greater than + 1. 
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81. Tests for convergence and divergence. The determination 
of whether a given series is convergent or divergent cannot be made, 
as a rule, in such ways as occur in the illustrations in Art. 80 because 
it is usually difficult, or even impossible, to obtain a simple compact 
expression representing the sum S, of the first n terms. In fact, the 
properties of S, are commonly quite inaccessible. It therefore 
becomes desirable to have some means of testing a series for con- 
vergence or divergence that can be used immediately from a knowl- 
edge of merely the form of the nth term. Many such practical tests 
have been devised, but we shall confine ourselves in the forthcoming 
articles to a few of the most important, stating each in the form of 
a theorem with proof and giving an illustration of its use. 


82. A necessary condition for convergence. 


Theorem. The series 


tr +b Ue + tg tov Ue boo (1) 
can converge only in case lim uy, = 0. 
n> 


Proor. To say that the series (1) converges means that the limit 


lim S, exists, having some fixed value S. Under such circumstances 
n> 
the successive values which S, assumes as 7 increases indefinitely ; 


that is, the values S;, Se, Ss, S4, --- Sno, Sn, -*: eventually become 
and remain different from S, and hence from each other, by as small 
an amount as one may mention. But, from the definition of S,, it 
appears that S, — S,1 = Un, so that the difference between two 
successive values of S, cannot have the property just described con- 


cerning it unless lim wu, = 0. The series (1) therefore can converge 
n> 


only in case this condition is satisfied by wr, as was to be proved. 
For example, the series 
se Se aa ae a 
2503 | hans 6 alm tame 
is not convergent; that is, is divergent, since we here have 


n 
n+1 


+ eee 


ti, =(= yt 2 


foap il ee 
n 


and, as n increases indefinitely, this expression does not approach the limit 
zero. In fact, for large even values of n it can be brought as near as we 
please to the value — 1, while for large odd. values of n it can be brought as 
near as we please to the value + 1. 


‘, 


| 
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Remark. It is important to observe that the foregoing theorem is 
useful only in ascertaining that a given series is not convergent, for 


it is not true that a series will always converge if lim u, = 0. 
n> 2 


Thus, in the series 
1 a Oi ay oe | il 
{| cece een eh ESPNS ah ey Aa 
QS enrages D n 


1 o 6 ‘ 
we have u, = — and hence lim u, = 0, yet this series, as shown in 
n n>o 


Art. 79, is divergent. Theorem I is therefore to be regarded as 
stating a necessary condition only for convergence. 


83. Comparison Tests. 
Theorem I. A series of positive terms 
by Ale A Us A = Ug (2) 


will converge whenever it is possible to find a series, already known 
to be convergent, 


Cy Oa ai Oa cP ae Orie es (3) 


such that the terms wm, Ue, Us, «*: of the given series are respectively less 
than (or at most equal to) the corresponding terms a1, a2, a3, -:: of the 
latter (test) series. 


Proor. The proof rests upon the following lemma in the theory 
of limits, the truth of which is immediately evident geometrically. 


Lemma. If 8, is a variable which always increases (or remains 
unchanged) as n increases but which never exceeds some definite number 
A,no matter what value n has, then 8S, approaches a limit S as n increases 
indefinitely, and the value of S will be less than, or at most equal to, A. 


Thus, in Fig. 98 the successive values Sj, S2, Ss, S4, --, when laid off to 
scale on the line OX, arrange themselves from left to right because of the 
assumption that S, always increases (or remains unchanged) as 7 increases. 


st 
ORs Sel Seuss ie aes 
Fig. 98 


At the same time, all these values lie to the left of the fixed point A whose 
‘distance from O is the given number A. The points corresponding to Sj, S., 
S3, S4, ++ must therefore tend to cluster from the left at some fixed point 
S such as indicated; that is, there must be a fixed value S such that 


lim S, = 8, 
n> 
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The proof of the theorem is now readily carried out as follows: 

Let S, and 7, represent respectively the sum of the first n terms of 
the series (2) and (3); also suppose that the sum of the convergent 
series (3) is 7. Then, recalling the hypotheses regarding the nature 
of the terms wu, and a», we have 


Sa < hi and f ESS < Gh 
Spee 


The variable S,, which increases as n increases, thus remains always 
less than the fixed number 7’, from which we conclude by the fore- 
going lemma that lim S, exists; that is, the series (2) is convergent, 


n>O 


as was to be proved. 


Therefore, 


Remarks. Theorem I furnishes what may be regarded as a suf- 
ficient condition for convergence; that is, if the condition as stated 
is fulfilled, this fact suffices to assure one that convergence is present. 
It is not true, however, that the condition must be satisfied in order 
that convergence be present; that is, the condition as stated is not 
a necessary one. Compare Art. 82. 

It is also to be observed that a series (2) will converge in case the 
conditions stated in Theorem I are satisfied after any particular term, 
AS Uy, rather than from the beginning. The convergence or divergence 
of a series is, in fact, evidently not altered by disregarding any given 
number of terms at the beginning. 

Corresponding to Theorem I relating to convergence, we have also 
the following relating to divergence: 


Theorem II. A series of positive terms 

Us + Up + Us + oe + Un + (2) 
will diverge whenever it is possible to find a series, already known to be 
divergent, 

dy + Ga 4 Og eats (3) 
such that the terms ur, Us, Us, «+: of the given series are respectively greater 
than (or at least equal to) the corresponding terms ay, G2, a3, :*: of the 
latter (test) series. 


Proor. Under the given conditions the sum S, of the first n terms 
of (2) is greater than, or at least equal to, the sum of the first n terms 
of (3). But the latter sum increases indefinitely as n increases. 
Hence, the same must be true of S,. Hence (2) is divergent. 
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For example, the series of positive terms 


1 
LAR eet mip | ees 


is divergent since each of its terms is greater than, or at least equal to, the 
corresponding term of the divergent series 


1 1 1 1 
Sperarape an rigs te ec 
On the other hand, the series 


1454+ 5+5+-+54+- 


n? 
is convergent, as follows by comparison with (2) of Art. 79. 
The tests for convergence and divergence which are furnished by 
Theorems I and II are known as comparison tests inasmuch as they 


involve a comparison of the terms of the given series with those of 
another series whose convergence properties are regarded as known. 


84. Ratio test. There are many so-called “ratio tests’ for 
determining whether a given series is convergent or divergent. The 
simplest and most frequently used one may be stated as follows: 

Theorem. Given the series to be tested 

My Sieber Ble iin at nacre (1) 


Form the ratio “+ of the (n + 1)st term to the nth term and consider its 
u 


n 


absolute value; namely, ae -* Then 
(a) af lim Unt! js less than 1, the series converges ; 
n>} Un E 
(b) if lim |“*+| is greater than 1, or if lim ae =-+ 0, the series 
n>o|] Un n> n 
diverges ; 
(c) if lim |“| = 1, no conclusion can be drawn; that is, the test 
N>o!}] Un 
fails. 


* The absolute, or numerical, value of any real number is defined as its value 
when its sign, whether positive or negative, is taken as positive. Thus |+ 2|= 
+ 2, |— 2}=+ 2, |— 5|=+ 5, |+ 5|=+ 5, ete. See also Art. 47. 


166 INFINITE SERIES (CHar. X 


Proor. In order to prove part (a) let us suppose at first that the 


given series (1) contains positive terms only, thus making Unt ie 


Un 
Un+l, We then have 

Un 

Un+1 
Un 


u 
selina ale 
rm>o Un 


lim 
n> 


where L is some number lying between zero and 1. Now let r be 
any fixed number whose value lies between Land1. Then, inasmuch 


as “+! approaches L as a limit as n-> 0 , it follows from the definition 
U 


n 


of a limit (Art. 4) that the difference between “n+l and L can be made 


as small as we please by taking n sufficiently large. In particular 
a number m can be found such that for all values of n greater than 
m we shall have 

Goel crt 

Un 


Letting n take in succession the values m, m+ 1, m+ 2, etc., we thus 
have 

Um+ti < Um!, 

Uy, Vhs EWG 

Um43 <x Um+2" << ation 


It follows that the terms of the series (1) following the term up 
are less respectively than the corresponding terms of the series 


Unt + Unt? + Umer? + os. (2) 


But this series, being a geometric series in which the common ratio r 
is less than 1, is convergent (see Ex. 5, page 161). Hence, noting that 
under the present hypotheses both series (1) and (2) are series of 
positive terms, we may now apply the theorem of Art. 83 and show 
that (1) is convergent. 


* The student is reminded that the symbols < and > are used respectively 
to denote ‘less than” and “greater than.” 
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The proof of part (a) in case the series (1) does not have all its 
terms positive can best be given after Theorem II of the next article 
has been stated, hence it will be delayed until that point. 

In case (6) it is possible, reasoning as in case (a), to find a positive 
number r greater than 1, such that for all values of n greater than some 
fixed value m we may write, whatever the signs of the terms of (1), 


Unt 
Un 


= |Un+1| = r > die 
|Un| 


so that 
[unt| > |ual; n =m, m+1, m+ 2, >. 


Hence, all the terms of (1) are eventually greater numerically than 
the constant |w,|. Therefore they do not approach zero as a limit 
as n increases indefinitely. It follows by the theorem of Art. 82 
that (1) is necessarily divergent. 

The fact that no inference can be drawn when the hypotheses of 
part (c) are present follows from the fact, as will now be shown, that 
both convergent and divergent series (1) may be found such that 


lim |““"| = 1. Thus, for the divergent series of positive terms 
n>o| Un 
1 il 1 Le 
es 5 == 3 = 4 Steet - Sip 
we have 
1 
Meyers te en ira | 
a eee it n+l 44 1’ wel um} 1+0 ; 
n 
while for the convergent series (see Art. 83). 
il cosa ct 1 
we have likewise 
ay Ln 
Un+1 = Unt = (ieee ae De = Be A — an De 
Un Un if (n + 1)? ieee a7 
or ( es) 
: 1 
lim [4e#4) = ———_ = 1. 
ea at) |i te)? 
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Example 1. Apply the ratio test to the series 


iMate Mage cect! 1 ars 
Lait apt ay a ae eee 
SouutTion. We have u, = pred SOD and therefore Un41 = i Hence 
(n — 1)! n! 
x 
Ungil pe 2 he) 28 Gee 
Wes Un 1 n! 1-2-3+-(n—1)n n 
(n — 1)! 
Therefore 
lim |“ lim = = 
n>} Un no N 


Hence, by part (a) of the theorem, the series is convergent. 
Example 2. Apply the ratio test to the series 


13 ales on eased 


i) an 1-3-5--- Qn-1),.., 
Byacio Gi) Boat) SeiAuC ay i 


3"- n! 


+ -:-- +(- 1)*-! 


SoLtution. We have 


Pd Woes mo a (2n.— 1) 

=(— n—1 

Un =(— 1) ae 

and hence ee = (= jy P83 Gre DCn + 1) 


a (n'-F Ih 
Hence we find, upon observing extensive cancellation of factors, that 


Umer _ 204+ 1) 


Un 3(n + 1) 
It follows that 
1 
2+- 
lim |(“#4] = tim ents = lim ——4_ = 2. 
nae a2 3M pf) iaece + ) 


Un 


Hence, by part (a) of the theorem, the series is convergent. 


*The student will recall that the symbol n! (read “factorial n’’) represents 

the product of the positive integers from 1 to n inclusive. Thus, 1! =1; 

2! =1-2; 3!1!=1-2-3; 4!=1-2-38-4; etc. In general, we have 
! . A : ¢ : 

n!=n-(n—1)! or (n—1)!= oe from which it follows in particular by placing 


m=1 that O!= 1 =1, 
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Example 3. Apply the ratio test to the series 


hue ae 1 
obi NE UNE ey arc eer cara amas 


— 1 — me eer oe eee . 
Soutution. We have up, = RD, hence Upi1 = Ge SAVED) 
Therefore, 
lim |-“*#!| = lim (n + I) + 2) _ lim 1 +2 = 
n>o| Un n> n(n + 1) n—>o 


By part (c) of the theorem, the test fails. However, the series is convergent, 
as may be shown by other means. See Ex. 3 (a), page 166. 


85. Alternating series. Absolutely convergent series. The name 
alternating series is given to any series whose terms are alternately 
positive and negative; that is, to any series of the type form 


— Up + Ug — Ua + oe $(— ahs 700, (1) 


where the quantities w, we, Us, ws, -*: are all positive. Such series 
are frequently met with in practice and for them the following special 
theorem, proof of which will be omitted for brevity, holds true: 


Theorem I. An alternating series (1) will converge whenever (a) the 


successive quantities U1, Us, Us, Ws, «°: continually diminish in value, 
and (b) the condition lim u, = 0 2s satisfied. 
n> 


Thus, the alternating series 


fen 


Dead 
De artn an it: 2 SF qr cae (2) 


is at once known to be convergent since the positive values 


Baek eee ne 

? of) oY 4’ > 
continually diminish as one proceeds to the right and we have moreover 
lim es 0. 
n>o nN 


A series which contains both positive and negative terms is said to 
be absolutely convergent in case the series formed from it by making 
all its terms positive is convergent. In this connection, the following 
theorem, proof of which is again omitted for brevity, is frequently 
useful. 
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Theorem II. In order to show that a given series 1s convergent it | 
suffices to show that rt 1s absolutely convergent. 


Thus, the series 


ek Se are Tee 


re a a ae 


LOT EO (OU CS 
is convergent since it is absolutely convergent. In fact, the series obtained 
from this series by giving the positive sign to each of its terms is 


1 1 1 1 1 1 
Aang air een oe 
and this is readily shown to be convergent. 


An immediate corollary of this theorem is the fact that part (a) of 
the theorem of Art. 84 holds true not only when the terms of the series 
are all positive (see the proof as given in that article), but holds 
true equally well no matter what the signs of the terms may be. 
The steps of such a proof being easily supplied, are left to the student. 


EXERCISES 
1. Apply the theorem of Art. 82 to show that each of the following series must 
be divergent : 
(@)4+2+2+ 
(@) 4-342-44- 
(c) log 2 — log3 + log 4 — log5 + ++; 
(d) 1+a+2?+23 + ---, where |2|S 1; 
2 3 4 
(e) 1 Sapes Pree where |x| > 1; 


(f) sine +sin2%¢+sin3a%+---, where x has any value except 0, + 7, 
ae 2ir, c= 3m, etc. 


2. Apply the comparison tests (Art. 83) to determine which of the following 
series are convergent and which are divergent : 


1 1 1 1 : 
() 5.9  oagt) 50g) See 


Ans. Conv. 
1 1 1 : 

OQ) Ls tap tg ty where pS 25 

© 5t2+3+b4-; 


Hint. Compare with the series which results when each numerator is 
made greater by 1. 
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3. Apply the ratio test (Art. 84) to determine which of the following series are 
convergent and which are divergent : 


@) 1454 5454 Sb t ts Ans. Cony. 
1-343-243-4194 +. 

Ono et it wate 

@s-2 45-2438 _..4 ae aopit 


4. Investigate the convergence of each of the piece series by means of 
Theorem I or II (or both) of Art. 85: 


Orn at ant 


1 1 
(a) alt ae Sues Se ase 
ni 3V3 ae ; 
1 1 1 1 F 
©) log2 log3 ' log4 log 5 TLE 
2, ee 
(Obi cat ol le 


5. Investigate the convergence (or divergence) of each of the following series, 
using any one of the foregoing methods: 


()4+2+2+4+.- (b+) $—-2+3-—42-+ ...5 
1 2 3 3 
5 ae (ee iuaeaue sant 


2 3 , # 52 é iy ll 1 1 
OL eae See ee ae O stetoutetante 


6. Investigate the convergence of the series 

3 2 8 3 Ao 14 n2 —1 

ae Oe ere See 

when |x| <1. Consider likewise the case in which |x| > 1. What can be said 


in case |x| = 1? 


a” + eee 


86. Evaluation of the sum of a series. In Art. 80 the sum S of a 


series was defined as the value of the limit lim S,, where S, represents 
n>o 


the sum of the first n terms. Moreover, illustrations were given of 
series for which the sum as thus defined could be readily evaluated. 


In accordance with this definition every series for which lim S, 
u>-o 


has a definite meaning, that is, every convergent series, has a sum, 
but it is now to be noted that, unlike the special illustrations just 
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cited, the value of the sum is commonly difficult or even impossible 
to determine exactly. It is often possible, however, to obtain the 
sum of a series correct to any prescribed degree of approximation 
(for example, with a possible error of less than one ten-thousandth) 
by adding together a limited number of the early terms. The process 
is illustrated in the following example. 


Example 1. Evaluate the sum of the following convergent series correct 
to four places of decimals. 

1 1 1 1 1 1 1 
[72 Bu 4s Go engae eyes 
SotuTion. Evaluating each of the first four terms correct to seven places 

of decimals, we find 
1 


er 0.1428571, 


Gees at 
5-73 = 0.009718, 17a = 9.0001041, 


and the sum of these we find to be 0.154137. Furthermore, the terms of (1) 
beyond the fourth are seen to diminish steadily in value as one proceeds to 


= 0.0001041, 


te.) 


1 
2.72 
1 


= 0.0102040, 


the right in the series, and, as the largest of them is less than 


il 
4.74 
it is reasonable to expect that the combined effect of these additional terms 
upon the sum of (1) lies beyond the fourth decimal place. Hence, we may 
assume tentatively that the sum of (1), correct to four decimal places, is 
0.1541. Actually to confirm this conclusion, it now suffices to reason as 
follows : : 

The terms of (1) beyond the fourth constitute the series 

1 1 1 
Sis 6578 weer 
and these terms are respectively less than (or at most equal to) those of the 
geometric progression 
1 1 1 1 
Boye) Bays hey) algae 
the sum of which, by Ex. 5, page 161, is 


bor 5 a i 
swig) = 0.000013+. 


tgtatat | 


5-7 6 30-74 72,030 
The addition of 0.000013+ to the value previously mentioned, namely, to 
0.154137, evidently affects it only beyond the fourth decimal place, as was 
to be shown. 


In summary, then, the sum of the series (1) correct to four places of decimals 
is 0.1541. 
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_ While no general rule can be stated for evaluating the sum of a 
given series correct to a prescribed number of decimal places, a careful 
examination of the foregoing example will make clear the following 
statements. 

Having given any convergent series 


Upiet tle ate Ua ate 8 Fs Ug =F) Pee (2) 


and desiring to evaluate its sum correct to k places of decimals, one 
may begin evaluating decimally to several places beyond the kth 
a number of the early terms 1, us, us, --: of the series. Upon adding 
a sufficiently large number, m say, of these, a tentative value of S 
correct to k places of decimals results. To confirm this tentative 
result, the series remaining from (2) after the removal of its first m 
terms (so-called remainder series) must be examined and, by some 
method more or less ingenious, its sum must be shown to be so small 
as to have no effect upon the tentative sum above mentioned when 
added to it except beyond the kth decimal place. This procedure 
will always succeed in giving S to the desired degree of approximation, 
provided a sufficiently large value of m is employed. 

A series for which it suffices to use a relatively small number m of 
the early terms in order to obtain the sum of the series correct to a 
given high degree of approximation is said to converge rapidly, while 
a series is said to converge slowly in case a relatively large value ofm 
is similarly required. 


Thus, the series 


1 1 1 1 
Deige oie ates ane pe 
converges rapidly as compared to the series 
1 1 1 1 
Il+atamtatpet 


and conyerges still more rapidly as compared to the series 
1 

3 
Q2 


ise ee he elas Br 
hie 3% 43 


The procedure outlined above may be greatly simplified in case 
the given series (2) is an alternating series whose terms satisfy the 
conditions mentioned in Theorem I of Art. 85. In fact, the following 
general theorem may then be employed to advantage, the proof of the 
theorem being here omitted, however, for the sake of brevity : 
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Theorem. If S represents the sum of the convergent alternating 
serves 

U1 — Us aR Uz — U4 aF ieee iat +(- Drew, +(-— 1)"Un4a ae tae 
wherein it is assumed (as in Theorem I of Art. 85) that (a) the successive 


quantities Us, U2, Us, -*: continually diminish in value and (b) that 


lim wu, = 0, then the sum of the first n terms of the series, whatever 
n>-o 
value be chosen for n, gives the value of S correct within a possible error 


not exceeding the numerical value of the first term neglected; that is, an 
error not greater than Un41. 
Thus, having given the convergent alternating series 
1-$4+4-t44-= 
we may assert that the sum S differs from 
1-$=4 

by less than 4+; similarly S differs from 

1-44+4=% 
by less than +; again, S differs from 

i-t+4-t-% 

by less than 4; etc. Evidently, by summing a sufficiently large number of 


the early terms of the series the value of S may thus be obtained to any pre- 
scribed degree of accuracy. 


The manner in which the foregoing theorem is used in practice is 
illustrated in the following example: 


Example 2. Evaluate the sum of the following alternating series correct 
to four decimal places (compare with series (1)). 


1 1 1 1 1 
i.’ 5.7. om eae ®) 


: : 1 5 
7b Beis 
Sotution. Since 5-7 84,035, the term is equal to 34036 which 


1 
ya hs 
is equal decimally to 0.000011+. Hence (observing that the terms of (3) 
satisfy the conditions of the theorem) we may assert that the error com- 
mitted by taking for the sum S of (3) the sum merely of its first four terms 
is less than 0.000012, which value lies beyond the fourth decimal place. 

Evaluating decimally the sum of the first four terms of the series, using 
for this purpose the values 7+, = 0.1428571, 55 = 0.0102040, ete, 
indicated in the solution of Example 1, we thus find that the desired sum of 
the series, correct to four decimal places, is 0.1335. 
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EXERCISES 


Evaluate, correct to the decimal place indicated, the sum S of each of the fol- 
lowing convergent series : 


il 1 1 1 
1. oes 
i) Oc ee ue era Uae tle 
1 1 1 1 1 1 
Pa Ce res 108 + Gaus glace’) 
chal nae sta ar 5 Vie sara os AL, coc, (three places) 
al 1 1 1 1 1 1 
4.025 — : ate A = ¢ toe r 
IG ye BR : 100 34 102 4-55) 108 ee) 
ane 1 1 
5. = = 8 
S35 “ 3h] 31-41 ee) 
1 1 1 
6 ie, A eS eee 
ag ae ape + (four places) 
7. 1 1 a! alt Aes, (three places) 
2.21 ' 38.31 44-4! 


II. Power SERIES 


87. Definition. Of especial importance in the calculus and all 
branches of higher mathematics is the special class of series known as 
power series. Such series, by definition, comprise all those of the 
type-form 

Qy + aie + ag? + age? + ++ + Ont™ + -, 
where the quantities (coefficients) ao, ai, dz, --: Gn, -*- are constants 
but where x is regarded as a variable. The appropriateness of the 
name ‘‘ power series” is seen to lie in the manner in which the various 
ascending powers of x are contained in the succeeding terms of the 
series. 

From the foregoing definition it is evident that whether or not a 
given power series is convergent or divergent will depend, in general, 
upon the value assigned to the variable x. In fact, such a series will 
usually converge for some values of x and diverge for others. 


Thus, the power series 


Gh MES ee ae 
Lg tig i qilly aaeh 


can be shown to be convergent for every value of « lying between — 1 and 
+ 1 but divergent for every value of x lying outside this interval; that is, 
divergence is present for every value which is either greater than + 1 or 
less than — 1. These are special results which follow directly from a general 
theorem concerning power series which will now be established. 
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88. The convergence of power series. The following general 
theorem may now be established relative to any given power series: 


Theorem. The power series 
Ay + Git + det? + age? =F === + a,” 4 (1) 


An - 


being given, let L be the value of the limit lim Then, the series will 
n>-o 


n 


(a) converge for every value of x such that |x| < L; 

(b) diverge for every value of x such that |x| > L. 

Proor. We first observe that the nth term, u,, of (1) is u, = 
Gn10"1. Hence uns = @,0” and consequently we may write 
Ce ds |2| 


rahe 


== hue 
n>2 


n>o 


an, 
Therefore, by the ratio test of Art. 84 the series (1), when considered 
for any value of 2, will (a) converge in case the last expression here 
appearing is <1; (b) diverge in case the same expression is > 1. 
But these results are seen to be equivalent to statements (a) and (6). 


Remark. The geometrical meaning of the theorem is as follows: 


Let XX’ be a straight line of indefinite extent which has been laid 
off to scale to the right and the left of some point O regarded 

as origin; also let x repre- 
, sent the single codrdinate 

(abscissa) of any point P 

upon this line. Now, lay off 

to the right of O a length of 
L units, where L has the value indicated in the theorem, and do the 
same to the left of O. There are thus determined two fixed points, 
x = L and « =— L and the interval between them, which is desig- 
nated as (— L, L). For any value of x pertaining to the interior 
of this interval we evidently have |z| < L and hence, by the theorem, 
the series (1) will converge for this value of z. On the other hand, 
it appears likewise that for any value of x lying outside this interval 
we have |z| > L and hence the series (1) will diverge. For these 
reasons, the interval (— L, L) pertaining to any given series (1) is 
called its interval of convergence. 

It is to be observed that the foregoing theorem gives no information 
as to convergence or divergence when |z| = L; thatis, whenz =— L 
or « = L, these values corresponding to the end-points of the interval 


O De Gi 
ee 


Fie. 99 


> 
& 


: 
: 
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of convergence. For each of these two exceptional values of x the 
series (1) must be examined independently by means of the theorems 
of Arts. 81-85 or by other means. 

Finally, the limit indicated by L may be + © instead of a definite 
value. In this case, the corresponding series (1) converges for all 
values of x. Otherwise stated, the interval of convergence is infinite. 


Example 1. Determine a at of conver reece of the power series 


1 ee D} 
+2 aS +2 asc ore ro steak (2) 
Sotution. In the notation of the theorem we here have a = 1, ai = 3, 
Qe = 4, U3 = 5,77) On = a : 1 Hence, @n_1 = * and therefore 
L = lim (| = tim 21! = tim (1++)- 
n> | An n> n n—>-o nN. 


Hence, applying the theorem, the series (2) converges for every value of x 
such that |x| < 1 and it diverges for every value such that |x| > 1; that is, 
the interval of convergence is (— 1, 1) as represented in Fig. 100. In the 
present instance one may also determine without difficulty the convergence 


properties of the series at the end-points ¢ =— 1 and «= 1. Thus, when 
x =— 1 the series becomes identical 
with (2) of Art. 85 and is therefore 
convergent. Again, when x =1 the X= 0 aah OG 


series becomes identical with (4) of 
Art. 79 and is therefore divergent. 

In summary, the series (2) is convergent whenever — 1 < x <1 and 
divergent for all other values of . Compare this final result with the state- 
ment at the end of Art. 87. 


Fie. 100 


Example 2. Determine o ae of ae of the power series 


1 tee, 3 
hs ae i+ ite Oa ae Gea i Dl (3) 
: el 
Sotution. Here we have ad, = an and hence dp,_1 = a There 
fore, 
i 
! 
L = lim |*4) = lim |—*—| = lim n+ 1] = 
n>o| On n> n> 
(n+ 1)! 
The interval of convergence of (8) is bi te 
therefore infinite; that is, the series con- nee) aoe Cer? tts 
verges for all values (positive or negative) O 


of x. Fie. 101 
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89. Maclaurin’s Series. The value of the sum S of a power series 
depends, as indicated in Art. 87, upon the value assigned to the 
variable « appearing in the series, hence such a sum is, in reality, a 
function of x. From this point of view, the following problem now 
suggests itself: How shall the power series be formed whose sum S 
shall be a given function of x, say f(x) ; that is, how shall the constants 


Mp, A, Az, -**, Gn, «** be determined so that the following equation may 
exist, it being understood that x is within the interval of convergence: 
fle) = ay + aye ae? + age? = = + a2” + (1) 


This is a problem of prime importance, as will appear presently, but it 
presents certain preliminary difficulties, since not every function f(x) 
can be thus “ developed ” or “ expanded ” into a power series, as 
will also appear presently. It is not difficult, however, to show what 
the value of each of the constants (coefficients) ao, G1, Q2, A3, -** An «°° 
must be in case such an equation as (1) 7s possible. We may, in 
fact, now establish the following theorem : 


Theorem. If the function f(x) is developable into a power series in 
x, the series must necessarily have the form 


f= (04 £O 4 FO pn LO, -LO ms, 2) 
where f(0), f(0), f’’(0), 7") apo ee --» represent respectively the 
values of f(a) and its successive derivatives when x = 0. 


Proor. Since, by hypothesis, a development of f(#) in the form 
(1) exists, we have but to place « = 0 in both members of (1) to 
obtain f(0)= a); that is, a must have the value f(0) as indicated in 
(2). Again, differentiating (1) member by member we obtain 


f'(@) = a, + 2 aoe + 3 agx? + --- + nape + >>, (3) 
and, placing « = 0 in this result, we obtain f’(0)= a. Hence a, = 
7-0); on ay = ro, as indicated in (2). Similarly, from (3) 


Sf’ (@)=1°-2am4+2+8 037 +3-4 ag? + > + n(n — Llane??? ++, 


and hence f’’(0) = 1 + 2 a2 = 2! ae, so that a2 = ro, as indicated in (2). 


Evidently the same process may be continued indefinitely, leading to 


(n) ; 
the general result a, = ee. with which the proof is complete. 
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Remarks. The series (2) corresponding to a given function f(z) is 
known as the Maclaurin’s series * for this function. It may evidently 
be always written out formally; that is, without regard to con- 
vergence or other properties, directly from a knowledge of f (zx) itself. 
Moreover, it is shown in more advanced texts that for all ordinary 
functions f(x) (such functions, for example, as we are concerned with 
in this text) the corresponding Maclaurin series converges to the 
value f(x), as desired, for every value of x within the interval of con- 
vergence. We may, therefore, safely use formula (2) to obtain actual 
power series developments, or expansions, of given functions. 


Example. Develop the function e-* in Maclaurin series. 
Sotution. Here we have 


RO\= Gey hence /f(0)= e = 1, 
f(z) =— e*, ‘hence f’(0)=— e? =—1, 
MO)=e% hence f”(0)= 1, 
(Qa Ge hence f’”’(0)=— 1, 


f(e)=(— Ire, hence fm(0)=(— 1)*. 


Substituting in (2) the values thus found for (0), f’(0), f’’(0), etc., we obtain 
as the desired development 


a q? a Can 5 (- 1) ‘s 
gs aay sae 


This series is readily shown by the theorem of Art. 88 to be convergent 
for every value (positive or negative) of x; hence, in accordance with the 
foregoing general remarks, it may be used to compute to any desired degree 
of accuracy the values of e-*. For example, 

1 1 1 1 1 


Been a i oy S- 
ees oa semester tt 


me bee rower ya 
Now, 5)= 5795 3)=57 0.166667, 4) = 94 = 0.041667, 5) = 55 
ee. Lage Re eee a eee 
= 0.008333, &) = z5q = 0.001389, | = =a75 = 0.000198, =; = span 


0.000025, ai = (0.000003. Substituting these values in (4) and making use 
of the theorem of Art. 86, it appears that the value of 1/e correct to five 
places of decimals is 0.36788. Hence, 

@=15 0.36788 = 2.71828+. 
Thus we have obtained the value for e which was mentioned in Art. 24 but 
which we were not able to obtain readily at that point. 


* Colin Maclaurin (1698-1746) was a professor at the University of Edinburgh. 
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EXERCISES 


1. Find, by the theorem of Art. 88, the interval of convergence of each of the 
following power series, illustrating each by a diagram : 


re ae at eng » partes Ans. —1 <2 <1. 


1-248 - ote +o I ss Ans. —3 <2 <3. 
(c) 1+224+32?+4+->: gies 

(1422, 3h 4574... ee 

O Daisy ae SU tony 


(Qi-24 Eye 4. eae 
@ite+E+oee gt +B 


2. Obtain each of the patie mp. series maces 


(@@) ee =1+e4+5 {+5 5+ oo ee 


a 4 n-1 
(b) rt ae ee 
i oh ae ah (pL f 
(c) sing = 2 tant + ewer BHO AT ete 
a ot (Gee NE os, j 
(d) cosa = 1 = Sha a+. a all nyt? dk wang 
(e) a =1+4axloga+ Gogo” ar x + (ogar oy ae UO Gro 
Post ak: eee 1 ee 
Y) arelein = Gh 95g Se ie ere er 
( t cE OT Re 
g) arctanz = 2 G+ 7s 


3. By means of the series developments in Ex. 2 obtain the following numeri- 
cal results : 


(a) e = 2.7182 --- 


Hint. Place « = 1 in Ex. 2(a). Make use of the values of a apete. 


given in the Example of Art. 89 and compare the method there used for com- 
puting e with the one now suggested. 


(b) log, 1.06 = 0.058 -+-. 

(c) sin 10° = 0.1736 --- 

Hint. 10° = 10x Te = rr = 0.17453*, hence use the series in Ex. 2 (c) 
with x = 0.17453. 

(d) cos 10° = 0.9848 -:- 

(e) arc tan 1 = 0.1973 radians = 11° 19’. 
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4. By means of the theorem in Art. 89 obtain the binomial expansion 
ite mm. — 1) 2 m(m — 1)(m — 2) _. hs 
(1 +2)" =1+4 me + 5e 31 a Se 
i Seater ae — 1)(m — 2) --- (m —n + 1) pote 


n! 


Show also that the interval of convergence of this series is — 1 <x < 1. 
5. Show (by trial) that the function log 2 cannot be expanded in Maclaurin 


series. Test similarly the functions 1 cot x, x cot x. 
x 


6. By means of the result in Ex. 2 (f) show that a may be expressed in series 


Rime Re /INGD) | Ve SAT (ANE 50) 
aoe) oo sa)ee ‘ 
Confirm by this result the well-known fact that + = 3.1415*. 


7. Obtain each of the following Maclaurin developments, and establish for 
each the indicated interval of convergence: 


(a) log jE = 2(2+ 52+ 5+); (S12 < I1)s 


(b) sin? 2 =o? — Fat + 2 as _. Pee Saiest 


form as follows: 


gen ut unk 


(-x<24< 0); 
Hint. sin?z = 3 (1 — cos2 2). 


1 
foMncom ea ite eh 1a 2 ee Sa oe <)s 
3 (2n)! : 2 


Bee gh See ete CA ce 


SOOT AS Te ia aa a 61 7a 


8. By use of the theorem of Art. 84, show that the interval of convergence for 
each of the series in Ex. 2 (a), (c), (d), (e) is infinite, while for each of the series of 
Ex. 2 (6), (f), (g) the interval is —1 <2 <1. 


90. Taylor’s series. Instead of developing a given function f(z) 
in a series which proceeds according to ascending powers of 2, as in 
Maclaurin’s series, it is often convenient to develop it in a series 
proceeding according to ascending powers of x — a, where a is some 
given number; that is, to develop f(x) in the form 


f(x) = bo + Di(a — a)+ bo(w — a)? + B3(a — a)? + 
SAAC oO) iene (1) 
where the quantities (coefficients) bo, bi, bo, --- ba, +: are constants. 


In this connection we have the following theorem, analogous to that 
of Art. 89, for determining the specific form of such a series: 
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Theorem. If the function f(a) is developable into a power series 
in x — a, the series must necessarily have the form 


I(x) = fa)+ LO (x — a)+ Te (x — a)? +o ie (x — a} 
to LOO ay toy (2) 


where f(a), f’(a), f(a), f'’"(@, «+: f(a), «+: represent respectively the 
values of f(a) and its successive derivatives when evaluated at x = a. 


Proor. The proof, which closely resembles that of the theorem 
in Art. 89, may be carried out as follows: 

Since, by hypothesis, a development of f(2) in the form (1) exists, 
we have but to place x = ain both members of (1) to obtain f(a) = bo; 
that is, bo = f(a), as indicated in (2). Again, differentiating (1) 
member by member, we obtain 

f'(e)= b1 + 2bo(@ — a)+ 3 b3(@ — a)? +>: 

+ nbp(x — a)™ 1+ +, (3) 
and, placing « =a in this result, we obtain f’(a)= b;. Hence, 
b, = f(a), which may be written b; = ro, as indicated in (2). 
Similarly, differentiating (3), we obtain 

f"(@=1-2h%+2-3b(@ —a)+3-4bs(e — a)? + 
+ n(n — 1)b,(@ — a)” + - 


and hence f’(a)= 1-2 bs = 2!bs so that be = re, as indicated 


: su aa 2 2 (n) Z 4 

in (2). Continuing this process, we obtain b, = al) with which 
n! 

the proof is complete. 


Remarks. The series (2) pertaining to a given function f(x) is 
known as the Taylor’s series* for f(x) ‘‘ corresponding to the value 
(or point) « = a.”” Taylor’s series evidently includes Maclaurin’s 
series as a special case; namely, the case in which a is chosen equal 
to zero. Just as Maclaurin’s series is adapted to the computation 
of f(x) when has values near to zero (the series then converging with 
relatively great rapidity), likewise Taylor’s series is adapted to com- 
puting the values of f(x) when x takes values nearly equal to a, 
whatever the (fixed) value a may be.. 


* Brook Taylor (1685-1731) was a contemporary of Sir Isaac Newton. 
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Example. Expand the function log x in ascending powers of x — 1. 
Sotution. Here a = 1 and we have 
f@)=logz, -f(a)= f(l)= log 1 = 0, 


f@=5 f@=10)=F-1, 
i"@=-+) f"@=f'"Q)=-F=-1 


ra==  f"@=sf" d=? = 2, ete. 


Hence, substituting in (2), we obtain as the desired series expansion 

bee @ = 1) —s@ — 1)? +3@— 1% —4@ 1) =. 
It is readily shown by the theorem of Art. 84 that this series converges for all 
values of w lying between 0 and 2. It converges rapidly for values of x near 
to 1 and hence it can be used, if desired, to calculate to a high degree of 
accuracy the logarithms of numbers which differ but slightly from 1. 


91. Second form of Taylor’s series. Instead of developing a 
function f(x) in powers of x or of x — a, thus leading the two types 
of series discussed in Arts. 89, 90, it is frequently desirable to develop 
a function of the sum of two quantities, as f(w + h), in powers of the 
added number, h. The form of such a development is directly ob- 
tainable from the theorem of Art. 90. Thus, if in that theorem 
we take a = h and then replace x by « + h, we obtain 


fe + Wy 0) + LOD 9 4 LL ge 4 LM gs 


(n) 

n! 
If we now interchange x and h in this result, noting that the left 
member remains unchanged since f(h + 2) = f(z +h), we obtain 


fla + n= f+ LOn 4 LO 4 OO ps +. 
)( ) - 
$e pom, (1) 


This evidently expresses f(z + h) in the form proposed; that is, in 
powers of the added number h. 

Inasmuch as the foregoing formula for f(x + h) is obtainable, as we 
have shown, from (2) of Art. 90 by a mere change of letters, the two 
formulas are in reality equivalent. Thus, the series (1) just obtained 
is to be regarded as a second form of Taylor’s series. 
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Example. Expand sin (2 + A) in ascending powers of h. 

Sotution. Here f(t +h)=sn(e@+h), f(z)=sinz, and_ therefore 
f'(z)= cosa, f’(z)=— sina, f’’(x)=— cosa, etc. Substituting these ex- 
pressions in (1), we obtain as the desired development 


sin (x + h)= sine + eres - ae h? — aa h3 + =, 

92. Taylor’s series for a function of two or more variables. It is 
desirable to note the following theorem by means of which, if a 
function f(z, y) of the two independent variables x, y be given, one 
may develop the expression f(a + h, y + k) in a series containing the 
ascending powers of h and k (compare (1), Art. 91): 


Theorem. Given a function f(x, y) of the two independent variables 
x,y. If the expression f(x + h, y + k) is then developable in ascending 
powers of h and k (including the products of any two such powers), the 
development must necessarily have the form 


flat hy +k)= f(x,y) + (At rR) 


A (p2 af Lop px OF: 
tai ot ogey ae oy? (1) 


17,30 ap _O°f a_ of 30°F Sa 
+35 (# <3 + 3k toy + BAR teh a) ; 


ox Ox dy? 
2 2 2 
where the partial derivatives oe oy oF ay ; on --- are assumed to 
Ox dy Ox Ox dy dy? 
exist and be finite at the special point (x, y) under consideration. 


Proor. The values of x, y, h, and k being regarded as already 
assigned and hence as fixed, consider the function of the single 
variable ¢ defined as follows: 

F(t)= fiw + ht, y + kt). (2) 
For the special value t = 1 this function evidently reduces to 
fi«@th,y +k); that is, we have 


F()=f@+h,y +k). (3) 
Moreover, expanding F(t) in Maclaurin’s series (Art. 89), we obtain 
FO = FO) + EOE Oe peep 


Here F(0)= f(z, y) from (2) and we may likewise express F’(0), 
F’’(0), F’’’(0), etc., in terms of x and y, as will now be shown. 
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Let oe ht) B Sy ke. (5) 
Then, by the theorem of Art. 63, we may write 


14) . OF da , oF dp. 
ae da dt + 38 0g dt (6) 
But from (4) we have 
dt wend dt o 7) 


Moreover, F(t) may be looked upon as a function of 2 where z itself is 
a function of a through (5). Likewise, F(t) may be looked upon as 
a function of y where y itself is a function of 6 through (5). Hence, 
employing the theorem of Art. 16, we may write 


OF OF da OF _oF dp 
= ‘ d me . Pp, 
On 0a) ds me dy OB dy ©) 
Here, as a result of (5) we have dor _ 1 and a8 1, so that (8) 
dx dy 
becomes 
oF _ oF oF _ oF. (0) 
dz. 0a dy op 
Substituting in (6) the values of « ae oF ae obtained in (7) and 
(9), we obtain 
oF oF 
WG NS eas SR hee. 10 
R= ne + a (10) 


Replacing F(t) by F’ e in be we have 


F(t) = ne He r+ 


= 
vp f ar or 
= h [hy ee 
ihe ea et ant 
which reduces to 

oF or OF 
"(t)= h? —— + Qhk k? itl 
F’'(t)=h ae re + ay? (11) 


In like manner we may obtain the following form for F’’’(t) : 


OPS arog papa OE A spot 


noe C) a 
srs dx? dy Ox dy? dy? 


Ee) = a real (12) 
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We have now but to place ¢ = 0 in (10), (11), (12) to obtain 


ro=hL + eZ ; 
Ox oy 
Poy= WEL 42m PL +k aos 
Ox Oy ay” 
Pv = wot ee 


da dy? ay?” 
etc. 

Substituting these expressions in (3), recalling also that F(0) 
= f(x, y), we obtain 


F(t) = f(z, y)+ (not eae | ¢ 


P (p2 OF o°f 2 OF 
es nT Oy? 


3 at 2 asf pot 
+ 5i(” 5a Wer 


Hence, placing t = 1 and recalling formula (2), we arrive at the 
result stated in the theorem. 


Remarks. In the case of a function of three variables, as f(a, y, 2), 
the series corresponding to (1) is found in a similar manner to be 


fathytkz+D= fy ot Dee taee le 


+2 (a moi ee + ott ah oe oa. {tance v4 +2425) 
2!\ ax? oy a2 


a be (13) 


More generally, the corresponding series for a function of any number 
of variables may be written out. As regards the convergence of 
such series, it is shown in more advanced texts that, in general, every 
series (1) converges to the value f(x + h, y + k), provided that values 
sufficiently near to zero are assigned to the quantitiesh andk. Similar 
remarks apply to series of the type (13), provided that values suffi- 
ciently near to zero are assigned to hy k, andl. Moreover, the nearer 
the values of h, k, etc. are to zero, the more rapid the convergence. 
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Example. Having given the function f(z; y)=sin(«+y), develop 
fie +h, y + k) in powers of h and k. 


SouutTion. Here we have 


fa, y) = sin (x eT Y), 


Via 
ae cos (« + y), 
af 5 of S of Mis 8 ee 
Sn eedee sin (« + y), 
af af at aioe Des bse Gry) 


ous aa ay = aw ay? ~—ay 


Hence, applying the theorem, the desired development is seen to be 
fath y +k)= sin (@ + y)+(h + k) cos (« + y) 
_ set 2hk + k?) sin (@ + y)— 38+ 3 hk + 3 Ak?+ k) cos (a@+y)+ --. 


93. The theory of approximation. In the formula (1) of Art. 91 
let us replace h by Az, thus writing the formula in the form 


f(x +Ax) = f(x)+ f’(x)Ax +08 i Ee ro Az’ ++. (1) 


If, now, Ax is small in absolute value (though not exactly equal to 
zero), the terms on the right in (1) that contain Av, Ax’, Az’, --- ete. 
are evidently all small, but of these terms the one containing Az’ is 
smaller than the one containing Az, the one containing Az’ is smaller 


than the one containing Az’, ete. In using formula (1), therefore, 
to obtain the value of f(a +Az) when Az is small in absolute value, 
there will be but a comparatively small error committed if all the terms 
on the right following the term f’(x)Az are entirely neglected. Other- 
wise stated, this result may be summarized as follows: 


Theorem. If Ax is small in absolute value, an approximate value 
of f(a +Ax) zs given by the relation 
f(x + Ax)= f(x)+ f(x) Ax. (2) 


The expression here appearing on the right is called the first approxi- 
mation for f(x +Azx). If greater accuracy is desired, one may use 
the so-called second approximation, which differs from the first only 


in that the term Pie Ac’ appearing in (1) is retained instead of 
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neglected; that is, the second approximation for f(z +Az) is given 
by the formula 


fw + Ax) = f(x) + f"(@) Aa + roa Az’. 


Similarly, the third and higher approximations for f(a + Ax) are 
immediately obtainable from (1) by retaining more and more of the 
neglected terms. 

In an analogous manner, one may obtain from the results of 
Art. 92 first, second, and higher approximation formulas for 
f(a + dx, y + Ay), f(x + Ax, y + Ay, 2 + Az), etc., where f(x, y), 
f(a, y, 2), ete. are respectively functions of two, three, or more 
independent variables. Thus, as a first approximation for 
f(a + Ax, y + Ay) we have 


- of of 
f(x + Ax, y + Ay)= f(x, y) + ae Ax + ai Ay. (3) 


Example 1. If each edge of a cube be increased by one tenth of an inch, 
find the approximate volume of the new cube thus formed, provided that the 
original cube had an edge of (a) 10 inches; (6) 20 inches. 


Sotution. Let V(x) represent the volume of the cube whose edge is a. 
Then we have 
Vie) = a. 


An approximate value for V(« + Az) as determined by (2) is therefore 
V(@ + Ax) = 23 + 3 2? Az, 


it being understood that Az is confined to small values. 
In case (a) we have « = 10 and Ax = 0.1, so that the desired approximation 
to the volume of the new cube may be taken as 


V(10 + 0.1) = 108 + 3- 102- 0.1 = 1030 cu. in. 


Inasmuch as the exact volume of the new cube is (10.1)? = 1030.301 cu. in., 
it appears that the approximation just determined differs from the true 
amount by as little as 0.301 cu. in. 

In case (b) we have « = 20 and x = 0.1, so that the desired approximation 
to the volume of the new cube may be taken as 


V(20 + 0.1) = 208 + 3- 202- 0.1 = 8120 cu. in. 


Here the exact volume of the new cube is (20.1)? = 8120.601 cu. in., so that 
the approximation just obtained differs from the true amount by as little 
as 0.601 cu. in. 
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EXERCISES 
1. Obtain each of the following Taylor ve developments : 
(@) & =e[1+@-)+5, (@ — 1)? + aye — 1) + ‘|i 
(b) e = #/1+(@-2) rae (c= 28 +]; 
(c) log = log 2 + A(x — 2)— (a — 2)? + ah (a — 2)38 — -.; 
ing = 1v2 me (gt tee EY) as 
(d) sin x 5 21 +(2 a ni(? z) iG ale: |i 


(©) Ve=145@-1-G@-1P t+ he@-1p-R@-1tt ns; 


_ 


(f) 2 =a" + na"! (4 — a)+ ma») = 1) a2 (¢ — a)? ++; 


= Lia ae ie) LIA CAL Nba here 
(g) loge = loga + a 2 a2 i 3 a8 4a4 is 


2. Obtain each of the following developments : 
(a) (2 +h) = 2" + north + mn L) pn—2p24. (0 — ye = 2) yn 3p3 4 sa 


h h2 hs ha 3 
(b) log (x + h)= log x + 2813s ant 
(c) cos (x +h) = cose —hsinz ~ Fcose + M sina + + 
(d) tan (2 + h)= tana + hsec? « + h? sec? x tan x 
+ me see? a(l + 3 tan? z)+ +3 
(e) log sin (2 +h) = log sinz + h cot x — a esc? g++ — hé cos & ; 
on 3 sin? x 


: ; 2 
(f) log sec (2 + h) = log sec + h tan x + F sect x 
+ © sect 2 tan x + A see? x(1+3 tan? z)+ +. 


3. Prove that, if P(x) is any polynomial of the nth degree in zx, it may be ex- 
pressed as the sum of n + 1 terms containing the ascending powers of xz — a, 
where a is any given number, as follows: 


P(z) = P(a)-+ P'(a)(x — a)+ ro (CREAT) peat a aC) mo (2 — a)". 


4. If f(x, y) = Az? + Bay + Cy?, show that 
f(z +h, y +k) = Aa* + Bry + Cy? + (2 Ax + By)h + (Ba + 2 Cy)k 
+ Ah? + Bhk + Ck. 
6. If f(a, y) = sin zy, show that 
f(a +h, y +k) = sin zy + (hy + kx) cos zy 
— d(hy + kx)? sin zy + + 
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6. Show that when Az is small in absolute value, we have approximately 
sin (x + Ax) = sin + Az: cosa, 
cos (x + Ax) = cosx — Az: sin z. 
Hence, compute approximate values for sin 46° and cos 46°, it being given that 


sin 45° = cos 45° = aks = 0.70711+ and that 1° = 2 radians = 0.01745+ 
V2 180 


radians. Compare your results with those given in trigonometric tables for 
sin 46° and cos 46°. 


7. Find by the theorem of Art. 93 the approximate value of \/32.16. 


5 Hint. Apply the theorem to (# + Az)®, subsequently taking x = 32, 
Az = 0.16. 


8. Find by the theorem of Art. 93 approximate values for each of the following : 
(a) 8.04;  (b) W16.16; —(c) (81.08)3. 
9. Show that the approximate value of e-%7 is 2.6380. 


10. Prove that so long as x and Az have any values for which AZ| < 1 the error 
x 
in the approximate equation 
1 =1_4% 
= foe en Ei 
will be less than 47. 
|x| 


11. Use the result in Ex. 10 to find how much must be taken from the recipro- 
cal of 4000 in order to give the reciprocal of 4001. 


12. How much should be added to 104 in order to give 104-901 ? 


13. Show that when Li is small, the value of Va? + b is approximately equal to 
a 


-+() 


14. Let r be the radius of the base of a right circular cylinder, and let h be 
the altitude. Show by (3) of Art. 93 that if r and h be increased by the slight 
amounts a and b respectively, then 

(a) the corresponding increase in the volume will be approximately 
ar(2 ah + br), 

(b) the increase in the lateral area will be approximately 2 (ah + br), 

(c) the increase in the total area will be approximately 2 [(2r + h)a + br]. 

15. Let r be the radius of the base of a right circular cone, and let h be the alti- 
tude. Show that if r and h be increased by the slight amounts a and b respec- 
tively, then the corresponding increase in the lateral area of the cone will be 
approximately 

(27? + h?)a + rhb 
Vetr 


CHAPTER XI 


INFINITESIMALS. DIFFERENTIALS 


94. Definition. The term infinitesimal is used in the calculus to 
denote any expression which, in the course of a given discussion, 
approaches the limit zero. For example, the expression 2 — 1 is an 
infinitesimal in any discussion wherein « itself is approaching the 
limit 1, for under such circumstances the difference x — 1 is obviously 
approaching the limit zero. Similarly, the expressions (x — 1)?, 
x(a — 1), sin (w — 1), log are infinitesimals in any discussion in 
which x is approaching the limit 1. Again, the expressions 22, sin z, 
x + 2x*, e* — 1 are infinitesimals in any discussion wherein x is it- 
self approaching the limit zero. Geometrical 
illustrations of infinitesimals occur in Fig. 102, aM 
where, in case the central angle x be allowed to r R 
approach zero, the are AP becomes an infini- 
tesimal, as likewise also the chord AP and g 
each of the lengths MP, AQ, PN, MA, PQ, PR, Rie. ee ca! 
and AR. On the other hand, OM is obviously 
not an infinitesimal in any discussion in which x itself approaches the 
limit zero, though it might be in some other discussion, as, for example, 


one wherein x is approaching the limit i 


95. Comparison of infinitesimals. Suppose that in a certain dis- 
cussion two infinitesimals are present. Let them be represented by 
(x) and e(zx),* each being dependent upon some ultimate variable x 
and each approaching zero as this variable x itself approaches some 
given fixed value which we shall suppose to be x = a. 

For example, in Fig. 102 we have (in particular) the two infinitesimals 
e(z)= MP and e(r)= AQ, each being dependent upon the central angle x 
and each approaching zero as this angle approaches that value. 


We then have the following definitions : 


*The Greek letter « (pronounced &p’si-lon) is commonly used to represent 


an infinitesimal. 
191 
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Definitions. (a) The infinitesimal e(x) is said to be of the same 
order as the infinitesimal e(x) in case the limit of the ratio oe as x 


approaches ais some number different from zero; that is, in case 


lim 2 — K x09. 
ia €) (a) 

(b) The infinitesimal e(x) is said to be of higher order than the 
infinitesimal e(x) in case the limit just mentioned has the value zero ; 
that 1s, in case 

|itnre ee x(a) _ 


I>a €) (a) 


(c) The infinitesimal €(x) is said to be of lower order than the in- 
finitesimal e(x) in case the limit just mentioned is + 0 or — oo ; that 
is, in case 

lim 2) = == Oo) 
I>a €\(% 

Thus in Fig. 102 (or 103) the line AQ is an infinitesimal of the same order 

as the line MP since by trigonometry we have AQ =r tan x and MP = 
PQ r sin x, so that 
AQ _rtanz_ tanz 


‘Up R = 5 ire = sec & 
MP rsing sin x& 


0 and hence 
MAN i AQ i 6 
Fra. 103 | WO EP i ae 


On the other hand, we may show as follows that MA is of higher order 
than MP. We have, in fact, 


MA _OA— OM _ r—reosz _1—cosx (1) 
MP MP rsin x sin x 


Here, if we allow x to approach the limit zero, the right member assumes in 


the limit the indeterminate form > but its value may be determined by use 
of the theorem of Art.’74. Thus, we obtain 


lim ie 
z>oMP 7-50 sing |, z>0 cose 


MA ; — cost _}. sinz 7 =0. (2) 


Inasmuch as the value of the left member of (2) is thus found to be zero, 
definition (6) applies; that is, MA is of higher order than MP. 


EEE 
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Besides the definitions (a), (b), (c), which serve the general purpose 
of determining whether two infinitesimals are of the same order, 
and if not which one is of the higher order, we have also the following 
definition through which the orders of any two infinitesimals may be 
more specifically compared : 


(d) The infinitesimal e(x) is said to be of the nth order as compared 
ORT 
le.(x)]” 


approaches ais some number different from zero; that is, in case 


to the infinitesimal a(x) in case the limit of the ratio 


ae ee 2), 
za [€,(x)]” 
Example 1. Show that as x approaches zero in Fig. 103 the length MA 
is an infinitesimal of the second order as compared to the length MP. 


Soutution. Reasoning as in obtaining (1), we may write 


WA, OA = OMS ari 1 eos ek cose 


MP MP r? sin? x rsin? a ’ 


and taking the limit of each member of this equation as x approaches zero, 
evaluating the resulting indeterminate form on the right by means of the 
theorem of Art. 74, we obtain 

MA COS tame 


lim —, = lim Eee 
z>0 VP z>o rsin’s 


sin x é 1 


: = lim 
m>o2rsinzcosx z>02rcosz 


ee ix 
0 Qt 


x which is different from zero, indicates that 


definition (d) applies, and it shows, as stated before, that MA is of the second 
order as compared to MP. 


This result, being the number 


Example 2. Show that as x approaches zero in Fig. 103 the length MA 
is an infinitesimal of the first order as compared to the length PQ. 


SoLtution. Reasoning as before, we may write 


MA _OA-—OM _r—rcosz _ (1 — cosx)cos 
PQ OQ-OP rsecx—r 1 —cosz 
Hence, 


= COS @. 


line into tt 0. 


z>o P Q zt>0 


By definition (d), MA is thus of the first order as compared to PQ. 
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Example 3. Show that as x approaches the value 5 the expression 


sin 2z- log sin becomes an infinitesimal of the third order as compared 
to the expression 7 — 2 x. 


Sotution. What we are to show, when stated as an equation, is that 
a sin22-logsing _ K 


>t (x —2 x)3 


= some number ~ 0. (8) 


Now, we may write 


sn2a-logsinz  sin2e  logsing 


(r — 22)8 x —22 (t# — 22)? 
and hence 
. sin2a- logsinz 5 ENP oe [hey 
lim ay linn elk lim =: 
cod (rx — x) al x ee 


But, applying the theorem of Art. 74, we have 


sin 2x 0 li 2cos2a 
eT 


lim in =—cos7r =+1 
ooh t ae 0 x —2 ‘0 
and 
COs & 

lim log sin x Us sin & ao ae COs t 20 
BA Soames) 0 a ae) 2 0 
ee eee — sing a, ieee 
Ae es eee 4 —2 8 


The desired result (3) thereby becomes established, the value of K being — ¢. 


96. Order of contact of two curves. Suppose that Ci and C2 are 
two curves which are tangent to each other at a certain ordinary 
ek point P; that is, have one and only one com- 

Cz mon tangent line PT at P. Now let a point 

Py wie Z M be selected on PT near to P and let the 

mM perpendicular MN be drawn intersecting Cy 

iP and C2 at P; and Py» respectively. Consider 

Fig. 104 the distance P,P, along this perpendicular. 
Evidently it approaches zero as the point M is chosen nearer and 
nearer to P. In other words, PiP. and PM are infinitesimals as 


M approaches P. Under these conditions we have the following 
definition : 
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Definition. If,as M approaches P along the tangent at P, the distance 
P,P2 is an infimtesimal of the nth order as compared to the infinitesimal 
PM, the two curves C; and C2 are said to have contact of the (n — 1)st 
order at P. 


Thus, it is shown in more advanced texts that a curve C, will 
ordinarily have contact of the first order with its own tangent line PT 
(regarded as the second curve C2); that is, at an ordinary point P 
on a curve C; the distance P,M is of the second order of infinitesi- 
mal as compared to PM. This is illustrated in Ex. 1 below. In 
exceptional cases, however (as at a point of inflection), P:M is of 
the third, or even higher order of infinitesimal as compared to PM. 

Again, it is shown in advanced calculus that the circle of curvature 
(see Art. 50) of a curve C at a specified point P has contact of the 
second or higher order with the curve itself at 
this point; that is, using Fig. 105, P,P. is an 
infinitesimal of at least the third order as com- 


Cc 
pared to PM. Ip 
The above facts from advanced calculus are ZF P, 
here mentioned without proof in order that the Pa: 
student may perceive at once the intimate con- Fie. 105 


nection between the subject of infinitesimals and that of geometry. 
That infinitesimals are likewise connected with other important 
aspects of mathematics will be evident from what follows in this and 
succeeding chapters. 


Example 1. Show that the parabola y = 42? has contact of the first 
order with the tangent at its vertex. 


Sotution. The equation of the tangent at the vertex P =(0, 0) is found 
at once by the theorem of Art. 45 to be y=0. Thus, the tangent in 
v question coincides with the X-axis. If, therefore, a 
point P; be chosen on the tangent near to P at the 
distance x from it, and if the perpendicular PiN be 
then drawn intersecting the parabola at P2, we have 

PP, =2, PiP,2=42?. Hence, 


E, 2 
aaa lim 212 — jim 4” = jim 4= 40. 
PAE; z>0 PP c>0 2 z>0 
Fre. 106 Therefore, as P; approaches P the distance P:P2 is an 


infinitesimal of the second order as compared to PP. By the foregoing 
definition, therefore, the parabola has contact of the first order with its tan- 
gent at the point P in question. 
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Example 2. Show that the parabola y = 1 — 4 has contact of the — 
third order with the curve y = cos x at the point (0, 1). 


SoLtution. The equation of the common tangent PT to the two curves at 
the point (0, 1) is readily found to be 


y=1. 


If now a point M be chosen upon PT near to P at a distance # from it and if 
the perpendicular MN be then drawn to PT intersecting the two curves at 
the points P; and P2 respectively, we have PM = ON = @ and 


P,P, = P\M — P2M = NP. — NP; = cosa —(1 — $2”). 


Hence, by repeated use of the theorem of Art. 74, we obtain 


uy Rae: . cosx —(1—42*) 0 ._ —sneta 0 
] = SF Se lr —. Sq“ 
io Bee x ies eee eS 0 
¥ cosz+1 _0_ ,. sing _0 
mrs EERE HM (ich pee. 
BG aged aL 
pee Mebyi Ss 


Inasmuch as P;P2 is thus an infinitesimal of 
the fourth order as compared to PM, it 
follows by the foregoing definition that the 
two curves have contact of the third order 
at the point (0, 1) in question. 
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EXERCISES 


1. State why each of the following expressions is an infinitesimal as x ap- 
proaches the value 2 and determine for each whether it is of the same order, or of 
higher order or of lower order than the infinitesimal (2 — 2): 


(a) (w — 2)?; (e) sin? (x — 2); (i) Vz —2; 
(b) 22 — 4; (f) sin (x — 2)?; (Rite eae 
QO) a BS Ge Ae (g) tan (% — 2); (k) e@-) —1, 
(d) sin (2 — 2); (h) log (x — 1); 


2. As x approaches zero show that, as compared to 2, 
(a) the infinitesimal 2 « — x? is of order 1; 
(b) the infinitesimal 2? — 2 x3 + 24 is of order 2; 
(c) the infinitesimal 3Vx + 2 is of order 43 
(d) the infinitesimal sin x is of order 1; 
(e) the infinitesimal e? — 1 — z is of order 2; 
(f) the infinitesimal 2 log (1 + #)— 2a + 2? is of order 3; 
(g) the infinitesimal sin? « — x? is of order 4. 
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3. As the angle x in Fig. 103 approaches zero show that 
(a) AR is an infinitesimal of the first order as compared to z; 
(b) AN is an infinitesimal of higher order than RQ; 
(c) AR and RN are infinitesimals of the same order ; 
(d) PQ is of the second order as compared to z. 


4. Determine the order of each of the following infinitesimals as compared to 
x when x approaches zero : 


(a) tan 2; Gis es (g) are sin z — 2; 
(b) e? —1; (e) eosz —1—%; (h) arc tanz — 2; 
(c) log (1+2)— 2; (f) cos? az: — 1; () e sinz — z. 


5. Show that the circle x? +(y — 1)? = 1 has contact of the first order with 
its tangent at the origin. Draw a figure. 


6. Show that the circle of Ex. 5 has contact of the first order with its tangent 
at the point (1, 1). Draw a figure. 


7. Show that the cubical parabola y = x has contact of the second order 
with its tangent at the origin. Draw a figure. 


8. Show that the curve mentioned in Ex. 7 has contact of the third order at 
the origin with the curve y = 23 — x4. Draw a figure. 


9. Show that the parabola y = + 2? has contact of the third order at the origin 
with its circle of curvature at that point. 
Hint. Show first that the radius of curvature 
of the given parabola at the origin is R = 2; hence that 
the equation of the circle of curvature at this point is 


x? +(y — 2)?= 2? = 4, 


From this equation we have y —2 =+V4 — 2? so 
that the smaller of the two values of y on the circle cor- 


a! 
= 


a 


: 5 . Fie. 10: 
responding to any given value of x isy = 2 —V4 — 2?. ag 108 


The radical here appearing may now be expanded into a Maclaurin’s series (see 
Ex. 4, page 181), so that the value of y just mentioned may be put into the follow- 
ing form, at least when z is small in absolute value, 


al 


Aes 20(1— ), = 2h a(S) 2 \ ee 
y=2-Vi-@ =2 2( F 1(2) — (ey + 
ane a ei 
iia) 
10. Show that the ellipse bx? + ay? = a?b? has contact of the third order at 


the upper end of its minor axis with its circle of curvature at that point. 
Hint. First show by means of Ex. 7, page 98, that the radius of the circle 


2 : 
of curvature at the point in question is R = a and hence that the codrdinates of its 


b2 — a2 
b 


center are (0 ): Now proceed analogously to the hint of Ex. 9. 
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97. Further property of infinitesimals. Let «(x) and e(x) be two 
infinitesimals which are known to be of the same order as x approaches 
the value a; that is, suppose that lim «(x)= 0, lim e(x)=0, and 
that l>a l>a 

lim 2@ — K 40. 


I>a €1(2) 
We now note that the particular case in which the value of K is 1 is 
of especial importance in the calculus. Corresponding to this case, 
in fact, we have the following general theorem which is of frequent 
use, as will appear in this and later chapters: 


Theorem. If, as x approaches a, the expressions e(x) and (2) 
are two infinitesimals such that 
lim 2) = 4, (1) 
I>a €1(2) 
then the difference e(x)— e(x) is an infinitesimal of higher order than 
either e(x) or e(x). 
Conversely if as x approaches a, the difference e(x%)— a(x) ts an 
infinitesimal of higher order than either (x) or e(x), then relation 
(1) ts satisfied. 


Proor. If (1) is true, the ratio = is necessarily of the form 
€1 
a(@) _ 1 + n(2), 232) 


€1(Z) 


where (a)* is some expression such that lim 7(z)= 0. Upon clearing 
I>a 


(2) of fractions and transposing, we obtain 


€2(X) — a(x) = €1(x) n(x) 


and therefore we may write 


e(t) — a(x) = 


n(x). 
€1(2) 
It follows that 
tim 2) ala) ein 
See €1(2) bee n() : 


Hence, by definition (6) of Art. 95, the difference e(x)— e(x) is an 
infinitesimal of higher order than «(x). That it is likewise of higher 
order than «(2) follows from the fact that «(x) and e(z) are them- 
selves of the same order, as follows from (1). 


* The Greek letters 7 (pronounced ay’ta) and ¢ (pronounced ksee) are frequently 
used to denote infinitesimals. 
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Conversely, if e(%)— e(x) is an infinitesimal of higher order than 
either e:(@) or e(x), we have 


@(%) — a(x) = E(x) (3) 
where (2) ey 
ca x) 
ros a(e) oa ala) i 


From (8) we may write 
a(t) _ 14 §(2) 
€1(Z) na e(z)’ 
and hence by (4) we have 
lim 2) — jim (1 + 12)- ety SUS eile gr 1. 


a >a €) 2) xr >a €1( ) I>a €1(2) 


which is relation (1). 
For example, as 2 approaches 5 the expressions cos x and 5 — «x are not 


only both infinitesimals, but we have 


cosx _-0 — sin x 


lim —— = ~ = lim = limisina = 1. 

a>e ae ay 1->F = 2>F 
It follows from the foregoing theorem that as x approaches 5 the difference 
G — x) — cos x 1s an infinitesimal of higher order than either cos z or : — 2. 


This result is readily interpreted geometri- 
cally. Thus, if the curves y=cosz and 


y= . — «are drawn, as in Fig. 109, the differ- 


ence QR between the ordinates PR and PQ 
corresponding to the point whose abscissa is x 
is an infinitesimal of higher order than either 


PQ or PR as x approaches the value > Fra. 109 


98. The differential. Although the symbol as used throughout 


the preceding pages to represent the derivative of y with respect to 
x bears an evident resemblance to a fraction, no attempt has thus 
far been made to attribute individual meanings to dy and dx. How- 
ever, such meanings may now be supplied if we are at liberty to use 
the idea of an infinitesimal as defined in the foregoing articles. To 
be specific, the function y = f(x) being given and the value of x being 
regarded for the moment as fixed, let us suppose that an arbitrarily 
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small increment Az is given tox. Then Az is at once an infinitesimal, 
since its limit is zero, and we define dz to be this infinitesimal; that 
is, we define 

Gb3 es pNe (1) 
The infinitesimal dz as thus defined is known as the differential of the 
independent variable x. As regards dy, which is known as the 
differential of the dependent variable y, it is defined as follows: 


dy = f’(x) + Ax, (2) 
where f’(x) represents the derivative of the given function at the value 
of x in question. 

For example, 
d(z2?)=2x2- Ax; d(snz)=cosx: Ar, dlogz)= a 


With dz and dy defined as in (1) and (2), the value of y’ is at once 
(as it should be) that of the derivative f’(z). In fact, we have 


dy _ f(x): Ax _ p 
ay — La) Bt _ (x), (3) 
It is also to be noted that from (1) and (2) we may write if desired 
dy = f'(x) de. (4) 


The geometrical meanings of dz and dy 
are represented in Fig. 110, that of dy 
being SR because we have 
SR = PS-tan ZSPR = Az: f'(x)= dy. 
The figure also shows the geometrical 
meaning of Ay (compare Fig. 5), where 
Ay is the increment taken on by y as x 
changes from « to «+ Az. Although 
dy and Ay are thus not the same thing, 
both are infinitesimals as Az approaches zero. The relation between 
them will be stated more precisely in the next article. 


Fie. 110 


Note. It is important to appreciate the fact that, in accordance with the 
definitions (1) and (2), the differentials dz and dy can never be regarded as having 
fixed values. Each depends, in fact, upon the assignment made to the arbitrarily 
small and hence variable quantity (increment) Az. However, the ratio y’ does 
not contain Az (see (3)) but has a value which depends, as it should, only upon 
the value of the independent variable x. Historically, attempts were made in 
the early development of the calculus to assign fixed values to dz and dy, but such 
attempts were lacking in mathematical rigor and hence were necessarily aban- 
doned in the later and more critical development of the subject. 
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99. The relation between dy and Ay. We may now establish the 
following theorem : 


Theorem. The infinitesimals dy and Ay differ from each other by an 
infinitesimal of higher order than either of them. 


Thus, in Fig. 110, the difference RP’ between SP’ and SR is of 
higher order of infinitesimal as Ax approaches zero than either SP’ or 
SR themselves. 


Proor. If, in the formula of Art. 72, we placea = x and b = z+ Az, 
it appears that we may write 
Se + Az) = f(x)+ Az: f’(m), 
where 2; is some determinate value lying between x and z+ Az. 
Hence, recalling the meaning of Ay, we have 
Ay = f(x + Ax) — f(z) = Ax - f(a) = f(a) + Az. 
Therefore, recalling the definition of dy, we have 
dy _ f(x) Ax _ f(z), 
Ay fia) Ax f'(x1) 
Now, as Ax approaches zero, 2; must approach the limit x since 2; 
lies between « + Ax and z. Hence, from (1) we have 
dy _j,, £@) _f@ 
— = lim 5 == 1 
az>o Ay adz>0f'(41) ff’ (x) 
It follows by the theorem of Art. 97 that dy and Ay differ from each 
other by an infinitesimal of-higher order than either, as was to be 
shown. 


100. Differentials of higher orders. If y = f(x), the differential 
dy as defined by (2) of Art. 98 is known as the first differential of y. 
The second differential is defined in an analogous manner to be 
f(a) - Az’; likewise the third differential is f’”’(x) - Ax’, etc. As 
thus defined, the second differential when divided by dz” (written 
dz?) gives the second derivative of y, as appears at once upon recalling 
the definition of dx (see (1), Art.98). Likewise, the third differential 
when divided by dz’® (written dz*) gives the third derivative, etc. 
With these definitions for d*y, d*y, d*y, etc. we thus have the following 
familiar equations preserved wherein individual meanings are now 
given for the numerator and denominator in each instance (compare 
Art. 35): 

d’y ares sf d*y _ fl dy a ee d’y _ £(n) 
ee eas Sr (2), oa = FQ), a es (x). 
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EXERCISES 


1. Show by means of the theorem of Art. 97 that as x approaches zero the ° 
difference x — sin x is an infinitesimal of higher order than either x or sinz. Con- 
firm this result independently by use of the Maclaurin series development of 
sin z (see Ex. 2 (c), page 180). Also, draw a diagram to show the geometrical 
significance of the result in question. 


2. Show that under the same conditions as in Ex. 1 the difference 2 x — sin z, 
although an infinitesimal, is not an infinitesimal of higher order than either 2 x or 
sinz. Draw a diagram to show the geometrical significance of such a result. 


3. Show that as x approaches zero the difference x — log (1 + 2) is an infini- 
tesimal of higher order than either z or log (1 + x). Confirm this result by means 
of Ex. 2 (b), page 180, and draw a diagram to show the significance of the result 
in question. Examine the corresponding questions when x — log (1 +22) is 
used instead of « — log (1 + 2). 


4. Show that as x approaches zero the difference between the infinitesimals 
x and tan z is of higher order than either of them. Draw a diagram to show the 
geometrical significance of this result, and compare with Ex. 1. 


5. Determine whether, as x approaches zero, the difference between the two 
infinitesimals e? — e~*, sin is of higher order than either of them. 


6. Establish (making free use of the formulas in Chap. III) the correctness of 
the following equations involving differentials : 


(a) d(x”) = na" Az; (e) d(e”) = e#@ 2tdt; 
(6); dG?) = nara dae dz 
d(log az) = —; a = constant. 
(c) d(cos x) = — sin x dz; DENS ee 
2 (px are iio ra 2. 
(d) d(are sin 2.2) = 29 _ : ON i ad 9 8) 
V1 — 422 
: . ay a 2 
(h) d3(e* log x) = e (log 2 ak Aad ae ae 
7. If be? + a?y2 = a2b2, where a and b are constants, show that 
(a) dy=— "az; 6) @y =- ae. 
ay ays 


8. By means of the definitions of Art. 98 and the formulas of Art. 15 show that, 
if u and v are any two functions of x, we may write 


d(u +2)=du+d, 
d(uv) = udv + v du, 


alu _ vdu — ud 
GC)" ae 
9. State (orally) each of the theorems of Art. 17-33 in the language of differ- 


entials instead of derivatives, making the necessary change in the formula in each 
instance. 
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101. Derivatives in polar coérdinates. The geometrical interpre- 
tations thus far given for the terms “ derivative ” and “ differential ”’ 
have been based upon the assumption that a rectangular system of 
coordinates was being used. For example, it was shown in Art. 9 
that the derivative y’ of a given function y = f(x), when evaluated 
for any special value of 2, is to be interpreted geometrically as the 
slope of the curve y = f(x) at the point on this curve whose abscissa 
is the given value of x. When a polar system of codrdinates is used, 
these interpretations naturally undergo a change. 
In such a system the position of any point P in the 
plane is determined by knowing its radius vector, 
designated by p,* and its vectorial angle, designated 
by 0, and the equation of a curve is typified by 
p = f(@), where f(@) indicates some function of 0. 
Moreover, it is to be noted that in a polar system 
of codrdinates the terms ‘‘ subtangent”’ and ‘‘ sub- 
normal”’ are defined as follows (compare Art. 46) : vi 
Suppose that P is a given point upon the curve TEST 
p = f(0). Draw a line NT through the pole perpendicular to the 
radius vector OP. If PT is the tangent and PN the normal to the 
curve at P, then OT is defined to be the polar subtangent at P and 
ON is defined to be polar subnormal at P. 

The foregoing preliminary statements having been made, we may 
now show that the geometric interpretation of the derivative of a 
function when polar coérdinates are being used is as follows: 


Theorem. The derivative 22 of a given function p = f(6), when 


evaluated for any special value of 0, is equal to the subnormal of the 
curve p = f(0) at the point upon it whose vectorial angle is the given 
value of 6. Briefly stated, we have the following formula: 


—! = the polar subnormal.t 


* The Greek letter p is pronounced rd. The Greek letter 6 is pronounced tha’ta. 


+ When p increases as @ increases, as at P in Fig. 111, “ is positive. Then the 


subnormal ON lies to the left of an observer situated at O and looking along OP. 
In this case, ON is regarded as positive. If, on the other hand, p decreases as 0 


increases, then ue is negative, corresponding to which ON lies on the right of an 


observer situated as just described and is regarded as negative. 
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Proor. In Fig. 112 let the codrdinates of P be (p, 6) and let y 
(pronounced psee) be the angle between the radius vector OP and the 
tangent PT at P. If 6 now takes an 
increment A6, p will take an increment 
Ap represented by R’Q, it being under- 
stood that PR’ is the arc of a circle of 
radius p drawn about O as center. Now 
draw PR perpendicular to OQ and draw 
also the secant PQ. In the triangle PQR 
we may then write 


Fie. 112 cot ZPQR = FQ_ RQ PR’ RQ. 


Recalling that R’Q = Ap and noting that, by elementary mathe- 
matics, PR’ = pAé@, we thus have 


VAs PR. ORO 
tZPOR=i.°. . ; 
00h 2 ES a PTO (1) 


Now, as Aé@ is allowed to approach zero as a limit the quantity : 
p 


appearing in (1) remains constant while we have 


tim 22 = oP 
ae>o Ad dé 
ee 
ae>o RP a 
Le ORG 
] —_- = 
es R’Q 


Moreover, as Ad approaches zero, the angle PQR evidently approaches 
y as its limit. If, therefore, we allow A@ to approach zero in (1), 
we obtain in the limit 


ik aks 
t, am irae Pema 2 
cot y Fie (2) 
or 
dp 
—_ = t, », 3 
76 pcoty (3) 


But, upon referring to Fig. 111, it appears that the right member of 
(3) is equal to the subnormal ON of P. 
The proof is thus complete, 
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Corollary 1. Corresponding to the foregoing formula for the polar 
subnormal we have the following for the polar subtangent : 
2 
- = the polar subtangent. (4) 
Bs 
In fact, from Fig. 111 we may write 


polar subtangent = OT 


t ape DLS 
ee cot y 


_ It now suffices to substitute for cot y its value as given in (2) in order 
to arrive at the indicated formula (4). 


Corollary 2. The angle wy between the radius vector of a point P 
on the curve p = f(@) and the tangent to the curve at this point is 
given by the formula 


age 5 
tan y dp Seo (5) 
dé 
it being understood that p and are to be evaluated at the given 


point P. This result follows at once by taking the reciprocal of each 
member of (2), recalling that the reciprocal of cot y is tan y. 


Example. In the spiral of Archimedes, the polar equation of which is 
p = a0 where a is a constant (see Fig. page 368), show that the polar sub- 
normal is the same at all Poe Investigate also the value of the polar 
subtangent. 


SoLuTion. Since 


we have 


and therefore, by the foregoing theorem and corollary, we have 
polar subnormal = a = a constant ; 


polar subtangent = — 
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102. Differentials in polar codrdinates. If p = /(@), then, in 
accordance with the definitions of Art. 98, we have dé = A@ and 

dp = f’(6) Ad, or dp = f’(@) dé. (1) 

A geometrical representation of dp may be obtained as follows: 

Upon the tangent at P to the curve p = f(6) determine the point T 

whose perpendicular distance 7'S from OP (prolonged) is equal to 

pAé; that is, equal to the circular arc PR’. Then dp = PS, for in 

the triangle PST we have 

PS _ PS 

TS  pAé 

8 and hence by (2) 

PS weir pee 1 6), 


= coty, 


pAd pp do 
Therefore 
. PS = f'(@) A6. (2) 
Fra. 113 Comparing (2) with (1) we have, 


as stated, PS = dp. 

The figure also shows Ap, its value being R’Q. 

Just as it was shown in Art. 99 that dy and Ay differ from each other 
by an infinitesimal of higher order than either as Av approaches zero, 
so we may now show that the infinitesimals dp and Ap have a like 
property as A@ approaches zero. The proof is left to the student. 


EXERCISES * 


1. Prove that the product of the polar subnormal and the polar subtangent 
of any point on a curve is equal to the square of the radius vector of the point. 

2. Find the values of the polar subnormal and the polar subtangent at the 
point on the circle p = 2 sin 6 for which @ = 60°. Do the same for the point at 
which 6 = 120°. Illustrate the geometric meaning in each case by a suitable 
drawing. < 

3. Work Ex. 2, using the circle p = 2 cos @ instead of p = 2 sin 6, other parts 
of the data remaining the same. Again make suitable drawings. 


4. Prove that at every point of the parabola p = a sec? 5 we have 9+2y =r. 


5. Prove that at every point of the curve p = a sin’ 5 we have 6 = 3y. 


6. Show that y is a constant in the logarithmic spiral, p = ¢78. Since the 
tangent thus makes a constant angle with the radius vector, this curve is also 
known as the equiangular spiral. 


* The student is referred to pages 368-370 for the graphs of various curves in 
polar coérdinates. 
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7. Prove that at every point of the cardioid p = a(1 — cos 6) we have 6 = 2 y. 


8. Prove that the spiral of Archimedes p = a@ and the reciprocal spiral p = % 
intersect at right angles. : 
Hint. Use Corollary 2 of Art. 101. 


9. Prove that the two cardioids p = a(1 + cos 6), p = b(1 — cos @) intersect 
at right angles. Draw a figure. 


10. Prove that the reciprocal spiral p = - has a constant polar subtangent. 


11. Prove the statement at the end of Art. 102; namely, that dp and Ap differ 
from each other by an infinitesimal of higher order than either. 


12. State the geometric significance of a negative polar subtangent. See foot- 
note, page 2083. 


13. Show that in the curve p = e? the polar subtangent is equal to the polar 
subnormal at every point. Draw a diagram which gives (approximately) the graph 
of this curve and which shows the geometric meaning of the result just stated. 


14. Show that as Aé@ approaches zero the length PT in Fig. 113 is an infinitesi- 
mal of the same order as either PS or T'S, it being assumed that P is a point at 
which y is equal neither to zero nor z. 


103. The differential of a function of several variables. Suppose 
that z = f(x, y) is a function of the two independent variables 7 and 
y. Let and y be regarded for the moment as fixed in value and then 
allow x to take an increment Az and y to take an increment Ay. The 
value of the function will thus become z + Az = f(x + Az, y + Ay), 
and therefore the increment Az which the function takes is as follows: 

Az = f(z + Az, y + Ay)— fG@, y). (1) 
As Az and Ay approach zero, Az is clearly an infinitesimal. Further- 
more, it follows from the theorem of Art. 92 (by placing herein 
h = Az, k = Ay and transposing f(z, y) to the left) that Az, when 
thus regarded as an infinitesimal, differs from the expression 
a Az + 2 Ay by an infinitesimal which is of higher degree than the 
first in Av and Ay. Following an obvious analogy with Arts. 98, 99, 
we therefore define the differential dz of the function z = f(z, y) as 
follows: 


dz = 2 ax + Ff ay.* (2) 
Ox oy 

Moreover, it is customary to define dr = Av and dy= Ay so that 

(2) may be written 


* It may be observed that this expression occurs also as the basis of the approxi- 
mation formula (2) of Art. 93. 
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= of of 
dz ae dz + a dy. (8) 


The differential dz as thus defined is usually called the total differ- 
ential of z. 


Thus, if 2 = 2? + y? — 3 zy, we have 
02 02 
— = 3? — “= 3(y -— 
Be (@? — y), ay (y? — 2), 


and therefore 
dz = 3(a? — y)dx + 3(y? — x)dy. 


Considered geometrically, Az is represented by LQ in the accom- 
panying figure (which is a duplicate of 
Fig. 83), while dz is represented by LM, 
the latter fact resulting from equation 
(4) of Art. 63. It is understood, of 
course, that (as in Fig. 83) PRM repre- 
sents the tangent plane to the surface 
z= f(a, y) (represented by PQ) at the 
given point P =(a, y, 2). 

The total differential dw of a function 
w = f(x, y, 2) of the three independent 
variables x, y, 2 is defined analogously as follows: 


ae, of of 
oy = Bret bre Tae 


Reasoning from formula (13) of Art. 92, it appears directly that the 
infinitesimal dw as thus defined differs from Aw by an infinitesimal 
which is of higher degree than the first in Az, Ay, and Az. 

EXERCISES 


Find the total differential of each of the following functions : 


1 z2=22 4 ay? + 73. 8. r=V0 + 6. 

22-2 —-2ayty+e-—ytl 9. r = arctan 2. 

3. z =sin(x + y). ior ae ’ 

4. z2=tan(z+y). Ree ees 

B. 2 = log (2 + y). ia we aVet ye. 

6. 2=274. is5)5 (= Sale 
zy Ve +a 

7. z= cos? (x — y). 14. w =cos(a@+y+2). 


ei 
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MISCELLANEOUS EXERCISES 


1. Find the codrdinates of the point P on the curve 
c= 5, y=2t—2 


which is nearest the origin and show that the normal to the curve at this point 
passes through the origin. 


2. At what angles do the curvesy? = 4az and (a2? + y?)? = 16 azy? intersect? 
Ans. 0°, 90°, 63° 26’. 
3. The tangent at any point P on the curve xy? = 32 meets the X-axis at A 


and the Y-axis at B. Prove that the ratio i has a constant value. 


4. A spherical ball of radius a is slowly lowered into a cylindrical drinking 
glass of radius b which is partly filled with water. If the rate at which the ball is 
lowered is the constant r, find the formula for the rate at which the water level 
is rising in the glass when the ball is just half immersed. Ans. a?r/b?, 

5. Find the point on the X-axis at which the line segment joining the points 
(1, 2) and (5, 10) subtends the maximum angle. 

6. A small bead moves with constant speed around the circumference of an 
ellipse. Show that in order for its centrifugal force when at the extremity of the 
major axis to be twice what it is at the extremity of the minor axis the semiaxes 
a, b of the ellipse must bear the relation 2 b? = a3. 


7. The normal at any point P on a parabola is extended until it meets the 
directrix inthe point D. Prove that the radius of curvature at P is equal to 2 DP. 


8. Show that the tangents to the curve 
y=x2—5234+ 52 
which are parallel to the X-axis are double tangents. 


9. A train is traveling at the rate of 45 miles an hour along a straight track. 
Find its angular velocity about a point distant 2 miles from the track four 
minutes after the instant when the train is nearest to that point. 

10. Trace the curve 
z=2cos2¢, y =2cos3¢. 
Show that the curve is a cubic and examine it for the presence of singular points, 
points of inflection and asymptotes. 


11. A point moves from the origin in such a way that the z- and y-components 
of its velocity after ¢ seconds are respectively a cost andasint. Prove that its 
acceleration has a constant magnitude and find the equation of the path. 


12. A point P moves in any manner along a straight line in such a way that at 
the time ¢ its distance from the starting point is s and its velocity isv. Regarding 
the s-values as abscissas and the v-values as ordinates, suppose that the various 
points (s, v) corresponding to the motion are now plotted in a coérdinate plane, 
thus leading to a determinate curve in this plane. Show that the acceleration of 
P in its motion at any point is measured by the length of the subnormal associated 
with this point on the curve thus drawn. 


INTEGRAL CALCULUS 


CHAPTER XII 
INTEGRATION 


I. GeneRAL INTRODUCTION 


104. Definitions. In the earlier chapters we have seen how to find 
the derivative of a function and we have noted various applications 
of the derivative to geometry, physics, ete. Many important applica- 
tions of the calculus, however, involve not the finding of the derivative 
but the inverse process; that is, the derivative of a function is given 
and it is required to find the function itself. 


Thus, if it be required of a function that its derivative shall be 2, the 


A aye 
function may be taken as “g Since we have 


£ (2) = id 3) ae ghee 1 
Aare a S34e x. (1) 


Similarly, if the derivative is to be sin z, the function may be taken as 
— cos since we have 


d 2 ud theat, eee er 
FF (— cos x) = i (cos x) = —(— sin x)= sin 2. (2) 
The general problem of determining a function F(x) such that 
£ F(2)= fla) (or dF(e) = fa)da), (3) 


where f(x) is a given function of 2, is called integration. A function 
F(x) satisfying (8) is called an eee of f(x) and is represented by 


the symbol 
ie f(x)de. 
210 
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For example, in the language of integration, equations (1) and (2) become 
respectively 


3 
x : 
fede =, fsin a dx = — cos 2. 


Similarly, the student may verify at once the correctness of the following: 


eee = ai ave 
fe dx 2? {cosa de sin 2, Agate arc tan &. 


fz = logz, feds = 67, feote dz = log sin x 


dz : 
§ sec? gdx = tan 2, f = arc sin ~. 
Va? — 2 a 


Historically, the symbol f is a distorted letter S standing for the 


word ‘‘sum.” There is, in fact, an intimate relation between inte- 
gration and summation, as will be explained in Chapters XV, XVI. 


105. Constant of integration. If F(x) is an integral of the function 
f(x), that is, if F(x) is such that 
dF (ax) _ 
“Ee 71 
then the expression F(x)+ C, where C is any given constant, is also 
an integral of f(x) since we may write 


d Ge) Ge BE@) x 
a) Orie ae page tO Ie): 


In other words, any constant may be added to an integral of f(z) 
and the result will continue to be an integral. Because of this 
indeterminateness, the symbol 


Si@ ax (1) 
is called the indefinite integral of f(x), and it is customary to replace 
it by the symbol 

Tk f(a)dxe +C 
whenever this indeterminateness is to be stressed, the letter C standing 


for a constant whose value is altogether arbitrary. As thus employed, 
C is called the constant of integration. 
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For example, instead of 
3 
2 = 
fee=3 
we write 
Ae: 
fe = 3 + Cy 
(Compare Art. 104.) 
Likewise, instead of fein x dz = — cos x we write fsinede =—cosz+ C. 


SJ 3 a a, a, 
Similarly, fe dy = 4 + C, § cos cdz =snzr+C, 


‘ § sec? ade =tanz+C, " =logz + C. 


106. Geometric significance of integration. The geometric sig- 
nificance of integration is readily understood from an example: 


Example. Determine the equation of the curve at every point of which 
the tangent has a slope equal to twice the abscissa of the point. 
So.tution. By Art. 9 the question is seen to be that of finding a function y 
such that 
a (1) 


In other words, the problem is that of integrating 2z. This is readily done 
by inspection. Thus 
y= [2rdr+C=2+0, (2) 


where C' is the (arbitrary) constant of integration. Therefore, the desired 
curve may be taken as any one of the family of 
curves obtained by giving different values to the 
constant C in (2). All such curves are evidently 
parabolas situated as indicated in Fig. 114. 

In interpretating Fig. 114 it is to be observed 
that the slope of each parabola is the same for 
any given abscissa «, as follows from (1). Hence, 
if any line be drawn parallel to the Y-axis and the 
points Pi, P2, P3, --- at which it meets the various 
curves be marked, then the tangents drawn to the 
parabolas at these points will all have the same 
slope; that is, they will be parallel. Moreover, 
since the y of any one curve differs from the y of 
any other only by some constant amount, as follows 
from (2), it appears that all the parabolas of the 
family can be obtained by merely moving any one of them vertically up 
or down. 

Analogous geometrical statements apply to any case of integration. 


Fig. 114 
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EXERCISES 


1. Reasoning from the definition of an integral, confirm the correctness of 
each of the following equations: 


(a) f8erde =o +0; (d) [sect a da = tana + C; 
(b) feta) -F +3240; (e) ferdz =e +0; 
Oman Ie ; . =e Le. 
(c) jg- en (f) fsin?xde = 2 — Fsin22 +0. 


2. Supply by inspection the values of each of the following integrals, and check 
your answer by differentiation : 


c diy. Ghp 
(a) (2 +1) de; Ol Paviang ON 
(b) fa + 2)? dx; (d) fe dz; (f) fasin 2 2 de. 


3. Draw diagrams analogous to Fig. 114 to show the geometric significance of 
the results in Ex. 1 (a), (b), (c). 


107. Nature of integration. It is a familiar fact in arithmetic that 
if one integer be multiplied by another the product is itself an integer, 
but it is an equally familiar fact that a like statement cannot be made 
with reference to the division of one integer by another. For example, 
in dividing 4 by 3 the quotient is not itself an integer. Otherwise 
stated, the process of multiplication can be performed at pleasure 
upon the positive integers without leaving that system of numbers, 
whereas the inverse process, namely, that of division, cannot be 
performed in all cases without entering into a further number system, 
namely, that of the rational fractions. In a similar manner the 
process of differentiation, when performed upon any one of the 
elementary functions* leads, as we have seen in Chap. III, to a 
resulting function which belongs likewise to those classed as elemen- 
tary, but we are not to expect that the inverse process, namely, the 
integration of a function, will preserve this simple property. How- 
ever, it is a fact that a large number of very important integrals are 
expressible in terms of the elementary functions, and it will be the 
purpose of the remainder of this chapter to make a study of such 
integrals, learning how first to identify them and subsequently to 
evaluate them. 


* The elementary functions are generally taken to include (1) all such as result 
from purely algebraic processes (addition, subtraction, multiplication, division, 
involution, evolution) ; (2) the trigonometric functions (sine, cosine, ete.) and their 
inverses (arc sine, arc cosine, etc.); (8) the exponential function a? and its in- 
verse loga x. 
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108. Standard integral forms. It is desirable before attempting 
the actual technique of integration to tabulate for future reference 
the following twenty-three standard integralforms. The first thirteen 
of these are but the equivalents of certain standard formulas already 
appearing in Chap. III, the only difference being that, as stated below, 
these formulas are in the language of integration rather than that of 
differentiation. The remaining forms, namely, (14)—(23), are readily 
established as will appear presently. 

The list is not intended for memorizing as a whole, at least at this 
stage, but the student should gradually fix each in mind as he proceeds 
and sees for himself its full import. It is to be understood that 
u and v represent throughout any given functions of some independent 
variable, as x. 


STANDARD INTEGRAL FORMS 


(du + dv)= [du + fav. [1] 


fadu =a du. [2] 
fae=x+0. [3] 
fur du = coe tC. (ieee (4) 
J = logu +c. [5] 


e-du = e+ C. [7] 


fein udu =—cosu +. [8] 
feos udu = sinu + C. [9] 
fosec? udu =tanu+C. [10] 
fese? udu =—cotu+ C. [14] 
(fisecutan udu = secu + C. [12] 


fese ucotudu =—cscu+C. [13] 
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fran udu = logsecu + C. [14] 
f cot u du = log sinu + C. [15] 
fosec udu = log (secu + tanu) + C. [16] 
fese u du = log (eseiu —cotu)+C. [17] 

aoa = * arctan + C. [18] 
Sx = = 5 log US Be yo [19] 
== = arc sin © + C. [20] 
Ue = log (u + Vu? + a*)+ C. [21] 
or = arc vers = + C. [22] 
lies = * arc sec © + C. [23] 


109. Integral forms [1]-[5]. The standard integral form [1] is but 
another form for the derivative formula occurring in Theorem I of 
Art. 15. It may be stated in words as follows: 


The integral of the sum of two functions is equal to the sum of their 
integrals. 
Illustration : 
a ee He eo ae a 
f@+ 2) de fade+ fa dx ee oem 
Standard form [2] is equivalent to the third formula in Art. 15, 
and may be stated as follows: 


The integral of a constant multiplied by a function is equal to the 
constant multiplied by the integral of the function. In other words, a 
constant factor may always be taken outside the integral sign. 


Illustration : 
= ig ae 3% 
[82de = 362 de 3 tae 5% + C. 
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Standard form [8] evidently is the counterpart of the simple equa- 


tion a = 1, while forms [4] and [5] express respectively the formulas 
x 


of Arts. 17 and 24 pertaining to the differential calculus. 


Illustration: 


fea == 


a1) ae 
=F +6; f-3- jr = log (a# +1)4+C. 


EXERCISES 


Establish each of the following results, and check each by means of differentia- 
tion : 


1 fear = 5 wa te= e +0. 


2. fvadz ={xbde =; = 


3. (2 Pee a. 


gq 


4, § a28 dex = afz2 de = +0. 

Sees 2ds_ 3 3 
B. fxtde = 328 +. 10. (5 3st +C. 
6. fx? dx = 32° +0. 11. fs ae? dé = a8 + C. 
7. (tat = 22 +C. 12. $( Vede = 2 +C. 

1-n 1 

2 dx 1 DUE ee Take sacs 
8. aes Fie Vage yd (m2) n de =ar+C. 
9. {V2 pe dz = 22V2 px +C. sia. 2( = log a? +C. 


16. fa —~ 422422 —2) de. 
SOLUTION. 
fat — 422 +2” —2) dx = (32% de — (422 de +f 20 de —f2de by [1] 


=3f aide —4farde+2frdr—2fde dy 2] 
= 321 —40 + 2? — 2 + C. by [4] 
16. ie oe Pe ot ene eet Ge 


ata 
17. WOES 


ata) = 3H —sat_ 540. 
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18. (Va +Vot de = or + V8 Va Le YC, 
Hint. First expand (Va + Vx)? by the binomial theorem. 
19. fa _ x3)3 dz = @xr+ ; atas — 3 ated _ z + C. 


1 83 Bygeey Byes ? 
Bae eae 2 Boe et 2 


21. fob +2) dz = abe + Ka -e_2 4 0, 


22. fa +2)? de =2(1 +2)? +0. 


Sotution. This may be brought under [4] as follows: First, recalling the 
meaning of dx (see Art. 98) we may write, if desired, dx = d(l +z). Hence, 
for the integral in question we may write 


fa + 2)? dx ={(1 +2)? d(1 +2). 


As now written, the integral falls under [4] with wu = 1+2zandn = 3. Thus, 


ts 


Satatad +2-G+9F 5 ¢ 2% At ne. 
2 


23. f(a? + bat) ade = 1, (at + Wat)? + 0. 


Hint. This may be brought under [4] as follows: First observe that 
d(a? + b’x?)= 2 b’x dx. It is therefore natural to multiply under the integral 
sign by the constant 2 b? and divide by the same quantity outside the integral 
sign, thus leaving the value of the integral unchanged but giving the whole the 
form 


2, al 2 22 2 2p? 
apf (@ + e)t 2 Be de = 5 mse + b2x?)? d(a + b2z?), 


The last form is evidently [4] with uw = a? + ba? and n = 4. 


1 as 3 + 
2. f(a + bz) de = 3 (a+ da) +. 
25. if a — ade =— }(a? — a2)? Aon 
26. f@ + 28)8 de =1(a + 2) + C. 


x* dx Lin) oes C. 
ai; Svea 7 3 ys 


a8, (_24@_ __vj pare ey 
V1 — 2 


29, (V3 Foe 41 (8241) de =4Gar+2e41) +0. 
Hint. Use [4] with wu = 322 +2” +1, hence du =(6z2 + 2) dz. 
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30. ( (22 +2 +1) dx p= ZQM+3P+6e+)E +O. 
(223 +32?+62+1)4 


31. (+ eter de = 30 +e) +0. 

in? = ((sin 2)? = (nz? .¢ - sit 4 ¢, 
32. fain xz cos x dx f Gin) cos x dx 3 aR 3 SF 
33. fsins ax cos at de = sin! ax +. 

4a 

Det See Sy ieee = cos eh a. 
34. § cos xz sin x dx § cos x (— sin x dz) a + 
35. § sin @ cos x dx = 3Vsiné x + C. 


36. ftan? ax sec? az dx = a tan’ az + C. 


Cogin) 2 reead, 3 
37. f OBE) da = 5 (log 2) + C. 


38. pee’ dz = me ; (log ax)™+1 + C, 


he wll 
39. Saag = je @e tote. 


Hint. We may write 
dz _1d(ar +b). 
az+b aJ ar+b 


Now apply [5]. 


40. {ZZ = Slog (e? + 1) + C = log @ +18 +¢. 


w+ 
2 
41. j4- = log (23 — 1) + C. 
ag, (_Sinede __ 1, On 
aes, b BISBAL: 


Ree oGkp  _al ; 
43. Pease = , 08 (a+btanz)+ C. 


44, f ED * log (e* + b)+C. 


er +b 
/ 2 dz eed 
Apart = ee , 
5 f4 <2 +log(e+1)+C 


Hint. First divide numerator by denominator, obtaining quotient and 
remainder. 


edr _x , x a 
46. Fame 1+. 


ax +6 = ra 
47, fZija=4 oe + 6 = 94 tootten + a) C. 


uote or eye - 
fiw sp tanee DEC. 


Arr. 110] INTEGRATION 219 


49. f eds = e bet + log (e? — 1)+ C. 


eé—1 


50. f (log x)? dz _ fog zy 


“(1 — log 2) og « — log (1 — logz)+C 


61. Find each of the following integrals and verify each result by differentiation : 
(a) fV8a + lade; (9) f sin ma cos ma dz 
(6) five +Vx + 1)%(22 + 1) dz; (h) fain 2 cosa dz; mx¥—1. 


2 da ; 
(c) a : : =, (Hale, 
(a (i) fitan ede = jae dx =? 
(a® aia : ese? ¢ db, 
@) (Tae; @ {a 
@ fet as ) (aa 
ee : jt cots 
(f) pase 43! (1) sas sin x da. 


110. Integral forms [6]-[17]. Standard forms [6] and [7] are but 
other ways of expressing the two formulas of Art. 25, while forms 
[8]-[13] correspond in a similar sense to the derivative formulas to be 
found in Arts. 19-23. 

As to forms [14]-[17], these require proof which may be supplied 
as follows: 


Proor or [14]. 


fianudu -= udu __ (—sinudu__ (d(cosu) 
cos U cos u COS U 
= — log Ss utc 
apt Se at © = — log 1 — log see u]+ C 
= log sec u oe Ca By [5] 
Proor oF [15]. 
freot udu = (ee A (sin) — jog sin u + C. By [5] 


Proor or [16]. Since 


secu + tanw —_ secutanu + sec? wu 
sec wu = sec y S°¢ Ut tan _ sec u tan u + sec’ u 


sec u + tan u secut+tanu ’ 
Zu 
fico udu = fsecutan uf sect dua (Usecu + tan u) 
sec u + tan u sec u + tan u 


= log (sec wu + tan u)+ C. By [5] 
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Proor oF [17]. Since 


escu — cotu _ — csc ucot u + csc? u 
csc U = ese U = ; 
esc u — cot u csc u — cot u 
—ese u cot ese? u ese u — Uu 
ff ese wdu = cs u + ¢s du = d(ese u — cot u) 
esc u — cot u esc wu — cot u 
= log(ese wu — cot w)+ C. By [5] 
EXERCISES 


Establish each of the following results, and check each by means of differentia- 
tion: 
4 giz 


1: Adie de Scie a 
SoLuTion. 
fa ae dx = 4 (a Gh $f a 3 dx = 4) aid(3 x) By [2] 
Fina tO se te By [6] 
28 f2 etdr =e +C. 6. facrm dz =— aa + C. 
8. (at de = oe HC 7. { (er)? de = ov Eros 
4, Sst ade = +0. 8. woe 
6. fore ds = +0. 9. Joes ee, 


10. fe +e) dz =e —e* +0. 
Ti fee 26 + 2) dx = Lett4r2 + ¢, 
qt bmz 
F nz —. Kmz = hase C. 
12 f@ b™*) da eq var a ae 


13. i (c= — e*)2 dx = 4( — e2)— Qe +0. 


(a* et b*)2 = atb-* — a~b* a 
14, f men ae ee 


15. fetter da =F +8036 


+ C. 
16. fers cosa dz = einz + C, 
17. feos sin x dz = — goose +C. 


18, j= Ae oe ea 


cos? x log a 


qloz sin z 


19. fare sin = cot 7 dz = 
og a 


Art. 110] INTEGRATION 221 


20. fsin 42 dz =— 9842 + ¢ 


4 
SoLurion. 
fsindade =} fsinde-4de=} (sindz- d(4z) By [2] 
= 5 (— cos 42) +C =— 842 4-¢, By [8] 
Meet! 
21. feos 5adz = $sin5a+C. 24. fsee at tan at dt = + see at + C. 
22. f seo? ma dz = 7 tan ma + C. 25. § 22 dy =—* ese ay + C. 
m tan ay a 
Lea | ae 
23. fas ap 5 ot az +C, 26. fran bax dx ;, 108 sec br + C, 


felis, Papas 0 

27. f cot ad = a log sin 5 eG 

28. f seo 2 dz =a log(see 2 etan Ar C. 
a a a 

29. f sec? B- ade =A tanz +C. 


30. 


o 


§ cos (log zx) uf = sin (log x)+ C. 


31. pits dx =— log (1 — sinz)+C. 
Cos & 


‘ i 1 sin x 
Write 1+ sing _ 
cos & cosz cosz 


Hint. = sec x + tan z. 


log sin mz + C. 


32. fo ee ae = “tog (1 — cos mz)-+ 
sin maz m 


b-—a 
m 
33. f (tan y + cot y)? dy =tany — coty+C. 

34. § (see 2 — tan x)? dx = 2(tanz — secr)—2+C. 

- 36. f (tan 2 +1)?dx =tanz + ice sera +C, 

36. f (ine + cosz)?*dx =x + sin?x +C. 


37. [Det 8? de = sin z + cosaz + log (ese x — cot x) + C. 
tan x 


38 =—cotz +escr+C. 


f dz 
i 1 + cosa ’ 
Hint. Multiply both numerator and denominator by 1 — cos z. 


39. Sno = tanxz —secr +C. 


sec? x 1 
I a || b Ci 
40. Sf. haa Pa ;, 108 (a + btanaz)+ 
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41. Find each of the following integrals and verify each result by differentiation. 


(a) fe dz; (g) fetes Ghee (m) Ff cot® (@ — 1) dz; 

(b) fav dt: (h) f@ +a-*)2dz; (n) f(tang+ sec ¢)2d¢; 
dz. i log z sin (log z) 5. 

(c) i (i) j= dz; (0) Joa ee 

(d) f ba®*x2 de; (j) f asin (22+1)dz;  (P) fein = 2 de; 

(e) fe sin cos x dz; (k) io are @) fe * 


at side) 
(f) fo cos t sin t dt; (1) f tan? (Q2+1)dz; j— : 


111. Integral forms [18]-[23]. The correctness. of each of these 
forms may be established without difficulty by direct proofs similar 
to those occurring in Art. 110, but for brevity one may establish any 
one form by merely differentiating its right member and then showing 
that the result is the expression under the integral sign on the left. 
Thus, in order to establish [18] we have by the theorem of Art. 30 


1, du du du 

£(F arctan¥) =1¢ 0% _1 de _ a. 

dx a Cee Cwewtw a+u 
a? a2 


Hence, 


and this equation is seen to be equivalent to the form [18]. We shall 
assume henceforth that the remaining forms [19]-[23] have been 
similarly established. 


EXERCISES 


Perform and verify each of the following integrations: 


1 (sn = Aare tan 32 + C. 


Sotution. This integral may be brought under form [18] in which u = 3 x 
anda = 4. Thus, we may write 


1(¢ 2662) oe Me 
Saarie > aS ware 73 ate ene +O = are tan 8 + 0. 
dx 1 
42° +25 = Jp are tan 22 + €. 
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ha a 32 
e eee 34 8 reat e 
1 5 
4, = ] 
Ve aes 20 08 Pee 
1 
5. 2 = fare sin 52 +6, 
Sa 3 


6. Sa = foe Be +V9R F168) +0. 
V9Oe2+16 3 
1 ee 
Te eee lor (Sanita Oasen16) Oe 
[TS 3 = 
dex fil pine RAD ny) 
382+4+5 vVi5 5 
de ___1 ),V32~V5 
SOMO NY 15) NeV/8 oeEN 5 
5atdx _ V5 a +V5 
10. Rees 7 ee aye 


+ C. 


5 x? dx 5 5. 
11. — are sim + C. 
V5 


V5—a6 3 
12. = = arc vers + C. 
Hint. Write K 
dz 


V6 a — x2 By V2-32 —22 
Form [22] now applies in which wu = x anda = 3. 


= arc vers = +C. 


8. fos 


I are vers i +C. 


14. = 
Sax —4_2 2 


1 22 
15. = — arc sec + C. 
j 2Vv472—-9 «38 Sy 
Hint. Write 


f dz Kx 2 dx f d(2 x) 
aV4a2—9 2rV (2x)? — 2aV (2 x)? — 3 
Form [23] now applies in which wu = 24 anda = 3. 


1 
16. a es SS SAG sec 32 + C. 
Sa * 4 


dz 1 Ae 
LT. = —_areseca/ir+C. 
s aV322—5 V5 5 


arc vers ne +C. 


1 
18. -_=— 
Suga V3 
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dz 
DAB. of \ eee arc sec 3x" ae C. 
SaaS o—5 nth V5 
dt sean iL a +a 
20. Peay OO log 5 ar +C. 


anthihs il x 
21. iP Bigr = 5 pre tan=3 +. 


ppd fee © de =! are tan (Ge =) CG; 


a+sin?rz a 


23. jij — = are sin (log z)+ C. 
1 —(log x)? 
dz 1 x+2 
24. Sacer 3 are tan ——* 3 + C. 
Hint. Write 


\ dz =f dz ~f dz + 2) 3 
v+427+ 13 @+42+4+9~ ae (2 + 2)? + 32 
Form [18] now applies in which vu = z + 2, a = 38. 


da 
5. ee t —2)+C. 
2 oe are tan (£ + 


dz 1 Ope PACD eA 
26. = are sin ——_1 — + C, 
Ss v2 v3 
Hint. Write 
jf - 4/4 == 1 dz +4) _. 
V1 —22—-22% v2 Biot an V2" Vz —(¢ +4)? 
Form [20] now applies ia! which rere oe g 2 aoe. 
oT. (5 Se ate ee ee 
TS a : 
28. dz AR 32 
Sax? 5 are tan ———_* ne 2g 
29. Sr resin - 4.6. 
30. dx zrd z—5 L 
Gea 8 era 
dx 1 22 —65 
OL; 2 
We ee rial emer pte 
1 8a2—4 
oe as 1 reac 


BG: in) (a Oe eee 
3 Tee = Vi log Be -24+VOe— 12a) +C. 


dx pee ere 
ee VJ 2 
(eS log (2x9 +a+ V2ax+ 22+ C. 
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3 2? dx 1 
35. ——————._ = = are vers 18 23 + (Oy 
Vx —926 3 
382 —2 
7 Of 4 2 po 
36 Tae oe mu 308 (42? + 1) are tan 2” + C. 
Hint. Write 


3x2 —2 32 2 


4e°+1 422+1 427 +1 


52-1 
5 dt. 21 2 Sy ae 
37 Ip 43 63 og (2 2? + 3) ane tan £7 + 0. 


52—1 a) AGS ED. 1 ; 
Cae aes gy = — 3-22? — aresin22 +0. 
V3 —22 2 v2 V6 


39. 32 =? dy =-3Vie —# + dare sin? =? + ¢. 


4a — 2? 


40. Salt Art Bae= a+ Qa-+ 2 log (422— 40+5)+are tan(2—3)+C. 


4¢72—42+4+5 
41, Seas de = 3 V3 — 9 — log (eV3 +V3 22 —9)+C. 
1 ieee ee 
42, Jee ie log y +5 + Ve ty +)+E. 
dx 1 Qa+3—V5 
43 = ] G 
Sapsetl Vie Gos eve. 
44. SxS = etm ED +6. 
2 
45. 7 == = ih arc vers 18 x3 + C. 
2 — 92 
46. Find each of the following integrals and verify each result by differentiation : 
dx . 3802-4 sin x dx 
ee d. ees 
i 9 — 162° ©) (Coa tf a SS 
P 22+3 cos x dz 
@ Se ? open # Vy tata? 
hp os 32+2 sec? a dx 
(¢) lc=etGes () Sie Swe (s) Faventcs 
. . t . 
a oar - ( 2 [oa iy 
d SENG 
te) Foe ) SSS @) a 
2z2+1 Z 
Saas j= ES S53 — (log x)? 
dx 5 Soe ; 23 cos x4 
) See Sie s® @) (gore 
3 dx ax +b sin x cos x dx 
h ‘ dz; 
0 pa, (?) lege re Oe 
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II. Triconometric INTEGRALS 


112. Introduction. Many integrals involving the trigonometric 
functions can be evaluated although they do not fall immediately 
under any one of the standard forms appearing in Art. 108. We 
shall now note various types of such integrals, showing by illustration 
how each may be integrated. 


113. The type fsinm x cos” x dx in which m or n (or both) is a 
positive odd integer. 


Example 1. Find fsin? 2 cos® x da. 

SoLuTION. fin? % cos’ ¢ dz = fsin? x cos! x cos x dx 
= fsin? x(1 — sin? x)? cos x dx 
= § (sin’ x — 2sint x + sin® x) cos x dx 


_ (ein x)? cos x dx — 2f (sin x)* cos x dx + ( (sin x)§ cos x dx 
=dsin' a — 2sinb'e +4sin’2+C. By [4], Art. 108 


Example 2. Find fsin® rds 
SoLution. f sin? Ooh? = f sin? 2 sinc. fa — cos? x) sin x dx 


= f sin x dx + f cos? x(— sin x dz) 
=—cost+4cos?a+C. By [4], Art. 108 


EXERCISES 


Perform and verify each of the following integrations: 
ul. f sin cos’ xdz =Asinis —4tsinds +C. 


2. § cos? x dz = sin x ~SR 2+. 


~ 


f cost x sin? x de =—+4.os>s +4 cos’x +C. 
4. fasintz cos x dx = 1 sin) x —dsin?x+C. 


cos? x 
5. S252 ae =cse rz — 1 occ x + C. 
sint x 3 


ag 

sin’ x 

6. f 5 dx = secxz + cosx + C. 
cos? z 
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- ne 20a e 3 mE COS UA 
Vis f sin x dx cosa + 3 cos? x ae +C. 
8. § cos® x de = sing — 2 sin? 2 +202 + C. 
9. f sin? x cos’ x dx = 2 sin’ x — fr sin? +. 


10. fa dx =— 2V cos x(1 — 2 cost x F 1 cos “)+ (Gy. 
cos & 5 9 


11, (sin? 597, 1 ee 7! |: __ 1sin250 
Soon 5 : cos? 5 6 poe a te Arg eae 


3 
12. jes 4Y ay = liog sin 4y - 1 int4y +C. 
sin 4 y 4 8 


13. § cos! x de = sing — sin'x +2sin'x —+sin’ x + C, 
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14. § sin’ x cosa dx = — 1 sin? x cost — +1, costa + C. 
15. Find each of the followme integrals and verify each result by differentiation : 
(a) § cos? 30d0; (g) fa ad 
(b) fain’ °. do; (h) f a me gy 
(c) fain’ 2x cos 2 x dx; (i) fain’ a? cos a2 - x dx; 
(d) fain’ mex cos? mx dx ; (3) § Veos « sin? x dz; 
(e) Fcos® az sin? ax dx; (k) Fcos! xVsin" x dx; 
(f) fein? x cos? x dx; (1) j= Hoge) son Done) ar, 


114. The type f sin” x cos” x dx in which m or n are both positive 


even integers. 


Integrals of this type may aieaye be evaluated by means of the 


following three standard trigonometric formulas (see page 359) : 
sin x cosx = sin 22, 


sint?x =4—4c08s22, cos*x=4+40822. 
Example 1. [ind fsin? has 


SOLUTION. § sin? edt = fa — 40s 2 x) dx 


= SS ae — Sfeos 2 dx sie 1 in Qa +C. 


2 4 
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Example 2. Find fsin' x cos? x da. 


SOLUTION. fsin® x cos? x dz = f (sin x cos x)? sin? « dx 


fi sin? 204 —4cos 22) dx 
$f sin’ 20 de — 4 f sin? 2.x cos 2a de 
=4/G — $0084 2) de — $f sin? 2a cos 2.x dx 


= 750 —grsin4e — Asin? 224+ C. 


ll 


115. The types fein mx cos nx dx, if sin mx sin nx dx, 


f cos mx cos nx dx in which m and n have any values whatsoever ex- 


cept that m shall not be equal to n. 
Integrals of these types are readily evaluated by means of the 
following three standard trigonometric formulas 


sinz cosy = ¢sin(v + y)+ 4 sin (x — y), 
sin x sin y = — 4.cos(x@ + y) + $ cos (x — y), 
cos x cos y = 4.cos (4 + y)+ 4.cos (x — y).: 


Example. Find f sin 5 # cos 3 4 da. 

SOLUTION. fsin 5 x cos 3.2 de = fibsin (52+3 x)+ 4sin (52 —32)] dx 
= 2 fsin 8 x de or 3 fsin 22 de 
=— 7, cos8x —jfcos244+C. 


EXERCISES 


Perform and verify each of the following integrations: 
uk f cos? a de =24 4sin22 +0. 

2. fain? cos? « dx = as gp sin da + C. 

3. fsin' x de = $2 —Jsin2re+- ,sn42+C. 

4. f cost x de =32+isn2z+,,sn42+C. 

5. fain 52 sin 6 2 dz =— >, sinllxe + 4sine +C. 


6. f sin 3x cos 5 x de =—,cos8a4+4c0s2%+C. 
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7. cos 5 2 cos 2.x dz =,,;sn7r+4sin32+C. 

8. fsin'a dz = yy(5e —4sin2e + 4sini2z + 3 sin 42)+ C. 
9: cose de = p.(52 +4sin22 —}sin'2e +2 sin42)+C. 
10. faint cost 2 de = zig (8 z.—sin4dz + 4sin82z)+C. 


11. f sin’2 de =7,@20 —4sin2c¢+2sin'22+fsin4z + sin82)+C. 


12. Find each of the following integrals and verify each result by differentiation : 


(a) fain? xz cos! x dz; (d) fein? x cos’ x dz; 
(b) fain 52 cos 7 x dz; (e) fasin® x cos? x dz; 
(c) fain 4xcos3 xdx; (f) Fcosio x dz. 


116. The types tant x dx and jcot"x dx, n being an integer. 


Integrals of these types may usually be integrated by means of the 
familiar trigonometric relations 


tan? « = sec?#— 1, cot? = csc? 2 — 1. 
Example. Evaluate f tan‘ x dz, 


SOLUTION. f tan! POM = f tan? x - tan? x dz = f tan? x(sec? « — 1) dz 
= f tan? x sec? x dx — f tan? x dx 
= f (tan x)? d(tan x) — § (see? x—1)dz 
=itan?s —tanv+24+C. 


117. The types f sec?’x dx and f csc?x dx, n being any even 


integer. Integrals of these types may also be integrated by means 
of the trigonometric relations noted in Art. 116. 


Example. Find f sect x dx. 


SoLUTION. f sec! x dz = ( (tan? 2 + 1) sec? x dx 
_ § (tan x)? sec? x dx + f sec? x dx 
=ltanic+tane+C. 
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118. The types fan” x sec"?x dx and f cot” x csc” x dx, n being 


a positive even integer or m an odd integer (or both). 
The cases in which n is a positive even integer may be treated by 
methods similar to those employed in Arts. 116 and 117. 


Example. Find i tan‘ x sec* x dz. 

SOLUTION. f tan! zsect x dx = f tan‘ x (tan? x + 1) sec? x dx 
= f tan® x sec? x dx + (tan! x sec? x dx 
=7tan’e+ttana+ C. 


The cases in which m is an odd integer may be treated by the method 
illustrated in the following example: 


Example. Find f tan® x sec’ x dx. 

SoLuTION. i\ tan® x sec? x dx = § (tant x sec? x) (sec x tan x dx) 
= § (see? x — 1)? sec? x(sec x tan x dx) 
= i\ (sec® « — 2 sect x + sec? x) d(sec x) 
=+sec’ x — 2sechx+4secia+C. By [4] 


EXERCISES 


Perform and verify each of the following integrations: 


iB f tan? x de =tanz—2z+C. 2. f cot? x de =-—cotz-z2+C. 
3. ftan?2 dz =4tan? x + logcosz + C. 
4, feot x dz =— 4 cot?x — logsinz + C. 


6. f eset x de =—icot?z —cotzr +C. 


a 


, f sect x de =ttanos +2 tania + tanz+C. 


I 


. fesc8ade =— fcothx — cot? x — cote +C. 

8. ftantz secta dz =4tan’x +i tania +C. 

9. [tant 2 sec’ x de = — 4 secd x + $ sec? x + C. 

10. f cot 2 ese? x de =— ese? x + 2 c&ce5 x — esc? x + C. 


11. ftans rdz =+}tantz —4tan?z — logcosz + C. 
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12. feot® xdxz =—+cot*z +4 cot?z + logsine +c. 
13. ftan xsectxdr =i tants + tan?x + C. 


2 8 2 
14. f tant « sec? xdx = 8sec3  — Zsec$x+C. 


15. § 223 ae = tone l +C 
tan? tan x 


16. § (tan xz +cotx)?dzx =tanz —cotz+C. 
17. Find each of the following integrals and verify each result by differentiation: 


(a) f tan’ x sec? x dx; (e) f4 ai (2) f tan’ a sect x dz; 
(b) f tan’ aV sec x dx; (f) i © de; (j) i X ae. 
esc! ax Vtan 2 sect e 
(°) Wena oe (9) i cos? x dz; (k) fz Bae 
: cot* Tae 
@) line tant x’ (h) j ants O? 0) fseek x dz. 


Ill. Tae InTecration or RationaL FRACTIONS 


119. Introduction. An integral rational fraction in z is a fraction 
whose numerator and denominator contain x to positive integral 
powers only; that is, both numerator and denominator are poly- 
nomialsinz. In case the degree of the numerator is equal to or higher 
than that of the denominator, such a fraction may be converted by 
ordinary division into a polynomial quotient plus a remainder which 
is in the form of a rational fraction having the degree of its numer- 
ator less than that of its denominator. The study of the integra- 
tion of such fractions may therefore be confined to fractions having 
the degree of their numerator less than that of their denominator. 


For example, by division such as in elementary algebra we may write 
ft+3e+ 27241 2 52+ 13 
a Se a—4 meena de ees, 

v+22+3 i cia ae 
and therefore we have 
Cees Dee ly aad omy 5a + 13 
i) e424 - 3 oa Z ae 2+2e+-3 
It thus remains but to evaluate eee rt that is, to integrate a rational 
fraction whose numerator, 5 z + 18, is of lesser degree than its denominator, 
pA Ni ey 


As thus limited, the general study of integrating rational fractions 
may be conveniently considered under three cases as follows: 
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120. Case I. When the denominator may be factored into real linear 
factors, none of which are repeated. 


The following example is typical of this case and of the method of 
integrating a rational fraction under such circumstances : 


Example. Find f PRS Sas ee eee 
a(a + 1)(@ — 2) 

Sotution. Inasmuch as the factors of the denominator are xz, x + 1, and 

x — 2 it is possible (as shown in algebra) to express the fraction in the form: 


St ae eat) B C 
re DG=2O0 5 ae (1) 


where A, B, and C are constants as yet undetermined. In order to find the 
actual values of A, B, and C, clear (1) of fractions, thus obtaining 
382+2= A(e+ 1) — 2)+ Baa — 2)+ Cr(e + 1), (2) 
or, performing the indicated multiplications on the right and arranging the 
result in descending powers of 2, 
82+2=(A+B4C)e2+(-A—-2B4+C)r -2A4. (3) 


This relation, like (1) and (2), holds for all values of «. Hence (as shown in 
algebra) the coefficients of like powers of x on the two sides of the relation 
must be equal; that is, we have the following set of equations for determin- 
ing A, B, and C: 


A+B+C=0, 
—-A—2B+C =8, (4) 
—2A = 2, 
Upon solving (4) in the usual manner of elementary algebra, we find that 
A=—1,B=—4,C =4. Placing these values in (1), we have 
3a + 2 1 1 eee 
ee D@— 2) BeeseeT i a teGiee 
Hence, , 
f Ba Ops 1) eae i 
a(a + 1)(a — 2) a a Pee 


— log « — d log (x& + 1)+ 4 log (« — 2)4+- C. 


Finally, this result may be written in condensed form by writing the 
arbitrary constant C in the form log C and subsequently employing well- 
known principles of logarithms. Thus, we may write 


3 7, 1 4 
Set he ry @ = — oe — log (e+ IF + log (@ — 2)* + log C 
3 Cle — a8 


= log Z 
x(a + 1)3 
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Note. A short method of determining the constants A, B, C without solving 
the system (4) is as follows: Inasmuch as (2) holds for all values of zx, suppose 
in particular that s =0. Then (2) reduces to 2 = A - (— 2), giving at once 
A =—1. Next supposex =—1. Then (2) gives -3+2=8B-(—1)(— 83), 
or —1=38B. Hence B =—+, Finally, place x = 2. The result in (2) is 
6+2=C-2-30r8=6C. HenceC =4 


EXERCISES 
Establish each of the following results: 
dz 1 2+2 
Le = lo 
Ah eee heapaea PRN te ee 
x dz Fees eae 
2. io 5 log (4 z’)+ C. 
3. ALD z+ log 212 +C. Hint. See Art. 119. 
4—27? z—2 
4. Li Deeds bit ypeu et 


@—32)d Seay 
5. oe tS de =— Flog (2 + 2)— log (1 — 2) +. 


2-2-2? 
6. Bc ic mee ame 
1+32 = Atog (1 +72)—Llog (1 +42)+C 
eae es one a OO Pp EA 
8. 2x—-4 gp =2log(1 —22)— log (1 — 22) +C. 


(1 — z?)(1 — 22) 


ia Je e+ Llog2 ts +0. 
10. pts EES dz = Blog (1 — 2) — 2log (1 — 22) + €. 
(c a —— 6) dx = log @ I 
12. oF aaa 77 thoes — flog (e — 1)— glog@z +3) +C. 
Le ae 

= 55 Ima +n) log (2 — 2) + (mb — n) log (a + b+ © 


+ C. 


14. Find each of the following integrals: 


zi 2 ete as; 
(a) jf) to ae; (@) (= sais 

eee dye oe taal Se ay 
OT mare Sead © faye aera ® 


52-11 
() ia. es dz; (f) jaja aa 
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121. Case II. When the factors of the denominator are all of the 
first degree and some repeated. 


The following example is typical of this case and of the method of 
integrating the fraction under such circumstances: 


: 2x2£+1 
Example. Find Nee aie 
Soxtution. Inasmuch as the factors of the denominator are x and (x + 1), 
of which z occurs but once while (x + 1) is repeated three times, it is possible 
(as shown in advanced algebra) to express the fraction in the following form: 


Pena il A B C D 


(oti 5 Gat Gener 


where A, B, C, D are constants as yet undetermined. In order to find the 
actual values of these constants, clear (1) of fractions, obtaining 


22+1=A(e+4+1)?4+ Bet+ Cr + 1)+ Dee + 1), (2) 
or, expanding and arranging the second member in descending powers of z, 
22+1=(A+D)2+(38A+C4+2D)r2+8A4+B4+C4+ D)ce+A. (8) 


This relation, like (1) and (2), holds for all values of x. Hence, as shown in 
algebra, the coefficients of like powers of x must be equal; that is, we have 
the following set of equations for determining A, B, C, and D. 


A+D=0, 344+C+2D=0, 3A4+B4+C+D=2,A=1 @ 
Upon solving (4) in the usual manner, we find A=1, B=1, C=— 1, 


$f ()) 


D =—1. Placing these values in (1), we obtain . 
2241) 1 Uae ae 
aa@+i1)2 2x («+1? (+1) +41 ; 

Hence : 

2a Tl 2. Stop pe 
Sse @ = be de4rdi tad log(z+1)+C 

a Dae Be a5, 

Beet eet 


Note 1. In order to determine the constants A, B, C, D in the foregoing 
example without solving the system-(4) one may proceed as follows (compare 
Note, Art. 120): Place z =0 in (2), obtaining at once A =1. Then place 
zx =—1 in (2), obtaining 2(—1)+1 = B(—1) from which B=1. Now 
differentiate both members of (2) and in the result place in succession z = 0 and 
x =—1. If the values already found for A and B be introduced, we then obtain 
the two equations C + D =— 2,C =—1. Hence,C =D =—1. 
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Note 2. In employing the method of expressing a fraction as the sum of simple 
so-called “ partial fractions,” as illustrated in (1), it is to be noted that to every 
n-fold linear factor in the denominator, such as (« — a)”, there corresponds a 
sum of partial fractions of the type 

A B ¢ M N 
(e¢—a)” (¢ —a)r1 “ @— a) ge titi (ec —a)? (# —a) 
22+1 
a(x + 1)® 


Thus, in the foregoing example if the fraction to be integrated had been 
the relation corresponding to (1) would have been 


Deity ANB a D EB 
PGE deste) GED! | Gree 2 Geet) 


In all cases the constants A, B, C, ete. may be determined either through a system 
of equations analogous to (3) or by some special device such as suggested in Note 1. 


EXERCISES 


Establish each of the following results: 


9 dx 3 vie 
ne = 
Sxlere:. 2) “2° 


ey ae eee, eas 


(x + 2)8 (x + 2)? 

a ey =e ele 2G Soa 1 eae 
be! ae - log 2 + Slog (22 + 5)+2 240. 
Series - log (« + 4)3 3/32 42 eee U7) 

Nae zQ2 See = Eo ete se +0. 


ae PY Save jog (FB) Ad) 
| eae log - + C. 


8. AE de = Go peg 2-40. 
Dies re poh ae cat (Sea) 
10. (= Sa eee Gs oe chat 2log2 =? + €. 
11. Find each of the following integrals: 
ON ery) © OSeaaage 
0) REF ax; © (EES ae; 


Gh. a2 + ab 
© § yet o Sac one aot oer ie =e 
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122. Case III. When the denominator contains one or more factors 
of the second degree, but none of them repeated. 


The following example is typical of this case and of the method of 
integrating the fraction under such circumstances : 


, ~+2 
Example. Find Ve payee) dx. 
Sotution. Inasmuch as the factors of the denominator are (1 + x) and 
(1 + 2?) it is possible (as shown in advanced algebra) to express the fraction 
in the following form: 


(ants = aA re Bee © (1) 
G+al+a) il+a' 1427’? 
where A, B, and C are constants yet to be determined. In order to find the 
actual values of A, B, C, clear (1) of fractions, obtaining 
Te = Atle) (Be Chea). 


7T+e=(A+B)e?4(8+ Ce+(4 + C). 
Thus, A, B, and C are such that 
AEE B = 0) SaBi-iG el meant Oe——arp 
Solving, we find A = 3, B=— 3, C=4. Relation (1) thus becomes 
7 stil 9 OS Ubi et See a ee x 4 
G+ad+a) ite? 5 © 


or 


l+a lite “1+e 1+2 
Integrating, we obtain as the desired result 


(fae 3 

= 3log(1 —=log (1 2 : 

We aa eo 3 log (1 + 2) 5 og (1+ 2?)+ 4arctanz+C 

Note 1. In employing the method illustraced in the foregoing example it is 

to be observed that, in general, to every non-repeated second-degree factor in 

the denominator, that is, to every factor of the typical form ax? + bx + ¢, there 

corresponds a partial fraction of the form 

Mo aN ; M, N = constants. 

ax? + br +¢ 

Thus, if the fraction to be integrated in the foregoing example had been 

T+2 
(1 + 2)(1 + 2?)(2 2? +2 +3)’ 
(ork ae: Bre +C 4 De +H 

+a)\l+a22)(2Qe2+2+8) 1lt+e 1+22 22+2+43' 

where A, B, C, D, E are constants to be determined. 


the relation corresponding to (1) would be 


+ 


Note 2. The case in which the given fraction has a denominator containing 
one or more second-degree factors, some of which are repeated (compare Art. 121), 
may be treated by methods analogous to the foregoing, but this case is here 
omitted because of its complications and its relative unimportance. 


Art. 123] INTEGRATION BY PARTS 237 


EXERCISES 
Establish each of the following results: 


8 dx 
a le = ee SE ES Dine 2 = 
Vas TH log x log (cz? + 4)+ C = log 


Cee 
z+4 


Cae = log (x? + 1) — 2 log (x — 4) — ll arctanz + C. 
3. fSaay = logz FO + C. 
Se oye = log G2—2)— Slog (x?+5) — a arc tan Vi +C, 
5. fet dx =logx + 2arctanz + C. 
6. Eon dz =x +1 g 108 mt: —vV3 are tan Wi + C. 
tfc gee ree’ a BASIS gp = log x? + V3 are ele + C. 
8. fe 9 dx = log Cx3(x? + 3)?. 
4" ne are tan 2 —* +. 
10. dar 3 a —lare tang +. 


@2i-- 1)(@? + z) vies SG+it@+i) 2 
11. Find each of the following integrals : 


: 324+2 
@ (ora O ae eee 
84+2 ‘ 
ee oa Deseo @ face 


Vi," ~ IV. InrreeRation By Parts 
123. Method. Suppose that w and v are any two given functions 
of x. Then, by Ex. 8, page 202, we have 
d(u:+v)=udv+vdu, 
which may be written in the form 
udv = d(u+v)— v du. 
When stated in the language of integration instead of differentiation, 
the last equation is evidently equivalent to the following : 


fudv = w — v du. 


This is known as the formula for integration by parts. The manner 
in which it may be employed actually to determine the integral of a 
given function of x, at least in various cases, will now be illustrated. 
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Example 1. Find fx cos x da. 


Sotution. Let w=a2 and dv=coszxdz. 


Then du=dzx and v= feos a de = sina. 


Substituting in the foregoing formula, we obtain 
wu dv We ty v du 
fe cosx dex = x sina — f sin a de 
=asina+cosx+C. 


Example 2. Find f log x da. 


Sotution. Let u=loga and dv = dz. 
Then du = de and» = fae =2. 
x 


Hence, substituting in the formula, we obtain 
flog « de = PlOl a, — fa. die 
x 
=o Ogi — fade =czlgr—2+C. 
Example 3. Find Wate da. 


Sotution. Let w=2? and dv = e* dz. 


Then du=2adr and »v =fe dx = e?, 
Substituting in the formula, we obtain 
fare dz = xe? — 2 (zee dx. (1) 


The integral here appearing in the second member may now be found by 
applying the same process again. Thus, if we now take u = x and dv = e* dz, 
so that du = dx, v = e*, we obtain 


§x0* dx = xe* —fe dx = xe? —e*7 + C. (2) 
From (1) and (2) we thus reach the final result, namely, 
fate dx = wet — 2me7 + 2e7 + C. 


This example illustrates how the process of integration by parts may, 
if desired, be used more than once in evaluating a given integral. 


An examination of the foregoing illustrations shows that in employ- 
ing the formula for integration by parts to find any given integral, 


as Ste) dx, it is necessary to identify f(x) dx as some product of 


Art. 123] INTEGRATION BY PARTS 239 


the form, wu dv, where wu and dv are of such a nature that (1) fa can 


be readily determined, thus giving 2 itself, and (2) |» du is readily 


integrable. No general rule can be given for determining such a u 
and dy for a given f(x) dx, nor is it to be inferred that they even ex- 
ist in all cases. On the other hand, such a u and dv can be found in 
more than one way in some cases. Despite this uncertainty, it is a 
familiar fact that experience in solving a variety of simple exercises 
involving the principle soon makes one able to supply the necessary 
ingenuity in more complicated cases and leads in the end to a wide 
usefulness of the principle. 


EXERCISES 


Establish each of the following results by means of one or more integrations by 
parts: 


1. fae dz =4Le8(¢ —4)+C. 


Hint. Note that one may here advantageously choose u=2, dv = e3* dz. 


= 


fzsinz de =—zcosxt¢+sinz+C. 


< 


= x2 x 
fz log « dz ek re +¢. 


44 a gntl pace ny 
fz log x d. = 2 (8 a 


5. fare sina dx =xzarcsinz +V1 — 22+. 


~ 


6. fare tanadx = xarctanz —4log (1 + 2#*)+C. 

7. fzaretanz de = +t arctana - 5 +C. 

8. f2?sin x de =2cosr+2zsinz — x? cosr +C. 

9. § ver de = er(73 — 322+ 627 —6)4+ C. 

10. fx tan? 2 de = tan 7 — = + log cosa + C. 

11. fz? are sin x dx =" sresing + ei +2Vj —22+0, 
3 9 

12. § (og x)? dx = z[(log x)? — 2logz + 2]+ C. 

13. § cos z log sin z dz = sin z (log sina — 1)+ C. 


14. f sect « log tan z dx = tan z (log tanz — 1)+ C. 
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log x ey a 
16. gute 2 a ; log x — log (@ +1)+C. 


Hint. Take wu = log a. 
16. fave edz =—42%(a — 2)? —2(@ — 2)? +0. 
Hint. Take wu = 2”, dy =Va*® — x? x dz. 


17. {eo sin me dz — @7(a sin me — m cos mt) +. 
a + m 
Hint. First take uw = e*, dv = sin mz dz, thus obtaining 


x 
ice sin mx dx = — SOS ats fe cos max dz. (1) 2 
m m 


Next, in the original integral take u = sin mz, dv = e** dz, thus obtaining 


. Za 
ee singe dp = ee we fe cos mx dz. (2) — 
a a 


Now combine (1) and (2) so as to get the indicated result. 


18. § e°* cos me de _ e%7(m sin mz + a cos mx) +¢. 


a® + m ‘ 
Hint. See Ex. 17. 


19. fv@ +edxe =42Ve+ 2 + © log (a +Va? + 22)+ C. 


Hint. Take u =Va? + 22, dv = dz. In the new integral encountered 
use the relation 


2 ————— 2 
x =Vat + a? — a 


Va + 2 | Va pa 
20. fv@ = a de ate Var =a + Faresin? + ¢. 


21. Find each of the following integrals: 


Pe at dz , x dx 
(a) fixer de; (4) flog (log z) =; @ f= Jaa 
] 1 
(b) fare cot x dz; (¢) f Ps, ) dx; (h) Fsee® x dz; 
d : 
(c) (ze dz; ff) ‘a = (2) ftan? xz sec x dx. 


V. INTEGRATION BY SUBSTITUTION 
124. Algebraic substitutions. The process of finding an integral 
ih f(x) dx is often facilitated by changing the variable of integration, 


x, into some other variable, say z, where z bears some given algebraic 
relation to x. The following illustrations will convey the nature and 
value of this process. 
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\ 


Example 1. Find —— 


Wa ae 1 
Sotution. Let 2=Ve+1. 
Then +1=2 andhence 2=2—1, dz = 22 dz. 
Bris dx DAE gy 
Substituting, Sea ee 2 f Zz = a ; 


Replacing z by its value in terms of the original variable z, we obtain as the 
final result 
f dx ah Za ae 
aV2+1 Vira 


x 
Example 2. Find § - = 


ane taal 
Souution. Let RSE, OP he xt, 
Then, at = 2, gt = 2, and dx = 423 dz. 
Zz 
ae Ai (ihe 42 dz (2 Ze ) 
& 2A Py ae ae 
Substituting, f e Ra ie eal \\ cases 55 dz 


2 4 
= 4 (2 de _ 4s a = 37 _ slog @+1+C. 


Replacing z by its value a, we obtain as the final result 


L 
(3 US = Sat — Flog (zt + 1)+ Cc. 
wté+1 3 


Example 3. Find f sin Vz de. 

Sotution. Let x = 2,orz =V«. Then dx = 22 dz, so that we have 

fsin Va de = 2(2 sin zdz = 2[—zcosz+sinz]+C. Ex. 2, page 239 

Replacing z by its value Vx, we obtain as the final result 

fain Vx dx = 2[-V x cos Vx + sin Vz] + C. 

An examination of the foregoing illustrations shows that the 
essential step in each instance consists in making such a substitution 
for x as will give rise to a new integrand (or expression to be inte- 
grated) in which no radicals or fractional exponents enter. No 
general rule can be given to accomplish this, yet, as in the use of 
integration by parts (Art. 123), experience soon leads one to foresee 
such transformations as will be advantageous for the purpose. 
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125. Trigonometric substitutions. Integrals whose integrands in- 
volve fractional powers of either a? — x? or a? + 2? or x? — a® may 
frequently be evaluated by introducing a suitable trigonometric 
substitution. In general, the following rules may be followed : 


If the integrand involves a® — x?, substitute x = a sin z. 
If the integrand involves a? + x, substitute x = a tan 2. 
If the integrand involves x? — a?, substitute x = a sec z. 


Example. Find (i 


Tae mt 


Soutution. Let o = asin é. 
Then, 2? = a? sin? 2, a? — a? = a®(1 — sin? 2)= a? cos? z; 
also = acos 2 dz. 


- a cos 2 dz =f dz 
asin?z-acosz a?J sin? z 


= Ff eset ede =— cote + C. 


Substituting, i se ni 
x(a? — x 


Now, sinz =~. Therefore, cot z = Va — 2 
a x 
For a final result we thus have 
ras ye 
f dx aes Var — x 40. 


r2(a2 — a2)? ax 


EXERCISES 


Establish each of the following results: 


1. Ve — 2V2 —2log 1— Va) +6. 
: WA ehh 
2. Swe py T2V1 +2 — Zlog(h +Vi+2)+C. 


5. Neee x dx am 52h — 2 + 2Ve — Blog (1+Va) +O. 
Vez 3 


4. j—_— ~=3@+18—3@+)F + 3logh +@+)N+C 
eae 
oy | eae 
x? — 323 + 60% — 6 log (ec? +1) +C. 
at + 23 


Hint. Let xz = 2. 


Art, 125] TRIGONOMETRIC SUBSTITUTIONS 243 


$i 
a ee = Sat 4 628 + 3 log™ —1 — 3 arc tana? + €. 
fied cl Oe Joti 


1. (_@_ = Sion ee 


ze +43 ge 


8. f Se) ae | Coy eee 4 low CV Te eC 
Veet — 1 


9. (7S _ edt —1@ 232 +2)* +¢. 
@x+2% + 


da =e 
10. = 2log (Vz +24+1)4+0C. 
SaaS 


11. ue --2@er+424+8)VI1—2+0. 
1—¢z 
12. f ede _ w+4 
(2 + 22)? V2 + 2 
(2 ae Vee 
a x 
Hint. See Art. 125. 


4 dx WR ee eC 
16. Sava + ax i 


15. ——- = 1 are see 2 +. 
aa Ge Ch a 


16, (YO=P ap Veo ~ alogt t¥P = #4 
x 


x 


13. — are sin? 2 fap). 


iN (eee a =V 27 — @ + aare sin + C. 


dz ai 
18. = + C. 
Nes 4 o2)t Va +a? 

2 dz @ Beetle 
19; # = —aresin= + C. 

Ne oe 2)? Var — 22 a 
20. f dt ee Ae I eG 
eV 4 22 — 1 x 


dz 1 x 
21. = —log sia Ge 
Sa @ ~atvVa— x? 


22. I a? — x2 dx = hove =a +5 a®aresin® + C. 


dz = V2ax — x2 


23. +C. Hint. Let z = 2asin’z. 
Sa ax — 7 CBp ‘ 
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2 f des a Zoe +o" | ¢, Hint. Let © = 2a tan? z. 
204-7 @ Oy 
25. f 2 = ve = ZH SE Gr Hint. Let x = 2 asec? z. 
a* — 2 ax 
26. Find each of the following integrals: 
dx = 
(a) ah (f) (k) \ (a? — x)? dx; 
Jive Sent ine oo, 
(m) 
Ve+1 (A) ; es 
dz: 2 2} 
Oe are eran (+n ce ef =u 
@ fs —* : O7\ tee in) [SE EEY ae; 
a? + ave (a + ba)? anahe 
2 Ses 
(e) j= dz, (3) esc ads HD) ©) Sz ax — x? 
1 a 5 72 — a2)? 


126. Integral tables. It is to be understood that the various 
integral forms which have been encountered in the present chapter 
represent but a small part of the total of possible integrable forms. 
Enough has been given, however, to convey some idea of the great 
variety of such forms. In order that the student may have a more 
complete collection systematically arranged he is advised to purchase 
at this point a separate ‘‘ Table of Integrals.”” The one by B. O. Peirce, 
published by Ginn and Co. (Boston), is highly recommended. A brief 
collection may be found on pages 353-358 of the present text. 


Note. It is worthy of note that the standard integral formula [16] of Art. 108 
may be expressed differently as follows: From trigonometry we have 


l+sinu_ 1-+sinu =p ton 


COs U V1 — sin? u 1—sinu 


il = cos(u RE 
1+ cos(u +2 3. rhea AG a 2) 


secu + tanu = 


Thus, [16] takes the form 
fosecudu = log tan 5(u + ae Cc. 
Similarly, instead of [17] of Art. 108 we may write 
foscudu = log tan 5 + C. 


This appears by using u — 3 instead of u throughout the foregoing reasoning. 


CHAPTER XIII 


APPLICATIONS OF INTEGRATION 


127. Introduction. In the preceding chapter we have been con- 
cerned with the finding of the integral of a given function. No 
applications of the integral to geometry or physics have been in- 
dicated, but such applications are immediate. This will be made 
clear in the present chapter. 


128. Length of curve. As a first application of integration, let us 
determine the length of the parabola y = 4 2? from its vertex, which 
is situated at the origin (0, 0) to the point y 
(2, 2) upon the curve; that is, using Fig. 115, 
we are to determine the length of the parabolic 
are OA. It should be appreciated at the 
outset that such a problem is different in 
character from any that have occurred in the 2 
preceding chapters, or from any that can be 
solved by elementary mathematics. The solu- 
tion by integration, however, is readily ob- 
tained as follows: 

We first observe that, in accordance with the lemma of Art. 49, 
the distance s along the curve from the fixed point O to a variable 
point P = (a, y) is such a function of x that 


eo 


In the present instance, y = 42 so that ou = a, thus giving (1) the 


O| «x 2 


Fie. 115 


form 
WT a 
dx 
or 
ds =V14+ 2? dz. 


245 
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Therefore, s =v pra? da: 


This integral, which may be found by an integration by parts or by 
the substitution « = tanz, or may now be taken directly from 
integral tables, has already been obtained in Ex. 19, page 240. Thus, 
we have 


s=i¢V1+4+ 22+ log @+v14+22)+C. (2) 


Thus far we have made no explicit use of the fact that, in the present 
example, s is to be measured from the origin; that is, we are to have 
s=0whenz=0. This condition, when introduced into (2), com- 
pletely determines the constant C to be used in the present instance. 
Thus, by placing s = 0 and x = 0 in (2) we see that C must have such 
a value that 


0=4-0V1+0+4logO0+V1+0)+C 
or 0=04+0+406, 


from which we obtain C = 0. 
Equation (2) thus takes the following definite form : 


s = f[eV14+ 2? + log («# +V1 4+ 2?)]. (3) 


This equation determines the distance s along the curve from the 
origin to any point whose abscissa is 7. What we wish in the present 
example is to determine s as measured from the origin to the particular 
point A having the abscissa « = 2. It remains, then, but to put 
x = 2 in (3) to get the final answer, the result being 


4[2V5 + log (2 +V5)]. 


129. Generalization. A careful examination of the details in 
Art. 128 shows that the processes there employed are applicable to 
finding the length of are along any curve between any two points 
upon it. We need have given only the equation of the curve and 
the codrdinates of the two points between which the distance is to be 
determined. The only difficulty lies in our ability to find, either 
directly or from tables, the integral involved, and this, indeed, is not 
always possible for the reasons stated in Art. 107. The process of 
finding the length of a curve is commonly called rectification. 

In case the curve is defined by parametric equations instead of by 
an equation of the simple 2, y form occurring in Art. 128, the process 
is to be carried out in the manner illustrated in the following example. 
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Example. Find the entire length of one arch of the cycloid. 
Soutution. Referring to the footnote on page 101, the equations of the 
eycloid in parametric form are 
x = a(6 — sin 6), y = a(1 — cos 8), (1) 
6 being the angle MCP (Fig. 65) at the center of the rolling circle, this angle 
varying from 6 = 0 to 6 = 27 as the complete arch OVD is described by P. 
From (1) we have 
dx = a(1 — cos 8) de, dy = asin 6 de. (2) 
Hence the lemma of Art. 49 gives in the present instance 


ds 1 oer mee 1 — 2cos 6 + cos? 6 + sin? 6 
) da aE 


a(1 — cos @ 1 — cos 6)? (1 — cos 0)? 


_ V2(1 — cos 6) pe 2sin 5 


1 — cos 0 I — cos 6 


This relation, when solved for ds, gives 
ds = 2asin 5 do. 
Therefore, 
Oar, 05 (0 
s = 2afsin$ do = 4afsin$ a(S) = — 4a cos 5 ++ C. (3) 


Since s = 0 when @ = 0, we have 
0=—4acos0+C =—4a+4+0, 
so that C = 4a. 
Relation (3) thus assumes the definite form 


s=4a(1 — cos §). (4) 


Wishing to obtain the length, L, of the entire arch, it remains but to place 
6 = 27 in (4), thus giving as the desired result 
L=4a(1 — cos7)= 8a. 
The interesting fact thus appears that the length of one complete arch is 
just eight times the radius of the rolling circle. 


EXERCISES 


1. Find the length of the parabola y = 42? from the vertex to the point 

(4, 8). Ans. 4[4V17 + log (4 +V17)]. 
Hint. See Art. 128. 

2. Find the length of the parabola y = 42? from the vertex to the point 

(1, 4). Ans. ~s[8V65 + log (8 +V65)]. 

3. Find the length of the parabola y2 = 4x from the vertex to the point 

(1, 2). Draw a figure. Ans. V2+ log (1 +V 2). 
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4. Find the length of the arc of the upper branch of the semicubica) parabola 
9 y? = 423 extending from the origin to the point on the curve having the abscissa 
z = 8. See diagram, page 368. Ans. 14, 
Hint. With the origin as starting point, we find C= —2. Compare Art. 128. 
5. Show by the method of Art. 128 that the cir- 
cumference of the circle x? + y? = 7? is of length 2 rr. 
Do the same also by the method of Art. 129, the 
“aN parametric equations of the circle being taken as 
x xz=rcosé, y=rsind. 

Hint. Confine the attention to one quadrant 

only, subsequently multiplying the result by 4. 


6. Find the length of the arc of the catenary 


¥ 


x xz 
Fie. 116 WS 5 (e +e 4) from its vertex (0, a) to the point 


(x1, y1) on the curve. Moreover, from your result show that, if s; represents the 


are length in question, we have s;2 = y;2 — a®, which is a characteristic property 
Ce aed 
of the catenary. See page 368. Ans. 81 = 2 (ea —e @). 


7. Prove that if sis the arc length along the cycloid considered in Art. 129, the 
starting point being as there taken, then the length s extending to any point 
(x, y) on the curve will be such that s?=8a(s—y). This is a characteristic 
property of the cycloid. Interpret geometrically. 


8. Prove that the entire length of the hypocycloid x3 + yj = a5 is6a. For 
figure, see page 369. anes 


1 2 1 
Hint. dy 2S Hence ‘4 1 +( s Des is yt CeO CSS 
dx ae 2 1 


zw gs 


9. The equation of a cardioid may be written in parametric form as follows: 
x=a(2cos¢+cos2¢), y=a(2sing+sin 2 ¢). 


Show that ds = 4 a cos (5)a and that the total length of the curve is 16 a. 


130. Area under acurve. As a second geometrical application of 
the process of integration we shall consider the general problem of 
determining the area bounded by a 
given curve y = f(x), the X-axis and 
any two ordinates drawn to the curve, 
as illustrated by the shaded area in 
Fig. 117. For this purpose we. shall 
first need to establish the following 
lemma, this lemma playing much: the 
same réle in the present problem as the 
lemma of Art. 49 played in determining length of are (Art. 128). 
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Lemma. Let wu be the area bounded by the (continuous) curve 
y = f(x), the X-axis, the fixed ordinate CD drawn at « = a and the 
variable ordinate MP drawn atx = x. Then w will be such a function 
of x that 
du 
—_ = x 
de H(z) 
or du = f(x) ax. 
Proor. Let take onasmall increment MN = Av. Then wu takes 
on a corresponding increment Aw = area MNQP. By drawing the 
lines PR, PS, SQ so as to form the rectangles MNRP, MNQS, we 


see that 
area MNRP < area MNQP < area MNQS, 


or MP: Av < Au < NQ: Ac. 
Dividing by Az, we thus have 


MP < 2 NO. 
Ax 


Now let Av approach zero. As this is done MP remains fixed 


while NQ approaches MP as its limit. At the same time a ap- 
0) 


proaches as its limit the derivative du, Thus we have 
hy 


du 
CNP es 
dx ark) 


du = y dx = f(a) da, 


or 


as was to be proved. 
The applications of this lemma are immediate as illustrated below : 


Example. Find the area bounded by the parabola y = a’, the X-axis 
and the ordinates corresponding to « = 1 and # = 2. 


x 

Sotution. We here have y = x”, so that the fore- 

going lemma gives 
du = 2 de; 
where u represents the (variable) area extending to the 
ordinate drawn at the (variable) distance « from O, 
It follows that iy Oo en 
ba =fe dz = >t OC. (1) Fia. 118 


Tn order to determine the value of the constant C which should be used in the 
present instance, we now observe that, by hypothesis, uw = 0 when x = 1, 
Thus, (1) gives 
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o=-5+0-34+0 and therefore C =— 


Wl 


Relation (1) therefore takes the precise form 
u = 43 — 1). (2) 


Wishing now to find the area extending to the particular distance x = 2, 
we have but to place x = 2 in (2). The desired area A is therefore 


A = 4( —1)= $= 2. 


The area thus obtained is called the area wnder the curve y = x” between 
x =landz = 2. 


Note. In applying the foregoing process a negative result will ensue in case 
the curve lies entirely below the X-axis instead of, as in Figs. 117 and 118, entirely 
above it. That this should be the case is readily seen upon carrying through the 
proof of the lemma for such a case. The actual area is then obtained by merely 
taking the numerical value of the negative result obtained. In case the curve 
lies partly above and partly below the X-axis, the process leads to a result whose 
numerical value is equal to the difference between the areas existing on the 
positive and negative sides of the X-axis. 


EXERCISES 
1. Find the area under the curve y = x? betweenz = 2andz = 3. Ans. 64. 


2. Find the area under the curve y = x* and lying between the origin and the 
line x = 4. Ans. 64. 


3. Show that the area of one arch of the curve y = sin x (sinusoid) is equal 
to 2. See page 370. 


4. Find the area between the upper branch of the curve y? = ax’ (semicubical 
parabola), the X-axis, and the linex =a. Fora graph of this curve see page 368. 


Ans. 2 a3. 
5. Find the area bounded by the parabola a? + ye = a? and the coordinate 
axes. See page 368. Ans. 4a. 


6. Find the area lying between the parabolas y? = 4 az anda? =4ay. Draw 
a figure. Ans. 18 a. 


7. Show by integration that the area of a circle of radius r is mr. 
8. Find the area of one arch of the cycloid whose parametric equations are 


z=a(é—siné), y =a(l —cos8). Ans. 3 7a?. 
Hint. See Example in Art. 129. 


131. Applications to physics. The process of integration has 
manifold applications in connection with physical problems. We 
shall merely give at this point certain illustrations of this connection, 
delaying the further development of the subject to later chapters. 
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Example 1. A particle P starts from rest at a certain point O and moves 
along a straight line OA in sucha manner as to have a constant acceleration a. 
Determine the formulas expressing the velocity 


v of the particle and its distance s from O as o——__,_+___»A 
functions of the time ¢. Fie. 119 
Sotution. From formula (6) of Art. 54 we here have 
aaa, or dv = adt. 
Hence, 
v'= (aadt =at+C. (1) 


But » =0 when ¢=0. Introducing this condition in (1), we obtain 
0=0+C so that C=0. The desired formula for v in terms of ¢ is 
therefore 


: = ihe (2) 
Recalling now that © = v (formula (2), Art. 54), (2) takes the form 
-_ at, or ds = at dt. 
dt 
Hence, 
2 _ ot 
s = fatdt = aftdt = tes (3) 


But s = 0 when ¢ = 0. Introducing this condition in (8), we obtain C' = 0. 
The desired formula for s in terms of ¢ is therefore 

SS ey (4) 

It is to be observed that if in particular a = g = 32.2, formulas (2) and 

(4) become, as they should, the familiar ‘laws of a falling body” considered 


in physics. See also Ex. 3, page 109. 


Example 2. A ball is thrown (projected) horizontally with a velocity of 
a feet per second from a point O which is h feet from the ground. Discuss 
‘ the path of its descent and find the velocity with which 
i the ball strikes the ground (assumed level). 


‘ Sotution. Take as positive X-axis the horizontal line 
SS ae OX along which the ball is thrown, and let the positive 
Y-axis be taken vertically upward at O. Then, inasmuch 
as the ball is thrown horizontally, the horizontal com- 
ponent v, of its velocity will remain the same (resistance of 
the air being neglected) at all points of the descent, being 
ma =. as at the beginning. That is, we shall have 
Fig. 120 Vv, = 4. (1) 


In order to obtain a corresponding formula for the vertical component v, 
of the velocity we note that, inasmuch as the ball is constantly urged by 
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gravity in the direction of the negative Y-axis, its vertical acceleration will 


be the negative constant — g = — 32.2 feet per (second)?. Hence, we have 
(Art. 53) 

dv 

aE. =—g, or dy =—g dt, 


from which it follows that 
Vy =-gfat =—gt+C. 


But vy = 0 when t = 0. Hence C = 0 so that the last equation takes the 
precise form 
vy =— gt. (2) 


Equations (1) and (2), which in themselves determine completely the 
X- and Y-components of the velocity at any time ¢ during the motion of the 
ball, are respectively equivalent, by Art. 53, to the following: 


dx dy 
ae dee 
or dz = a dt, dy =— gt dt. 


Integrating, we have 


2 
z=at+Ci, y=-95 +0 


where C; and C, are constants. To find their values we note that « = 0 
when ¢ = 0, and y=0 when t=0. Thus we have directly C; = 0, C, = 0. 
We therefore have at any time ¢ during the motion 


naa, y=-&. (3) 


Equations (3) completely determine the position (x, y) of the ball at any 
time t. These equations are, in fact, the parametric equations of the path, 
t being the parameter. In order to find the equation of the path in the usual 
zx, y-form, we have only to eliminate ¢ from (8). Thus, the first equation in 


(3) gives t = = and with this expression used for ¢ the second equation 
becomes 

y=— su. (4) 
This is at once recognized as the equation of a parabola, being in fact of the 
standard type of a parabola which opens in the direction of the negative 


Y-axis. The position of its focus and other important properties may, if 
desired, be now obtained by analytic geometry. 
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Thus, the first question asked in the example is answered. As to the second 
question, we have but to return to (1) and (2) together with formula (1) of 
Art. 56 to see that the velocity v of the ball at any time ¢ during the motion 
is determined by the formula 


v =V02 + of =Va + gt. (5) 
Now, at the instant in question, namely, when the ball strikes the ground, 
we have y =—h. Placing y =—hA in the second of equations (3), we obtain 
{2 
Ses — e, 


from which, solving for ¢, it appears that the ball strikes the ground when 


ye Ne 
. g 
With this particular value for ¢ used in (5), we obtain as the desired velocity 
of striking the ground 


V =Va? + 2gh. (6) 


Thus (4) and (6) answer completely both the questions occurring in the 
Example. 


EXERCISES 


1. A particle P starts from rest at a certain point O and moves along a straight 
line OA in such a manner that its acceleration varies directly as the time elapsed 
since starting; that is, the acceleration is equal to kt, where k is a constant. 
Determine the formulas expressing the velocity v and the distance s of P from 

kt? kt 
= 2S 1S Be, 


O as functions of t. Compare Example 1, Art. 131. Ans. v 5 


2. Work Ex. 1 in case the particle has an initial velocity of v instead of 
starting from rest, other conditions remaining the same. 


2 3 
Ans. vay Up, oe ot 


3. A particle starts at the origin and travels along a plane curve in such a 
way that the X- and Y-components of its velocity at any time ¢ are determined 


by the equations 
v= t, vy = 13, 
Find the equation of the path. Ans. y = 2%. 


4. Work Ex. 3 in case the X- and Y-components of the acceleration (instead 
of the velocity) are given by the equations 
jz =t, jy = #8, 


it being assumed also that the particle starts from rest. Ans. 2° = 259 y3, 
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5. A particle starts from the point (a, 0), a being any constant, and travels 
in such a manner that the X- and Y-components of its velocity at any time ¢ 
are given by the equations 

v, =— asint, vy = acost. 
Show that the path of the particle will be a circle with center at the origin. 

6. If in Ex. 5 the particle starts from the point (a, b) where b # 0, other 
conditions remaining the same, show that the path is still a circle. How do its 
center and radius compare with those pertaining to Ex. 5? 

7. Generalize the result obtained in illustrative Example 2, Art. 131 by proving 
that if a particle is projected with an initial velocity of v inclined at an angle a 
to the horizon, its path will be a parabola: 

Hint. Take axes as indicated in Fig. 121 and 
observe that, under the given conditions, the 
initial values of the X- and Y-components of the 
velocity will be respectively v) cosa and % sin a. 
Show that with axes thus chosen the actual 
equation of the path becomes 


Fig. 121 ab Pape Cele Lt 
ee 2 v2 cos? a 

132. Miscellaneous applications. Besides the applications of 
integration already noted many others follow directly from the 
various formulas obtained in Chapters II-V. 


Example 1. Determine the equation of the curve (or curves) such that 
the slope at any point upon it is equal to the ordinate of the point. 


Sotution. The given condition is expressed by the equation 
dy _ dy _ 
a or 3 — Os Y 
Integrating, using formula [5], Art. 108, we obtain 
logy =x+C; C = arbitrary constant; 
and this is equivalent to 


y = Ce*; C = arbitrary constant, (1) Z 


as appears by taking the logarithm of each mem- Te 


ber of the latter equation, noting that 

log Ce* = log C + log e*? = logC +2 =2-+ logC 
and that, inasmuch as C is an arbitrary constant, log C may here be replaced 
by a single letter such as C to represent an arbitrary constant. 

Whatever the value assigned to C, the curve (1) is a so-called ‘‘ exponential 
curve” (see page 370) passing through the point (0, C). By assigning dif- 
ferent values to C we thus obtain a family of curves, as indicated in Fig. 122, 
each member of which has the property specified in the Example at each 
of its points. Compare Fig. 114, page 212. 
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Example 2. Determine the equation of the curve (or curves) whose 
subnormal is constant, being equal to a. 


Sotution. By Art. 46, the given condition is expressed by the equation 


dy 
WES == (it 
Ye 
Writing this equation in the form 
y dy = ada 


and integrating both members, we obtain 


f= ax +C, or y? = 2ax+2C, 


which, recalling that C is an arbitrary constant, is equivalent to 
ye = 2ar+C. : (1) 


The condition proposed in the Example is thus satisfied by (and only by) 
the parabolas of the family (1). The student is advised to draw a figure to 
illustrate the meaning of this result. 


EXERCISES 


1. Determine the equation of the family of curves each of which has its slope 
at any point equal to the abscissa of the point. Draw a figure to illustrate the 
meaning of your answer. Ans. 7? =2y+C. 

2. Show that if a curve has its slope at each point equal to the ratio of the 
abscissa of the point to its ordinate, it belongs to the family of equilateral hyper- 
bolas whose equation is x? — y? = C. 

3. Work Ex. 2 in case the negative ratio of the ordinate to the abscissa is 
used instead of the ratio of the abscissa to the ordinate. Ans. zy = C. 

4. Determine the equation of the family of curves all of which have a constant 
subtangent, equal to a. See Art. 46. Ans. alogy =ax+C. 

5. Determine the equation of the family of curves all of which have a sub- 
normal at each point equal to the abscissa of the point. Ans. c? —y? =C. 

6. Show that any curve whose polar subtangent is constant is a reciprocal 
spiral. See Corollary 1, Art. 101. 

7. Given the family of parabolas x? = 2 y + C (see Ex. 1). Show that the 
equation of the family of curves each of which meets every curve of the first 
family at right angles is y + log «= C, or rev = C. Drawa diagram to show the 
geometric meaning of this result. Two families of curves related in this manner 
are said to be orthogonal families. 

8. Determine the family of curves orthogonal to the family of circles 
gz? +y? =C. Draw a figure. 


CHAPTER XIV 


THE DEFINITE INTEGRAL 


133. Definitions. The two values of the integral of f(x) corre- 
sponding to « = a and x = b may be denoted respectively by 


[ fr@) dz| + C and L fr@) az] + Or (1) 


Here the constant C, although arbitrary, has the same value in each 
case. The result obtained by subtracting the first of the values 
(1) from the second we shall represent by the symbol 


SJ $@) ax 
Si@ a =[fr@ ae] -[fr@ar] 


or, as it is usually written, 


JS t@ ax =[ ft@) acl’. | (2) 


This expression is known as the definite integral of f(x) between the 
limits a and b, or, more briefly, the definite integral of f(x) from a to b. 
Because of their positions, a is termed the lower limit of the definite 
integral, and b the upper limit. The interval from a to b is called 
the interval of integration. 


Hereafter we shall speak of the former symbol fi f(x) dx as the 


indefinite integral of f(x) in order to distinguish it from the definite 
integral as defined above. Observe that the indefinite integral of 
f(x) is a function of x which always involves, as indicated before, an 
arbitrary constant C, while the definite integral of f(«) is not a function 
of x at all, but is a fixed numerical value. Hence the appropriateness 
of the terms “‘ definite” and “ indefinite’ as employed above. 

256 


so that 
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8 aR ee i) 
hus, eae al as ale sy lia Eeeiess te 10 
a §, ag! [3 r= 2 =3 [5 = 3 3 3 
2 
Similarly, (3 sin v dv = [- cos | a [- cos x| = [ - cos | 
z=0 t=5 cz =0 


=0-(-1l=1. 


From the definition (2) it follows that if the limits a and 6 are inter- 
changed, the effect upon the definite integral is merely to change its 
sign. That is, we may always write 


f 1@) Of = —{"Fe) dx. (3) 


EXERCISES 


Evaluate each of the following definite integrals: 


ie ite xi da. Ans. 4. 10. {= coszdz. Ans. — 2. 
3 adz = 2 
ot ea s. log V2. ; : . 2: 
2. ee Ams. log V3.1 flog edz, Ans. 2log2—1. 
0 de Acs 12, (‘2erdz. Ans. 1. 
3. fic cog Ans. 4 f, 
a y 13. fie cos’ zdz. Ans. 0. 
xv w 
I ee eens, ANSE 
i §, Va? — x2 fs 6 14, f, _tdz 
7 Vt + a 
5. f, cos p dd. Ans. 0. Hea eval vay 


bu 1 ; . 
6. ie eee ee. 15. if arc sinzdxz. Ans. 5) ile 


16. f, arc tan « dz. 
V5 {, cos? 6dé. Ans. ™. 


aes 17. if zlogrdz. Ans. — 4. 
3 ada 8 4, 
es if rye ee Sat 18. Ae x logade. Ans. — i. 
2 cosadx ne 7 ie a 
9. Si | sin? x aCe fale i ¢? singdd. Ans. r — 2. 
2 


20. Evaluate each of the following definite integrals : 


(a) i eine Ue (c) ff vlog x de; (e) 7 tana de; 
-% rd 


4 t dt a 1 5 é i 2 
(Taw (a) (i) ater ae; (f) §)* tan? # de. 
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134. Change of limits corresponding to change of variable. If, in 
evaluating a definite integral, a substitution of a new variable has been 
introduced, as illustrated in Arts. 124-125, it is at no time necessary 
to return to the original variable in order to secure the result desired. 
All that is necessary is to alter the limits of integration on the 
transformed integral, doing so in a way consistent with the substitu- 
tion introduced. 


5 


Example. Find , making the substitution 7 = asin 6. 


0 es ye 
Sotution. Va? — 2? = aV1 — sin? 6 = acos 6, dx = acos 6 dé. 
Also, when « = $a we have $a = asin 8, hence sino = 4 aoe therefore 
Tw 
@= 4, 
6 
Again, when x = 0 we have 0 = asin 8, hence 0 = 0. 
a Tw wT 
tes 6a cos 6 6 
Hence, ij —=—= |= ie do = { de = =. 
OF Ge @ COS 0 a 6 


EXERCISES 


1. Establish each of the following, using the substitution indicated : 


ik eh 
(a) alae 3_'5 log 2; Substitute z+ 1 =z. 
0 we pile 
(b) , ve = log 3 ; Substitute Vz +1 =z. 
rVat+ 


(c) {. Va? — x2 dx =17a*; Substitute x = asin 6. 
0 


: a ; ute x = tan 6. 
( ) fi ad + + 2?) log a” Substitute x tan 


t 


di z ; Substitute z = tan - 


@ (3 3-+2cost V5 V5 


2. Establish each of the following, using a suitable substitution of variable in 
each : 


6 xdzx 20 
= 2h d 2Va2 — 42 dy = 
2 aaa, EY enn Cee ar acy 
4 dz ; 2 at 4—7r. 
— = 4—2log3; (e) e —ldr= ; 
(6) ee “g f 2 


ed vs ON] Goa evi 
2 
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135. Length and area expressed as definite integrals. Returning 
to the discussions in Arts. 128-130 concerning arc-length and area, 
we may now establish the following general theorems through which 
these magnitudes become expressible as definite integrals : 


Theorem I. The arc-length along the curve y = f(x) between the 
points whose abscissas are respectively x = a and x = b is given by the 


formula 
Pay fe dy\? 
7 ( Vit ( g dx. 


Proor. Reasoning as in Arts. 128-129, the arc-length as meas- 
ured from any fixed point Py on the curve to the variable point 
P =(z, y) is 


s =f + (2) ae. 


In particular, then, the values of s from 1 
to the points P:, P2 having the abscissas x = a, aaa wad > 
x = b are respectively Fie. 123 


SAL. Re] 


The arc-length from P, to P» is therefore 


senna [He] LO 


The proof is thus complete. 


“z=bd 


Z=a 


Theorem II. The area bounded by the curve y = f(x), the X-azis, 
and the ordinates erected at x = a and x = b is given by the formula 


A = J" fla) dx = fy dx. 


The proof, which follows directly from the 
lemma of Art. 130 and is otherwise similar to 
—zea 22d the foregoing proof for Theorem I, is left to the 
Fie. 124 student as an exercise. 
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It is to be observed that, by the use of the foregoing theorems, the 
determination of arc-lengths and areas becomes much simplified 
(compare Arts. 128-130) since these theorems avoid all reference to 
the constant C of integration. 


Example. Find the area bounded by the parabola y = 2, the X-axis, 
and the ordinates drawn at « = 1 and x = 2. 
Sotution. (Compare Example, Art. 1380.) We have at once, by 


Theorem II, 
2 3z=2 
= Peg ene [Ce 2.89) oa eee, 
An f veen| Se ce eer 


EXERCISES 
By use of Theorems I and II work the following : 
1. Exs. 1-4, pages 247-248. 2. Exs. 1-6, page 250. 
3. Exs. 6-8, page 248. 4, Ex. 7, page 250. 


5. Prove that the area bounded by a parabola and any chord perpendicular to 
the axis is equal to two thirds of the rectangle circumscribing this area. 


6. Find the area bounded by the curve y = oes, the X-axis, and the maxi- 


mum ordinate. Ans. $. 


136. Improper integrals. Suppose that in the definite integral 
b 
Sf fe) ax (1) 


the upper limit b is allowed to increase indefinitely, that is, suppose 
that 6 > + oo, the lower limit a meanwhile remaining fixed. The 
various values which the integral then takes may approach some 
definite limiting value. If so, this limiting value is called “the 
integral of f(x) from a to + o”’ and is represented by the symbol 


Sf) ae. (2) 

If, on the other hand, the values taken by (1) as boo do not 

approach a limit, no meaning can be attached to the expression (2) 
and the integral is therefore said not to exist. 

Thus the integral of the function 5 from 1 to +0 exists and is equal to 1 


since we have 


Poe = ict (he mien {[- =] -[-4] } 
1 yg? t>+0 71 fied M>+0 T4y=pd Trai 


= lim {-;+1}=-o+1=-1. 
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The geometrical significance of this result appears in Fig. 125. Here the 
shaded area lying between the curve y = a the ordinate at « = 1, and the 
x 


positive X-axis approaches the limiting 
value 1 as this area is allowed to extend 
indefinitely to the right by taking b larger 
and larger. 

On the other hand, the integral of the 


function : from 1 to + oo does not exist 


Fria. 125 


since we have 


ord 
§. Sa lim (PS = im og ale» — log ale} 
ie 


zw b>+ b>+0 


=) iii gb—Ol=+o. 


b>+ 


Considered geometrically, this result leads to a figure analogous to Fig. 125, 
but different in that the area: between the curve y = ‘, the ordinate at 


x = 1, and the positive X-axis increases beyond all limit as this area is ex- 
tended further and further to the right. The student is advised to draw the 
figure. 


Similarly, ‘the integral of f(x) from —o to b” is defined as 
follows: 


SU f@ de = Tim ff) ae. (3) 


Whenever the limit here indicated on the right exists the integral on 

the left has a geometrical significance, being the measure of an area 

which extends indefinitely in the direction of the negative X-axis 

and has this axis as one of its boundaries. 

_ The integral of f(x) from —oo to +oo may now be defined as 
follows : 


Sf@ dx = ae ® f(x) de + f fiayde. (4) 


Here the integral on the left is said to exist only in case the same is 
true of each of the integrals on the right. 

Returning to the original form (1) in which both a and 6b are 
regarded as finite, let us now suppose that f(x), instead of remaining 
finite throughout the interval of integration (a, b) as was assumed in 
Art. 133, becomes infinite at z = a. In such a case the integral 
(1) is regarded as meaning the following limit provided it exists: 
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lim ate f(z) dz, , (5) 


tat 
where lim means the limit as x approaches a through values greater 
rat 
than a. 


For example, the function os becomes infinite at x = 0, hence the integral 
x 


of this function from 0 to 1 furnishes an illustration of 
the type of integral in question. For this integral we 
have, in accordance with the definition (5), 


ore lim ("5 = lim $[2Vale-1— [2Va]zu2} 
0oVae «re0tds Vr 2>0t > 
lim \2 —2V2t =2. 


z>0r 


ll 


The geometrical significance of this result appears in 
Fig. 126, the shaded area approaching the limit 2 as x 
approaches zero. 


Fie. 126 Similarly, if f(z) becomes infinite at « = b, we 
define the integral (1) to be the following limit provided it exists: 


lim f ‘f(@) dz, (6) 


where lim means the limit as x approaches b through values less than b. 
rt >b- 
Finally, if f(z) becomes infinite at some point x = p lying between 


a and b, we define the integral (1) as follows 


S10) de =f"H@) de +f fle) dz, 


where the first of the integrals appearing on the right is to be deter- 
mined in accordance with (6) and the second in accordance with (5). 


Thus, 
fi dz (tee BY Vien aN es 1 da 
12% Jo at 3 


isa z>-0-, 104 zZ>0OT J, X38 


~ lim } [3 t|p-7 —([3 at, —1} + lim {[3 | ee [3 at,-2} 
Lt >0 z>0+ 


=lim {323+3} + lim {3-308} =3+43=6. 
rZ>0- z->-0t 
Integrals belonging to any of the types just described are known 
as improper integrals inasmuch as they do not properly belong to 
the simple type discussed in Art. 133. 
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EXERCISES 


State wherein each of the following is an improper integral and determine its 
value if it has one. Draw a figure to show the geometric meaning of the result 
in each of the first six exercises : 


ao 
il f, a. Ans. 4. 10. f, sin x dx. Ans. Non- 
existent. 
—ldx 
a. at, Ans. — 1. 1 i. 
Chae ns 4 1. ae Ans. 
Lda 
3. Hi re Ans. Non- 12. {, oe 2 dz. Ans. — 1. 
: _existent. 0 
0 J, a 
4. (&. Ans. Non- 13. ih & i’ Ans. Non- 
# existent. = existent. 
5. it Ae Ans. tT. 14. iv eda Ans. Z 
—«] +f ~"(q2 + 22) @ 
ioc} 
6. i\ entida. Ans. 1. 15. fs _ dee : 
Lie aie 
7. CS = Ans. Non- 16 ips dx 
oat existent. Wi ieey seer 
Oe 
8. f, f : Anes ee 2 x4 dx 
0 az + a a 2a ot i 4 — a2 
fo dt ioe) 
9. if i += Ans. log2—4. 18. Af e-* cos x dz. 


19. By use of definite integrals (proper or improper) determine the following 
areas: 


x 2 
(a) the area under the catenary y = 5 e+e *) (see Fig. page 368) from 
2 =-—atov =a; : Ane ae acti 


(b) the area of the ellipse whose semiaxes are a and 6; Ans. zab. 
Hint. Confine the attention to the first quadrant. 

(c) the area in the first quadrant under the curve y = xe-3™ : Ans. 1. 
(d) the area bounded by the curve y = xe* and its asymptote; Ans. 1. 
Zi 
1+ 2? 

maximum ordinate. Ans. 0.693. 
20. Employing the parametric equations of the ellipse (see Art. 51), show 
that the area of the ellipse whose semiaxes are a and 6 is rab. 


(e) the area bounded by the curve y = its asymptote, and the 


o Pe 2 
if yee we age yok 
ba lan — J 
jigs boy Use 
EN) 


“W- 40 — 
f . = eo 
t > le 4 a Vv — (ar, O}| 
w4 ee =) 

L Se Oe ~ag/ LY oR \ 


CHAPTER XV 


THE DEFINITE INTEGRAL AS THE LIMIT OF A SUM 


137. Introduction. We have seen how certain important arc- 
lengths and areas may be formulated and determined through the 
process of integration. Many other important magnitudes may 
likewise be determined by integration, as will be shown in the present 
chapter. For this purpose it is first desirable to look at the definite 
integral from an entirely different point of view. This will now be 
done. 


138. The definite integral regarded as the limit of a sum. Let 
f(«) be any function which is continuous throughout the interval 
from « = atoxzx=b. Let us divide this interval into n equal parts, 
each of which we will designate by Az. At the points of division let 
us erect ordinates to the curve y = f(x), and finally let us draw the 
series of rectangles having these or- 
dinates as their altitudes, as indi- 
cated in Fig. 127. The sum of the 
areas of these rectangles evidently 
forms a good approximation to the 
area under the curve from x = a to 
x=b, provided the number n of 
division points is taken very large, 
in which case Az would be very 
small. In fact, the limit of this sum of rectangles as increases in- 
definitely, or what is the same thing, as Ar approaches zero, is seen 
to be the actual area A under the curve. This being clear geomet- 
rically, let us now formulate the fact analytically. To do so, we 
observe that the points of division referred to, counting x = a as 
the first point, are respectively 


a, a+ Av,a+ 2Ax, a + 3 Az, --, b — 2 Az, b — Ax 
so that the ordinates at these points have the respective values 


f(a), f(a + Az), f(a +2 Az), f(a +3 Az), + f(b — 2 Az), f(b — Az). 
264 


Fic. 127 
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The area of the first rectangle is thus f(a) - Az, the area of the second 
is f(a + Az) + Az, the area of the third is f(a + 2 Az) + Az, - and 
the area of the last one is f(b — Az) - Az. Hence, their sum is 


f(a) + Ax + f(a + Aw) + Ax + f(a + 2 Ax) + Ax + ++» + f(6—Az) + Az. 


The fact which we have just arrived at geometrically thus becomes 
formulated analytically as follows: 


A lim [f(a) Ax + f(a + Ax)Ax + f(a+2Ax)Ax + -- + f(6 — Ax)Az]. 
Az> 
But by Theorem II of Art. 135.A is also expressible as follows: 
A = f(@) dx. 


Thus, we have two different expressions for A. These two expres- 
sions must therefore be equal to each other. Therefore we arrive 
in summary at the following very important theorem : 


Theorem. Let f(x) be any function which is continuous throughout 
the intervrala <x <b. Let this interval be divided into n equal parts 
each of length Ax and form the sum 


f(a) Ax + f(a + Ax) Ax + f(a + 2 Ax) Ax + + + f(b —Ax) Ax. 


If n be now allowed to increase indefinitely, or what is the same thing, 
if Ax be allowed to approach the lint zero, this sum will approach as 
its limit a value equal to the definite integral 


SI dx. 


The importance of the theorem lies in the fact that many important 
magnitudes in geometry and the applied sciences allow themselves 
to be expressed as the limits of sums of precisely the type referred to 
in the theorem, as will be shown in the remaining articles of this 
chapter. 


139. Area in polar coordinates. As a first application of the fore- 
going theorem, we will now determine the formula for area under a 
curve when polar coérdinates instead of rectangular are used, the 
result being as stated in the following theorem (compare Art. 135) : 


Theorem. The area bounded by the curve p = F(@) and the two radii 
vectores corresponding to 0 = a and 0 = B 2s given by the formula 


A= if or ao. 
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Proor. Let p = F(a). Then, with the pole O as a center, draw 
n — 1 radii vectores pi, p2, ps) °°) Pn_1 Separated from each other and 
from po by the common angle Aé@ and all 
lying within the proposed area, as illus- 
trated in Fig. 128. With po, pi, po, -*:; pn—1 
as radii, describe arcs as shown in the figure 
and consider the areas of the n circular 
sectors thus formed. The sum of these 
areas evidently forms a good approximation 
~ to the area sought, provided that n is taken 
very large, or what is the same thing, in 
case A@ is taken very small. Moreover, the 
limit of this sum asn—>o, or A@ > 0, will be the actual area sought. 
Let us now obtain an expression for this sum. 

The radii of the various sectors are respectively 


Poe F(a), pit Fla + Aé), [ame Fla si 2 A6), “ty Pri = F(6 a Aé). 


Hence, recalling from elementary geometry that the area of a sector 
of angle w and radius r is + wr?, the sum of the areas of the inscribed 
sectors is seen to be 


AF (a)? Ad + 4[F(a+ Ad)? Ad + 3[F(a + 2 A6)]? Ad 
are ee me GER a OI Ee (1) 


But this sum is of the type occurring in the theorem of Art. 138, being 
made up of the successive values of a certain function, namely, 
A[F(6)]’, at the points @= a,8@ =a+A0,0=a+2A0,---,6 = B— Ad, 
each such value being multiplied by A@é. Applying the theorem, we 
may now say that the desired limit of the sum (1) as A9>0 is 
given by the formula 


: i B [7(0)Pd6 = +f o8 do. 


The proof is thus complete. 


Fic. 128 


Example. Find the area swept out by the radius vector 
of the spiral of Archimedes p = a@ in the interval from 
6=0tod=27. 


Sotution. Calling A the area in question, we have at 


once, by the foregoing theorem, Fie. 129 
1 Qa az 2r ? a2 93 63 a 873 4 
A==( "pde= = edo = 4 *| fs 24 pie Seo aaah 
Sy y 2 hh Den Bese recs eae eral vite Sy 
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EXERCISES 
1. Determine the entire area bounded by the curve (circle) p = 2a cos 0. 
See Fig. 130. Ans. ra?. 
2. Determine the entire area bounded by the curve (circle) p = 2 asin @. 
Draw a figure. Ans. 7a?. 
12 
0 Cage 


Fie. 130 Fig. 131. Lemniscate 


3. Determine the area bounded by the lemniscate p? = a2 cos2 0. Ans. a?. 
4. Determine the area bounded by one loop of the curve (four-leafed rose) 
p=acos26. See Fig. 132. Ans. 4 1a? 


5. Determine the area bounded by the cardioid p = a(1 + cos @). 


3 2 
° 3 7a’. 


ee) 


Fig. 132. Four-Learep Rose Fia. 133. Carpio 


6. Work Ex. 4 when the curve p = asin2 6 is used. Draw a figure. 
Ans. 41a’. 
7. Prove that the entire area bounded by the curve (three-leafed rose) 
~ p = asin 3 @ is equal to one fourth the area of the circumscribing circle. Draw 
a figure. 
8. Show that the result stated in Ex. 7 holds true also when the curve 
p =acos3@is used. Draw a figure. 
5 ra? 
S24. 
10. Prove that the area swept over by the radius vector of the spiral p = ¢ 
as 0 varies from @ =— o to any given value is equal to one fourth the area of 
the square drawn on the radius vector in its final position. Illustrate by diagram. 


9. Determine the area bounded by the curve p = asin? 0. Ans. 


11. Determine the area bounded by the curve (parabola) p = a sec? ; and the 


line through the pole perpendicular to the initial line. See page 368. Ans. § a, 
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12. Prove that the area bounded by any two radii vectores of the hyperbolic 
spiral p@ = a is proportional to the difference between the lengths of these radii. 
13. Determine each of the following areas: 


(a) Within the first quadrant and bounded by the curve p? = 90. 
a figure. 


Draw 


(b) Within the second quadrant and bounded by the curve p = a(1 — cos 6). 
(c) Inclosed by the curve p = asin Ly 


(d) Inclosed by the curve p? cos 0 = a? sin 3 6. 


140. Volumes of solids of revolution. The volume generated by 


revolving about the X-axis the area under a given curve y = f(a) 
may now be formulated as follows: 


Theorem. The volume V generated by revolving about the X-axis 


the area under the curve y = f(a) between the abscissas x = a and 
x = bis given by the formula 


Va af dx. 


Returning to Fig. 127, let us suppose that the entire part 
of the figure lying in the first quadrant is revolved about the X-axis 
through one complete revolution, 
As this is done each of the small rec- 
tangles generates a right circular cyl- 
inder and the sum of these cylinders 
when their number, n, is large forms a 
* good approximation to the volume 
i generated by the revolution of the en- 
/ ; tire area beneath the curve. More- 
over, the limit of this sum may be 
Fia. 134 


regarded as the actual value of this 
latter volume, which is the volume in question. 


This being premised, let yo represent the ordinate to the given 
curve at x = a and let y1, yo, ..., yn1 be the ordinates at the various 
points of division of the interval (a, b). Then the volume of the 
cylinder generated by the revolution of the ith rectangle is the 
area of its base, y;,?, multiplied by its altitude, Av; that is, ry,? Az. 


The sum of such volumes will therefore consist of the sum of these 
expressions as 7 ranges from 0 to n — 1. 


PrRoor. 


\ 


TA 


iy 
i 


But this sum is of the type 
occurring in the theorem of Art. 138, the function f(x) in the present 


case being ry’, and the limit of this sum will be as stated in the 
theorem, 
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Example. Find the volume of the solid generated by 
revolving about the X-axis that portion of the area 
under the parabola y? = 4 px which lies between the 
origin and the line z = h. 


Sotution. The foregoing theorem gives at once as 
the result 


h h h F 
Varf Pde = nf 4 pu du = 4 xp {. a dz = 2m ph. Fig. 135 


141. Generalization. If in Art. 140 the revolution, instead of being 
about the X-axis, is taken about any line parallel to that axis, as 
y = k, it is easily seen that the volume of the solid generated will be 
given by the formula 


V =r — bk)? de. (1) 


The proof of this fact, being analogous in all respects to that of the 
theorem in Art. 140, is left to the student. It is to be noted that for 
the particular case in which k = 0 formula (1) reduces, as it should, 
to that of the preceding article. 

Similarly, if the revolution takes place about any line parallel to 
the Y-axis, as x = 1, the volume of the solid generated is seen to be 
given by the formula 


V= rf" (2 — dy (2) 
where (c, d) is the interval along-the Y-axis over which the curve lies. 


Example. The area bounded by the parabola y? = 4 px and the line 
x = p revolves about this line. Find the volume generated. 


Sotution. We first observe that the revolution here takes place about 
a line parallel to the Y-axis so that formula (2) applies. 
In the notation of that formula we here have / = p; 
also c =— 2p, d =+2>, as found by placing x = p 
6) X in the equation of the parabola and solving for y. 


iY 


2 
Observing finally that « = re in the present instance, 


Fig. 136 we have as the volume desired 


a 2p ly aios ye ae oa y* PvE ed 
varfi Bey. oa ie 16 p? TREE ied 
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EXERCISES 


1. Find by integration the volume of the right cone generated by revolving 
about the X-axis the line-segment joining the origin to the point (p, q). 

Ans. ar pg. 

2. Find the volume of the sphere generated by revolving the circle x? + y? = r? 

about a diameter. Ans. $ rr. 

3. Find the volume of the segment of a sphere of radius r cut out by two 
parallel planes whose distances from the center are respectively a and b. 

Ans. $r(b — a)(8r? — a® — b? — ab). 


2 2 
4. Find the volume generated by revolving the ellipse a + a = 1 about its 
a 


major axis. Ans. +7 ab?, 
5. Find the volume generated by revolving one arch of the sinusoid, y = sin a, 
about the X-axis. Ans. $7. 
6. The area under the curve y = sec x between z = 0 andz = t7 is revolved 
about the X-axis. Find the volume generated. Ans. 1. 
7. Find the volume generated by revolving about the X-axis the area in the 
second quadrant under the curve y = e?. Ans. $7. 


Hint. See Art. 136. 


8. Find the volume generated by revolving about the X-axis the area which is 
bounded by the hyperbola zy = a? and the X-axis and which lies to the right of 
the line x = a. Ans. ra. 


9. Find the volume generated by revolving about the X-axis the area inclosed 

by the hypocycloid xt + y3 = a. Ans. 3375708. 
10. Find the volume generated by revolving about the X-axis the area inclosed 
between the parabola 2? + yz = a? and the codrdinate axes. Ans. 5 7a’. 


11. Find the volume of the ring (torus) generated by revolv- 
ing the circle x? + (y — b)? = a® about the X-axis. 

Ans. 272? ab. 

Hint. Note that the volume desired will be that gen- 

erated by the area HABCF (Fig. 137) minus that generated by 

the area HADCF. 
12. Find the volume generated by revolving one arch of the 
sinusoid, y = sin x, about the Y-axis. Ans. 27. 


and its 


3 
Fig. 137 13. The area between the cissoid y? = 5 = 


asymptote x = 2 a is revolved about the asymptote. Find the volume generated. 
4 Ans. 2 7a. 

14. Find the volume generated by revolving about the Y-axis the area between 
the curve y = ¢ 2” and its asymptote. Ans. 27. 


15. Find the volume generated by revolving an ellipse of semiaxes a, b about 
the tangent at the end of the minor axis. Ans. 271? ab. 
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16. A round hole of radius a is bored through the center of a sphere of radius 2 a. 


Find the volume cut out. Ans. $7(8 — 3V3)a3. 
17. A segment of height h is cut from the side of a sphere of radius. Find its 
volume. Ans. 4 h?(3r — h). 
18. One arch of the cycloid 
{x = a(@ — sin 6), 
ly = a(1 — cos 6), 
is revolved about its base. Find the volume generated. Ans. 57a. 
19. The hypocycloid 
x = acos 6, 
{ y = asin® 6, 
is revolved about the X-axis. Find the volume generated. Ans. 325 ra’. 


142. A theorem on limits. In order to show the further applica- 
tions of integration to geometry and physics, it is desirable at this 
point to note the following general theorem in the theory of limits. 
The proof, which belongs to a more advanced course, we shall omit. 


Theorem. Let 
(a) ax(n), a(n), a(n), oh a(n), eer n(n) 
be a sequence of n expressions each dependent upon n and positive for 
every value of n. Suppose also that each expression approaches the 
limit zero (is an infinitesimal) as n>o. 
Consider now a second sequence of n expressions 


(6) Bi(n), B2(n), B3(n), errs) Bi(n), ps Bn(n) 
bearing the same description and such that, whatever the value of 1, we 


have 
m a(n) il. 
n->-o B;(7) 


Then we may write 


lim {a1(n)+ ae(n)+ ++ + an(n)} = 


n> 


lim {Bi(n)+ Ba(n)+ +++ + Br(n)}, 
provided these two limiting sums exist.* 


* Strictly speaking, this theorem (known as Duhamel’s theorem) when stated 
with full mathematical accuracy places further conditions than we have here 
specified upon the expressions (infinitesimals) a;(n), 8:(m). Such further condi- 
tions are, however, chiefly of theoretic interest inasmuch as they are usually 
satisfied ipso facto in the usual applications when the simple conditions already 
described are satisfied. Under these circumstances, it seems best to state the 
theorem as above, relegating the more precise statement to a more advanced 
and theoretical treatment of the calculus. 
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For example, consider the two sequences 


(a) LN ee eer 


vn n n? 


fal 2 nope eal re 


ns” n3 n3 n3 


(6) 


Each expression in the (a) sequence and each in the (8) sequence evidently 
is positive for every value of n and each approaches zero asn >. More- 


over, in the (a) sequence the zth term is a; = = while in the (8) sequence 


it is B; = @ dee : , so that 
ig 
a; n? ) m 
= —— ——=1. 
die Bi lite m+ 1 te m+1 
Sayin 
The theorem therefore applies and it asserts that 
Ak cy Meare Ab gs n 
Na eager 
2 
= lim {PEt yen tly ently. +e Er. 
n> n3 ne 


Note. In the simple example just cited, each of the two limits appearing may 
be actually evaluated by elementary algebra. Thus, the first limit may be 
written in the form 


1§n 


lim amyl t2+3+ “tata iheny == (he yee tia sete (1) 
n>o n* no nN (2 (es 2 
and similarly the second limit may be put in the form 
Cll 1 2 1 3 1 Bi deems 8 f 
ine a a i PAB, a lig = ae 
= lim jatatate +5t + lim fn} 
n>oln? nz ne n2 n>o (n> 
1 1 1 1 
ee isa ee ee 
2 aE n>on 2 an 2 (2) 


From (1) and (2) it appears that the two limits are equal, as the theorem asserts. 


The student should observe that in this as in all other applica- 
tions of the theorem the number of terms in both the (a) and (@) se- 
quences increases indefinitely as noo, each individual term in 
each sequence meanwhile approaching zero. 
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143. Areas of surfaces of revolution. The area generated by 
revolving about the X-axis an arc of a given curve y = f(z) may now 
be formulated as follows: ~ 


Theorem. The surface S generated by revolving about the X-axis 
the arc of the curve y = f(x) between the abscissas x = a and x = b 
is given by the formula 


1 
5 b dy\?72 
S= anf [1+ (%) | dx. 

Proor. Divide the interval (a, 6) into n equal parts each of length 
Az and draw the ordinates to the curve at the various points of division. 
Let P and Q be any two adjacent 
points as thus determined on the h. 
curve and draw the line-segment PQ - 
joining them. Then, as the curve Zi 
revolves about the X-axis, the line 
PQ generates the surface of the 
frustum of a cone of revolution and 
the sum of all the areas thus arising 
from all such lines PQ between 
x =a and x = b forms a good ap- 
proximation when 7 is large to the 
area generated by the curvilinear 
are itself, which is the area in 


) 
fil 


Fie. 138 


question. 
This premised, let y) be the ordinate to the curve at x = a and 
let y1, Ye, ***; Yn—1 be the ordinates at the various points of division of 


the interval (a, 6). Then the area, A;, of the frustum generated by 
the revolution of the 7th liné-segment is equal, by solid geometry, 
- to the length of this line, which we will call J;, multiplied by half the 
sum of the circumferences of the two circular bases; that is, we have 


A; =k X& £2 ry: + 2 wy) = ry + yravdh. 


This expression approaches zero as n > oo inasmuch as lim J; = 0, 
n> 


but the limit of the swm of such expressions, which is the thing 
desired, is not readily formulated by direct use of the fundamental 
theorem of Art. 138. For this reason, we now proceed as follows, 
arriving at the desired goal by use of the theorem on limits stated 
in the last article. 
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Let As; be the are corresponding to the chord J; and consider the 


new expression 
B; i TY; ASs;. 


For this we have lim B; = 0 and we have also 


n>o 
lim Ai _ lim mys + yin), te lim 2 eee hie ti 
n>o Di n>o 7 TYi As; n> Vi n> As; 


Of the two limits here appearing on the extreme right, the first is 
equal to 1 inasmuch as y; and y;,; approach coincidence as noo, 
and the second limit likewise is 1 inasmuch as it is the limiting ratio 
of a chord to its corresponding are. Hence, the extreme left member 
is equal to 1. In accordance with the theorem of the last article, we 
may therefore substitute for the limit of the swm of the expressions 
A; the limit of the swm of the expressions B;. 


Finally, let us consider still a third expression, namely, 


C; = 2ayirfl +(4y An, 


where we indicates the value of i when y= yi. By Art. 49 we 
obtain 

. B; : har iy OSA ser aes 

lane = 

a Cee 


Foo Nil i+ (Ya Az 


Hence, again applying the theorem of the last article, we may say 
that the limit of the sum of the C; is the same as that of the B; and 
hence the same as that of the A;. But the limit of the sum of the 
C; is, by the fundamental theorem of Art. 138, equal to 


Qn Luis (2 i (S24) ax 


The proof is thus Bee 
Similarly, if an are of the curve y = f(x) is revolved about the 
Y-axis, the surface generated is given by the formula 


S=2n [xvi Gy * dy, 


where (c, d) is the interval along the Y-axis under the are. The proof 
of this formula, being similar to the foregoing, is left to the student 
as an exercise. 
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Example. The portion of the parabola y? = 4 px lying between the origin 
and the line « = pis revolved about the X-axis. Find the area of the surface 
generated. (See Fig. 135.) 


SotuTion. Here we have wu ee so that the theorem gives 
oe 


y 
2x fry vit Fa 


2 rf” a 5 [+p 2) = S apt(2v2 = 1). 


S 


ll 


2a VP + 4p de 


ll 


EXERCISES 


1. Find by integration the area of the surface of the sphere generated by 
revolving the circle x? + y? = r? about a diameter. Ans. 4 nr. 
2. Show that the surface of the zone of a sphere lying between two parallel 
planes at distance h apart is the same wherever the zone be selected, and is equal 
to 2mrh. 
3. Find by integration the area of the surface of the cone generated by revolv- 
ing about the X-axis the line-segment joining the origin to the point (a, b). 
Ans. rbVa2 + 0b. 
4. Work Ex. 3 in case the line is revolved about the Y-axis. 
Ans. raVa? + b?, 
5. Show by integration that the lateral area of the right circular cylinder of 
radius r and altitude h is 2 x rh. 
6. Find the surface generated by revolving about the X-axis an arch of the 


sinusoid y = sinz. See Fig. page 368. Ans. 2n(V2 + log (V2 + 1)). 
7. Find the area of the surface generated by revolving the hypoeycloid 
as ys = a about the X-axis. Ans. 12 - ra?. 


8. Find the surface of the ring (torus) generated by revolving the circle 
x? +(y — b)2 = a? about the X-axis. Compare Ex. 11, page 270. Ans. 4 1? ab. 


9. Find the surface generated by revolving an arch of the cycloid 

x = a(9 — sin 0), y = a(1 — cos 6) about its base. Compare Ex. 18, page 271. 

Ans. 4 ra. 

10. The portion of the curve y = e~* lying in the first quadrant is revolved 

about the X-axis. Find the area generated. Ans. a[V2 + log (1 +V2)]. 
P if 

11. The arc of the catenary y = (e+e 2) from z = 0 to x = ais revolved 


about the X-axis. Jind the area generated. Ans. + ra%(e? + 4 — e*). 


12. Work Ex. 11 when the revolution is about the Y-axis. 
Ans. 27a*(1 — e7}). 


13. The ellipse 3z? + 4y? = 3 is revolved about its major axis. Find the 
area of the surface (prolate spheroid) generated. Ans. + G a a 
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14. Work Ex. 13 when the revolution is about the minor axis, thus giving an 


oblate spheroid. Ans. . (4 + 8 log 3). 


15. Find the area of the surface generated by revolving each of the following 
arcs about the X-axis. 
(a) y= 2 from xz = 0 tow = 1; 
(b) y2 = 92 fromz =0tozr =3; 
(c) the loop of the curve 8 ay? = x(a? — 2?). 

16. A closed curve which has an axis of symmetry is revolved about a line 
parallel to this axis but not intersecting the curve. Prove that the area of the 
ring generated is equal to the area of the right cylinder whose base is the area 
inclosed by the curve and whose altitude is the length of the circumference 
described by any point in the axis of symmetry. 


144. Further geometric applications. Besides the foregoing appli- 
cations of the definite integral to the determination of arc-lengths, 
volumes, and areas, there is a wide variety of other possible geometric 
applications. For these no general rule or theorem can be given, 
but the nature of such applications is readily understood from an 
illustrative example. 


Example 1. An equilateral triangle ABC of varying size moves across 
a circle of radius r in such a way that (a) the plane of the triangle remains 
perpendicular to a certain diameter DH 
of the circle and (6) the two vertices 
A, B remain upon the circumference. 
Find the volume of the solid generated. 


Sotution. Imagine the solid to be 
cut by a large number n of parallel 
planes which are at a common distance d 
apart and which are all perpendicular 
to DE. The solid will thus be divided into a large number of slices such 
as ABCA’B’C’, each having parallel bases such as ABC and A’B’C’, which 
are equilateral triangles. Now, having selected any one of these slices, 
let us imagine that upon its base ABC a right prism is erected having FG 
as altitude. Although such a prism may evidently protrude outside the slice 
ABCA'B'C’, still the volumes of the prism and the slice will be nearly equal 
when FG' is small. Likewise, the swm of all such prisms corresponding to the 
n cross sections ABC will form, when n is large, a good approximation to 
the actual volume of the solid in question. Finally, the limit of this sum of 
prisms as n > 00, and hence as FG = d-> 0, may be regarded as this actual 
volume itself. This being clear, it remains but to formulate this sum analyt- 
ically and to ascertain, if possible, its limit as n > 0. 


Fia. 139 


al Tal tls 


Arr. 144] GEOMETRIC APPLICATIONS Dae 


For this purpose, take DH as the X-axis and take as Y-axis the line OY 
drawn in the plane of the circle through the center O perpendicular to DE. 
Then the equation of the circle becomes 

yf = (1) 
Now let each of the equal parts into which DE is divided by the n cross 
sections be represented by Ax and suppose that F is, in particular, the point 
on DE corresponding to the ith cross section. Then ABC becomes in 
particular the position of the varying triangle when « = z; = OF. Finally, 
call V; the volume of the prism of altitude FG = Az erected upon ABC. 
Then, by solid geometry we have | 
V; = area ABC X Aw = 4 AB XK FC XK Az = AF X FC. X Az. (2) 
Moreover, ABC being equilateral, angle CAB = 60°, so that 


FC SACS sin OAR AO ein coe V3 4c 


= V3 AR _ ¥39 AP =V3 AF. 
2 2 

Substituting this value of /C in (2), we have 

Vi; =V3- AP’. Aa. (3) 
Now, AF being the ordinate of the point A whose abscissa is 7 = OF = 2, 
we find from (1) that 

AF” = r — 22. 
Thus, (3) takes the form 

V; =V3(r? — 2,2) Ac. 

Finally, the desired limit as n > co of the swm of all such expressions V; as 7 


ranges from 1 to n, thus causing x to range from — r to +7, is, by the 
theorem of Art. 138, 


= Tr = 3 2=+r Q 
Vevat (r2 — x?) dx =v3[ re —2 _1¥3 5 (4) 
7 ode=-r 3 


This, therefore, is the volume sought. 


As a generalization of the method 
employed in the foregoing solution, 9 
let us now suppose that a solid S of 
any shape is given and that it is re- 
quired to determine its volume V. 
Suppose that an X-axis can be so 
chosen that the area A of the various cross sections perpendicular 
to this axis becomes a known, or determinate, function of 2, 


Fig. 140 


278 INTEGRATION AS LIMIT OF A SUM [Cuap. XV 


where « is the abscissa of the point of intersection of the cross 
section with the same axis; that is, suppose that 


A= f(a)’ 
Then the method may be applied and the required volume V is found 
to be expressed by the formula (compare (4)) 


V = fs) dx, (5) 


where the limits of integration, a, b, are respectively the least and 
greatest values of # pertaining to S. The student is advised to 
establish this general result for himself by following through the 
various steps of reasoning analogous to those of the foregoing special 
example. 


Thus, if in Fig. 139 the moving triangle ABC, instead of being always 
equilateral, is always an isosceles right triangle with right angle at C, then, 
using the same axes as before, the area A of ABC becomes expressed as a 
function of « = OF as follows: 


A=4ABX FC = AF X FC = AF X AF tan ZFAC 
= AF” tan 45° =(r? — OF’)X 1 =r? — a? = f(z). 
Hence, by (5), the volume generated in this case is 
r 3r 
V aaa — a) dx = [2 = as a 
The following example will illustrate how the foregoing methods 
may be used also in other ways: 


Example 2. Having given that the circumference of a circle of radius a 
is 2 ra, show by integration that the area is 7a?. 

Soturion. Regard the circular area as made up of a series of concentric 
rings each of width Ar. Then the area of the ring 
whose inner radius is r is equal approximately * to 
2ar Ar. Moreover, if all the products of this character 
arising from the various rings be added, the limit of 
this sum as the number of rings is increased indefi- 
nitely will be the area sought, and this limit, by the 
fundamental theorem of Art. 138, is recognized to be 


a , a P. 2 a i 
Weel iat A =f. 2ardr = 2x (i rar= ale] = 7Q?. 


*Two infinitesimals will hereafter be termed ‘ approximately ’’ equal when, 
as each approaches zero, the limit of their ratio is 1. 


} 
; 
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EXERCISES 


1. Work illustrative Example 1, Art. 144, in case the moving triangle is an 
isosceles right triangle with right angle at A, other conditions remaining as 
before. Ans. $73. 

2. Work illustrative Example 1, Art. 144, in case the base of the solid, 
instead of being the circle x? + y? = r, is the ellipse b2x2 + a2y? = a2b2, other 
conditions remaining as before. Ans, 4V3 ab?. 

3. Work illustrative Example 1, Art. 144, in case the 
moving triangle, instead of being equilateral, is always 
an isosceles triangle of constant altitude h, other condi- 
tions remaining as before.. The solid generated in this 
case is called a conoid. See Fig. 142. Ans. £rrh. h h 

4. Work Ex. 3 in case a circle passing through the 
three points A, B, C (Fig. 142) is used instead of the x 

2 2 4 
triangle ABC. Ans. ar a + 21 zs nae Life 
2 3 15 h?2 ae 
5. Upon the area bounded by the parabola y? = F : 
fae ae 1@. 142 
4 px and the line z = p, a solid is erected whose cross- 
sections perpendicular to the X-axis are all equilateral triangles. Find the volume 


of such a solid. _ Ans. 2V3 pi. 
V3 


Hint. The area of the equilateral triangle of side a is we a’. 
6. Work Ex. 5 in case the cross-sections are all isosceles right triangles with 
the right angle directly above the X-axis, other conditions remaining as before. 
Ans. 2 p. 
7. Having given that the area of a sphere of radius a is 4 7a”, show by integra- 
tion that the volume of the sphere is 47a’. Compare illustrative Example 2, 
Art. 144. 
8. By regarding a sphere as the limit of the sum of a series of parallel circular 
plates, show that the volume of a sphere of radius a is $ xa’. 
9. It being given that the area of the ellipse whose semiaxes are a, b is zab, 
prove that the volume of the ellipsoid whose semiaxes are a, b, c is $ rabe. Com- 


pare Ex. 8. 


10. Upon that portion of the parabola y? = 4 px which lies in the first quadrant 
circles are described having their centers upon the curve and their planes per- 
pendicular to the axis of the parabola, the radius of any one circle being half the 
ordinate of its center. Find the volume of the curved trumpet-like solid of which 
all such circles form parallel cross-sections, it being assumed that the solid 
extends from x = 0 tox =h. Ans. % rph?. 

11. Work Ex. 10 in case the curve used is the portion of the circle x? + y? = r? 
lying in the first quadrant, other conditions remaining as before except that 
he 7. Ans. % ar. 

12. A circle of varying size is moved in such a way that its center remains 
upon a straight line while its plane remains perpendicular to that line. At the 
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end of any time ¢, measured in minutes, the distance of the center from its start- 
ing point is 2 ¢ inches while the value of the radius at this instant is 3 @ inches. 
Find the volume of the solid generated by the circle during the first 7 minutes 
of its motion. Ans. 48 7x7T® cu. in. 

13. Show that the result in Ex. 12 is the same in case the center of the moving 
circle, instead of being confined to the straight line, is confined to any continuous 
curve passing through the origin, other conditions remaining the same. 


14. A rectangle moves from a fixed point, one side being always equal to the 
distance of the plane of the rectangle from this point and the other side being equal 
to the square of this distance. What is the volume generated while the rectangle 
moves a distance of 3 feet? 


145. Applications to physics. Besides the applications of the 
definite integral in geometry, as illustrated in the foregoing articles, 
there are numerous applications in physics. We shall confine our- 
selves to three of these, as indicated below: 


(a) Fluid pressure. In Fig. 143 let NOLM be a vertical retaining 
wall oe as the gate in a water-channel) against which a fluid stands 
at rest and let it be required to de- 
termine the total horizontal pressure 
exerted by the fluid against the wall. 
The problem may evidently be ap- 
proached as follows: 

Divide the extreme depth OM into 
a large number of equal parts and 
corresponding to each part draw a rectangle, as abcd, inscribed 
within the contour of the wall and having its long edges parallel to 
the surface of the fluid. Calculate the pressure upon each such 
rectangle and take the sum of the results. Finally, determine the 
limit of this sum as the number of divisions of OM, and hence the 
number of inscribed rectangles, increases indefinitely. This limit 
will be the required total pressure on the wall. This method being 
clear, it remains to express its steps analytically, thus arriving at an 
actual formula. 

Take O as origin of coérdinates and let the X-axis be taken along 
the horizontal surface of the fluid. For convenience, take the 
(positive) Y-axis vertically downward and at first let us confine the 
attention to the pressure against the portion OMWN of the wall; that 
is, the portion within which z is positive. Let Ay be the width of 
each of the rectangles abcd and suppose that the weight of a unit 
volume of the fluid is w. Then, by elementary physics, the pressure 


Fie. 148 


L 
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upon the portion of abcd in question will be equal to w times its area 
multiplied by the depth, y, of its mid-section (see dotted line); that 
is, will be equal to w+ a+ Ay+ y = wayAy, where x is the length of 
the portion in question.* The limit of the sum of such products 
pertaining to the various rectangles will therefore be the desired 
pressure P upon the entire area lying to the right of OY. But, by 
the familiar argument based upon Arts. 138 and 142, this limit is 
given by the formula 


h 
P= wf xy dy, (1) 


where h = the extreme depth OM. Here ~ is, of course, a function 
of y which is determined by a knowledge of the equation of the 
bounding curve LMN of the reservoir. The equation of this curve 
must, therefore, be given in the form x = f(y), or be converted to 
this form before the integration is performed. 

Similarly, the pressure against the portion of the wall to the left of 
OY may be calculated by integration. However, in case OY divides 
the area NOLM symmetrically, as in Fig. 143 and as often happens 

‘in practice, it suffices to calculate the pressure over the right portion 
NOM and then double the result. 


Example 1. A trough whose cross-section is 
an equilateral triangle with sides equally inclined 
to the vertical is filled with water to a depth of 
3 feet. Given that a cubic foot of water weighs 
approximately 62 lbs., find the pressure on one 
end of the trough. 


Sotution. Here 


3) 


z= MH. tan ZOMN =(3 — y) tan 30° = Va Fig. 144 
Hence, by use of (1) we obtain as the pressure upon NOM 
33 — yy = 3 wv et? dee 
62 (| = 161.085 lbs. 
reg 


Allowing for the equal pressure upon the portion LOM, the total pressure 
required is therefore 
2 X 161 = 322 lbs. approximately. 


* In general, the pressure upon any area will be equal to w times this area 
multiplied by the average depth of all its points beneath the surface. 
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(b) Amount of illumination. The following example illustrates 
the application of integration to this subject. 


Example 2. In Fig. 145 a circular floor of radius a is being illuminated 
by a source of light L situated on the vertical axis of the circle at a distance 
h above the center. Given that the intensity of illu- 
mination varies inversely as the square of the distance 
from the source, find how far the light should be 
lowered in order that the total illumination on the 
floor may be doubled. 


Souutron. Consider a circular ring of inner radius r 
and of narrow width Ar lying on the surface of the 
floor and concentric with it. The distance of all 


points in this ring from L is approximately Vh? + 7? 
and hence, in accordance with the law above stated, the intensity of the 
illumination at all points in this ring is approximately 


sles 
2 + 1? 


where k is a constant whose value is the intensity of the illumination at a 
unit’s distance from L. Observing now that the area of the ring is approxi- 
mately 2 7 X Ar, it follows that the amount of illumination on the ring is 
approximately 


2 akr Ar 
wer TRIE Seah Rar 


The sum of such expressions as 7 assumes the series of values pertaining to a 
set of rings such as just described covering the entire floor will therefore 
form a good approximation to the total amount of illumination J received. 
Moreover, the limit of this sum as the number of rings is indefinitely increased, 
and hence as Ar > 0, will be J itself. But, by the usual argument, this limit 
is expressible as a definite ae thus giving 


T= 


I = 20k eae z = wh| log (e+ 79) | 
w+ @e 


iY (2) 


ak{log (h? + a?) — log h?] = xk log —— 


This general result having been obtained, we may now consider the special 
problem in hand. Let x be the required distance through which L should 
be lowered. Then, the illumination at the new level will be obtained from 
(2) by replacing h by h — x. If this be done and the result placed equal to 
twice the original value, as the problem requires, we obtain the following 
equation for determining z: 
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m)2 2 h2 oA 
ea ae = 2nklog Ut 
Dividing both members by zk and recalling that twice the logarithm of any 
quantity is equal to the logarithm of the square of the quantity, this equation 
becomes 


ak log 


og ie eee a, g(=t*): 
(h — x)? 
Hence, we must have 


(eS OP SP OP _ lie Se ey’ 
(h — 2) h? 


or 


eel) 


from which we obtain 


(h— a= 
ES ees 
This equation is readily solved for x and gives as the required answer 
aw IW? 
Co : 
V2h? + a 


(c) Work. If a weight of w pounds be lifted through a vertical 
distance of d feet, the work done is defined in physics to be wd foot- 
pounds. More generally, if a point P be moved a distance of d feet 
in direct opposition to the action of a constant force of F pounds, 
the work done is Fd foot-pounds. In case the force F is not constant 
but changes from point to point during the motion, the work done 
becomes expressed, in conformity with the foregoing definition, as a 
definite integral in the manner illustrated below. 


Example 3. An elastic cord, such as a long rubber band, is stretched 
out 2 feet beyond its natural (unstretched) length and the force which it 


then exerts at one end is found to be 8 ounces. Find how much work 


has been done during the stretching, it being given by physics (Hooke’s law) 
that the tension in a stretched elastic cord varies directly as the amount 
of the extension beyond, the natural length. 


Sotution. Let/=OLbethenaturallength 9 7 Ly Fry 
of the cord and suppose one end to be held K-~---+ Q-—-—- > 
fast at O while the other end P is carried a Fie. 146 
distance x beyond L. Then, by the foregoing law, the force F at P will be 
given by the equation 
[hi = Nei, (3) 


where & is some constant. But it is given that F = 8 oz. = $lb. when 
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x =2{t. Placing these special values of F and z in (8), we find k = , so 
that (3) takes the specific form 

F=+42. (4) 
It follows that if the cord be extended a small distance Ax beyond P, the work 
done will be approximately +2- Aa and hence, applying the argument 
already familiar from former examples, the total work done in extending the 
cord 2 feet beyond its natural length will be 


12 242 
i =~ | = = foot- de 
ris Cae Blea oot-poun 


EXERCISES 


1. Work illustrative Example 1, Art. 145, in case the cross-section of the trough 
is a right triangle instead of an equilateral triangle, other conditions remaining 
as before. Ans. 558 lbs. approximately. 

2. Work illustrative Example 1, Art. 145, in case the trough is semicircular in 
cross-section with radius of 3 feet, other conditions remaining as before. 

Ans. 1116 lbs. 

3. In illustrative Example 1, Art. 145, show that if the water-level be raised 
1 foot the total end-pressure will be increased by more than 137 per cent. 

4. A narrow paved alley 400 feet long separating two city stores is illuminated 
by an arc light placed midway from the ends and 20 feet from the ground. Show 
that the total illumination received by the pavement is given approximately by 
the formula 

I= ka arc tan 10 

’ 
10 


where k is the intensity of the light at a foot’s distance from it, and where d is the 
width of the alley. 


5. The interior of an art-gallery is circular in form, the radius of the circle 
being a. If the height of the room is h, show that the amount of illumination 
received by the side-wall from a center light in the ceiling is given by the formula 


I = 27k arc tan & 
a 


where k is the intensity of the light at a unit’s distance from it. 


6. By means of formula (2) obtained for illustrative Example 2, page 282, 
and of the formula of Ex. 5 show that if the floor and the side wall of a circular 
room are to receive equal amounts of illumination from a center light in the ceil- 
ing, the room should be so constructed that the ratio of the height to the radius 


of the base, that is, the ratio R = he shall satisfy the equation 
a 


1 
2 are tan R = log (1 ae a) 


The root of this equation, as determined approximately by trial, is R = 0.67. 
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7. Newton’s law of universal gravitation states that the gravitational attrac- 
tion between two material particles varies directly as the product of their masses 
and inversely as the square of the distance between them. Hence, letting A 
represent the attraction between two particles whose masses are m and mz situated 
d units apart, we have 

A =k mme 


? 


where k is a constant whose value is the attraction between two unit particles 
situated a unit’s distance apart. Employing this law, show that the attraction 
of a slender straight wire of length / upon a unit particle situated in the direction 
of the wire at a distance d from the nearest end is given by the formula 
: — _ kpl 
d(d +1)’ 
where p is the density (mass per unit length) of the wire. 


8. Using the law stated in Ex. 7, show that the gravitational attraction of a 
straight wire of length J upon a unit particle situated upon the perpendicular 
bisector of the wire at a distance h from the midpoint of the wire is 

1 
An kph §” oe se 2. 2 
L242)? (P+ 422)9 


7 
where k and p have the meanings indicated in Ex. 7. 


9. If the density p of a sphere varies directly as the distance r from the center, 
that is, p = kr, where k is a constant, show that the mass of the sphere of radius a 
is given by the formula 

M = rkat. 

10. Assuming that the force of attraction of a magnetic pole upon a small steel 
ball varies inversely as the square of the distance of the ball from the pole and 
that at the distance d this force is f, show that the work done in removing the ball 
from the distance d to the distance D is given by the formula 

pave A 
soe EL Saga 

11. Assuming that the length of the trough deseribed in illustrative Example 1, 
Art. 145, is 4 feet, determine the work required to pump all the water to the 
_ original surface level. Ans. 1288 ft. lbs. 

Hint. First formulate the work required, approximately, to pump up 
the strip of water of width Ay lying at a depth of y. 


12. Find the work required to pump to the surface the water in the trough 
described in Ex. 1, it being given that the trough is 4 feet long. Ans. 2232 ft. lbs. 


13. A cylindrical pail 6 inches in diameter and 1 foot high 
is full of water. Calculate the total pressure on the convex 
surface of the pail. Ans. 33 x Ibs. 

Hint. Consider the surface of the pail as made up of a large 
number of narrow bands each of width Ay and of radius 
8 inches. Consider the limit of the sum of the pressures on 
all these bands as their number is indefinitely increased. 
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14. A hemispherical bowl of radius a feet is full of 
water. Calculate (a) the total horizontal pressure on 
the bowl; (6) the total vertical pressure; (c) the total 
pressure normal to the surface. 

Ans: Horizontal pressure = Vertical pressure = 
424 7a‘ lbs. Normal pressure = 62 7a? lbs. 

Hint. Consider the surface of the bowl as made up of a large number of 
narrow circular bands each of width As, then proceed analogously to Ex. 13. 


Recall the formula ds = ~ 1 tah dy of Art. 49. 
Y 


15. By use of the result for Ex. 8 find a formula for the gravitational attraction 
of a square of side / and density p upon a unit particle situated in the plane of 
the square at a distance d from a side and upon the perpendicular bisector of 
that side. 


16. A cylindrical pail of radius a and height h is filled with water. How long 
will it take the water to leak out through a hole of area S in the bottom of the 
pail, it being given that the velocity of discharge of a fluid 
through a horizontal orifice is that acquired by a body falling 
freely from a height equal to the depth of the water. 

OUTLINE oF SoLuTion. Using the notation of Fig. 147 and 
recalling that the velocity acquired by a freely falling body in 
descending any distance s is V 2 gs, it follows from the data of the 
problem that at the instant the water level reaches x the velocity 
of discharge through the hole is V2 g(h — 2). Hence, in a small 
interval of time At immediately following this instant, the amount of water dis- 
charged is approximately SV 2 g(h — x) At. This amount must be equal to the 
loss from the surface above, which is seen to be wa? Az, where Az is the descent of 
the water level during At. We therefore have approximately 


SV 2 g(h — x) At = ra* Az, 


Fig. 147 


or At = eC ES 
SV2 g(h — x) 


It follows by the usual reasoning based on Arts. 138 and 142 that the required 
time is 
wa 


iP = f dx = 2m 
SV2gJ0 Vh—«z S 29 


17. If in Ex. 16 the water is contained in an inverted cone of height h, radius 
of base a, and with the opening S at the vertex, show that the time of discharge is 


2 ra h 
T= Als 
5S 29 


18. Work Ex. 16 in case the water is contained in a hemisphere of radius a, 
the opening S being at the lowest point. 


CHAPTER XVI 


SUCCESSIVE INTEGRATION 


146. Definition. Let f(x, y) be a function of the two independent 
variables x, y. Suppose for the moment that z is held fixed in value 
while the other variable, y, is allowed to change. Then f(z, y) 
becomes a function of y alone. As such, let us suppose that it is now 
integrated between the limits y = cand y = d; that is, let us consider 
the integral 


f few a. 


The value of this integral will naturally depend upon the value 
originally assigned to x, hence it may be regarded as a function of z. 
Considered as such, let us now integrate it between the limits x = a 
and x = 6; that is, let us consider the expression 


S (Ste » a] ax. 


This expression, which is usually written in the more compact form 


nf JS “Ha, y) dy da, 


is called the double iterated integral, or briefly the double integral, 
of f(x, y) from y = c to y = d and from x = atoz = b. 


Example. Evaluate the double integral 
3 fiz. 
f, if (a? + y?) dy dx. 


Soutution. Performing the first, or y integration, remembering that in 
this we are to regard x as a constant, we obtain 


=2 
(G+) y= wy ttyl = 2et§-P baer ts 


Performing now upon this result the second, or x integration, we obtain as 
the final desired result 


{, @+D w =o + Fa), 
287 


5 =9+7-0= 16. 
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147. Generalization. In the definition of the last article it was 
tacitly assumed that the limits of integration a, b, c, d were all fixed 
numbers. It is conceivable, however, and it often happens in the 
applications which are to follow, that the limits c, d of y pertaining 
to the first integration may depend upon the variable x which plays 
a part in the second integration. That the double integral continues 
to have a definite meaning in such cases is illustrated in the following 
example (compare with example in Art. 146) : 


Example. Evaluate the double integral 
3 2% 
f, f (a? + y?) dy dz. 
Soutution. Performing the first or y-integration gives 
=2 
(@ + y’) dy = [xy +4 bak = 28+ $2 —8 —$2 = 1033 
Performing upon this result the second or z-integration gives as the final 


result 
LBs uate a 
2 


Still more generally, the notion of a double integral is immediately 
extended to that of a triple integral. Such an integral, in fact, is one 


of the form 
SSS Pe y, 2) dz dy dx. : 


Here F(a, y, 2) is a function of the three independent variables 2, y, 2. 
As to the various limits of integration, e and f, or the limits of the 
first or 2-integration, may depend upon either z or y or both inasmuch 
as these letters appear in the subsequent integrations; similarly, 
c and d, or the limits of the second or y-integration, may depend 
upon 2, while a and 5, or the limits of the third or z-integration, are 
necessarily fixed numbers ; that is, are independent of either 2, y, or 2. 


Example. Evaluate the triple integral 
x a+ 
KSI @+yt2 dz dy dx. (1) 


SotuTion. Performing the first or z-integration, recalling that in this 
we are to consider x and y as constants, we obtain 


a+ 27 z2=2+ 
(ide + y + 2) de =| 22 + ye on ney = xu + y)+ y@ t+ y) 


+ ete — x — y)— y(@ — y)- ow - tay + 2y? 
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Performing upon this result the second or y-integration, recalling that in 
this we are to consider x as a constant, we obtain 


mf Op 2 2 
ie (Aay +2) dy =[ 227 +22 = 223 + =a) — 243 +=93 = —23 
Z 38 JIy=—-2 3 3 


Finally, performing upon this the third or 2-integration, we obtain as the 


desired value of (1) 
Cs 


fea MET 


Quadruple integrals, cae es etc. are now readily 
defined by analogy with the foregoing. We shall, however, not be 
concerned with these in the present book. 


EXERCISES 


Evaluate each of the following iterated integrals: 
21 Li a ee i 
1. if ft dy dx. Ans. 0. 2. ie if (x y?) dy dx. Ans. — 4. 


3 (2 7 
3. (a2 — y?) dydx. Ans. $%. 4. (2 (yg; : Wat 
§, §, y") ay 6 4 i {, cee EAS 1 


2 20f1 1erpaty 
9 alse 
Av f, if xyzdzedydx. Ans. 3. 6. ( ‘, {, x yedzdydz. Ans.jj%. 


3 1 1 
‘ ik ef (cy + xz + yz) dzdydx. Ans. $. 


o 


~ 


Med 


t CY P-—2 ems 
i (5 o dzdydz. Ans. 4r8m. 


1+cosé) , . 
Cote sia ae sin @dp d@. Ans. 4 a8. 


© 


t) d 
10. (" (°° psinddpds. = Ans. 4a’. 
0 J0 


y 
@ (a act y dy dx. a 
ib fe {; (x + y) dx dy. Ans. ¢ a’. 12. ‘i f, pas Ans. 5 log 2: 


VS gag 
13. ibe f, oe a Ve + yp dy dz. Ans. gy ra. 


ace ody dz a V3 
14. f, ( aE, Ans. Slog (1 + V2). 


Ve +p. 
15. Evaluate each of the following integrals: 
5 
cof fertindes LG pte 
1 + 
(b) {, is xy” dy dz; (e) { {, {, Y extutedz dy dx; 
—z 


OG firsneda; 9 (Pf feenandet 
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I. AppiicaTions TO GEOMETRY 


148. Area between two curves. Rectangular codrdinates. Let 
two curves y = f(x) and y = ¢(x) be given and let it be required to 
find the area inclosed between them and the ordinates drawn across 
the curves at = aanda = b. This area, as we shall now show, may 
be formulated as a double iterated integral in the manner indicated 
in the following theorem : 


Theorem. The area A bounded by the curves y = f(x), y = (2) 
and the lines x = a, x = b is given by the formula 


A Sift ie, dy dx. (1) 


Proor. Between x = a and x = b draw a set of straight lines 
perpendicular to the X-axis and at an equal small distance Aw apart. 
Draw similarly a set of lines perpendicular to the Y-axis and at an 


yoo equal small distance Ay apart. The area A 

Y Ve in question is thus divided into a large 
Y CH number of interior rectangles, each of area 

gay Ay Az, together with a number of portions 

Gis mi @) of such rectangles lying along the boundary. 

Dr Consider now the strip made up of these 

Ol w=a w=a z=b rectangles and parts of rectangles lying 
Fie. 148 between any two adjacent perpendiculars 


to the X-axis such as the perpendiculars x = xandw« =x+Az. The 
side pq of this strip (see Fig. 148) we may evidently regard as the 
limit as Ay > 0 of the swm of all the lengths Ay lying between the 
levels at which y = f(x) andy = ¢(z) respectively, x being understood 
to keep the fixed value « = x under consideration. By the theorem 
of Art. 138 we may therefore write 


ob) 
pq = if} dy. (2) 


(z) 


As to the area of the strip, it is equal approximately* to pq - Av and 
hence by (2) is equal approximately to 


i es dy | Ax. (3) 


(2) 


* See footnote, page 278. 


_—— 


. lines y = c, y = d may be conveniently ex- 


t 
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It follows by an application of the theorem of Art. 142 that the swm 
of the areas of all the strips, which is the required area A, may be 
regarded as the limit of the sum of all the approximations (3) as the 
number of strips is indefinitely increased, Ax meanwhile approaching 
the limit zero and x ranging from its least value x = a to its greatest 
value « = b. But this latter limit, by applying the theorem of 
Art. 138 to (8), takes the form 


ue Bie dy | dx, of 6? aya 


The proof is thus complete. 


Corollary. In the foregoing discussion the equations of the two 
given curves were regarded as of the forms y = f(x), y = $(2) re- 
spectively. If, on the other hand, these 
equations are present in the forms x = F(y), 
x = &(y), then the formula for the area A 
bounded by the two curves and the two 


pressed in the form 


Mey taseirs, .@ 


For the proof, we need only to divide A as 
before into rectangles of area Ax Ay, but 
now consider a typical strip parallel to the X-axis instead of the 
Y-axis ; then consider the limit of the sum of such strips. The details, 
being similar to those in the former case, are left to 
the student. 
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Example. Find by double integration the area of the 
triangle included between the lines y = 42, y = 22, 
and ¢ = 2. 


Soutution. Applying formula (1), noting that within 
the area A in question y ranges from the value x/2 to 2 x 
as one passes along the perpendicular to the X-axis erected 
at any (a point « = x on that axis, we have 


2 380 a2 1% =2 
A= ad Ge dy dx = §, [22 - Pax = 3S, eae = ae ee = 3. 


The same example, if done by use of formula (4) instead of (1), would 
be worked as follows: First write the equations of the two lines in the 
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forms « = 2y and « =4y. Then regard the entire 
area of OBC as made up of the parts OBA and ABC. 
Now, the areas of OBA and ABC are each readily 
formulated by (4). Doing this and adding the results 
gives 


A =§of ae dy vale |. sd dy 


1 4 
=f, yy +{°@-4y) dy =F + B= 3. 


Fie. 151 


149. Area between twocurves. Polar codrdinates. We may now 
formulate the area bounded by two curves whose equations are given 
in polar coérdinates as follows : 


Theorem. The area A bounded by the curves p = f(6), p = (8) 
and the radii vectores 0 = a, 0 = B 2s given by the formula 


B (0) 
A= dp de. 1 
J a p dp (1) 


Proor. Between the fixed radii vectores @=a and 6=8 draw 
a set of radii vectores at equal small angular distances A@ apart; also 
from the pole O as center draw a set of ; 
concentric circles at equal small radial 
distances Ap apart. The area A in 
question is thus divided into a large 
number of interior figures PQRS, each 
approximately rectangular in shape, to- 
gether with a number of portions of 
such figures lying along the boundary. 
Here PQ = Ap and, calling p the radius 
vector of P, PS = p- A@. Hence, ap- 2 


© 
AK 
\ 
e 
o' 
Ki 


uae 
Do 

ro 
SQ 
Sg 


proximately, we have Shs oie: 
area PQRS = PQ X PS = pApAd. (2) 
It follows that approximately 
area abcd = Dp Ap AO = AO Dp Ap, (3) 


where the symbol = (read sigma) indicates that the swm of all the 
products (2) corresponding to the various points P along ab is being 
taken. But as Ap >0 the expression (3) approaches, by Art. 138, 


as its limit the value 
(6) 
a6 fp dp. (4) 


6) 
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From (3) and (4) we readily infer (though a rigorous proof lies beyond 
the present text) that approximately (in the sense indicated in the 
footnote of page 278) we may write 


(9) 
area abcd = aos p dp. (5) 
£(9) 


The required area A, which is the sum of all such areas abcd, may 
therefore, by Art. 142, be regarded as the limit as A@ > 0 of the sum 
of the expressions (5) as @ ranges from its initial value 6 = a@ to its 
final value 6 = 8. But the limit of this sum, by Art. 138, is 


lila 1 ae 
dp |d0, or dp dé. 
i fey PIC aM 


The proof is thus complete. 


Corollary. In the foregoing discussion the equations of the two 
given curves were regarded as of the forms p = f(@), p = $(@). If, 
on the other hand, these equations are present in the forms @ = F(p), 
6 = ®(p), then the formula for the area A 
bounded by the two curves and the two 
arcs p=7T, p=s may be conveniently 
expressed in the form 


A=f- ip aye d0 dp. (6) 


The proof, being analogous to the fore- 
going, is readily suggested by reference to 
Fig. 153. It is therefore left as an ex- 
ercise for the student. Fie. 153 


Example. Find by double integration the area of the crescent included 
between the circles p = a cos 0 and p = 2acos 0. 


Soxution. Applying formula (1), noting that 6 varies from = to = 


within the crescent, we have at once for the desired area 2 


2 2 ) 
ye ie a do 


cos @ 


oO 3 27\p = 2acos 6 2 3 
= A Ape cos? 6 de 
Mid 2 Jp=acose py Eo 
2 2 
zi ee st eee 
oan. Sal bs ap jin 20] =e: 


Fig. 154 UIs 


294 SUCCESSIVE INTEGRATION [Cuap. XVI 


EXERCISES 


1. Find by double integration the area included between the parabola 
y? = 4 px and the line y = 2, integrating first with respect to y. Draw a figure. 


4p (* V4pz 
5 Ey?) 
Ans. f, ik dy dx = 3p. 
2. Work Ex. 1, integrating first with respect to x. 


8. Find by double integration the area included between the semicubical 
parabola y? = «* and the line y = x. Draw a figure and work by integrating 
with respect to y first. Ans. 75: 


4. Work Ex. 3, integrating with respect to a first. 


5. Find by double integration the area between the two circles p = a cos 8, 
p =bcos0(b >a). Draw a figure and integrate with respect to p first. 


Ans. © (b? — a), 
ns z ( a?) 

6. Find by double integration the area included between the circle p = 2 a cos 0 
and the cardioid p = a(1 + cos 8). Ans. 47a’. 


7. Find by double integration the areas bounded by each of the following 
pairs of curves: 


(a) ot+y=a?,z+y =a; Ans. $@ 
() a +y%@ =a8,c+y =a; Ans. 4a? — 8, xa? 
(c) 22 +y? = 2, y? = 23; Ans. a % 
3 
OM a Ans. $a? — 37a? 


Qa—2” 
(e) 2 —y =a, 22 + y? = BD? (b> a). 
8. Work the illustrative example of Art. 149 
when the first integration performed is with respect 
to @. 

Hint. Draw the are ACB (Fig. 155) and con- 
sider separately the areas BCD and OBCH. Add 
the two results and double the answer in order to 
include the portion of the required area below OD. 


9. Work Ex. 5 when the first integration per- 
Fie. 155 formed is with respect to 0. 


10. Find by double integration the area of the crescent formed between the 
parabola p = a sects and the circle p = 2a. Ans. 27a — $a. 
11. The curve y = at —42° has two points of inflection. Find the area 
bounded by the curve and the inflectional tangent which passes through the 


origin. Find also the area bounded by the curve and the other inflectional 
tangent. Ans, 51.2, 51.2, 
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150. Volume under a surface. Suppose that a surface is given 
whose equation is of the form z = f(x, y); suppose also that in the 
X Y-plane beneath this surface there is given a certain area A bounded 
by a closed curve T. Upon A as a base and with 7 as directrix 
let a right cylinder be erected having all its elements parallel to the 
Z-axis and suppose that the portion of the given surface z = f(z, y) 
which this cylinder intercepts is indicated by S. Then the volume 
of this cylinder included between A and S (otherwise described as 
the volume under the surface z = f(x, y) above A) may be deter- 
mined through the following theorem : 


Z 


Fic. 156 


Theorem. The volume under the surface z = f(x, y) above the area 
A in the X Y-plane is determined by the formula 


V= {ff dy dx, 


where the limits of the first, or y-integration are respectively the least 
and the greatest value of y lying upon the line within A parallel to the 
Y-axis at a distance x from this axis, while the limits of the second, or x- 
integration are respectively the least and the greatest value of x within A. 

The student will observe upon a careful reading of this theorem 
that in order to apply it in any given case one must know not only 
the equation y = f(x, y) of the surface of which S is a part, but he 
must. also know the equation of the plane curve 7 in the XY-plane, 
the latter being required in order to determine the limits of inte- 
gration to be used. See illustration, page 298. 
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Proor. Within A draw a set of lines parallel to the Y-axis at a 
distance Axv apart and similarly draw a set of lines parallel to the 
X-axis at a distance Ay apart (compare Art. 148). Select any one 
of the rectangles, as PQ, thus formed in A and let P denote that 
one of its vertices which lies nearest the origin O. Upon this rectangle 
as a base erect a rectangular parallelepiped PQRU whose altitude 
PR shall be the value of f(x, y) when x and y are the coérdinates of P. 
This parallelepiped will have at least one point R lying upon the 


Fie 
Fie. 157 
given surface and its voiume, when Az and Ay are small, will evidently 
form a good approximation to the volume under the given surface 
above the rectangle PQ. Suppose now that this process is similarly 
carried out for every rectangle PQ within A and that the sum of the 
volumes of all the resulting parallelepipeds is taken. Evidently this 
sum will form a good approximation to the total volume above A 
in question, and the limit of this sum as Ax > 0 and Ay > 0 may be 
regarded as the actual value of the desired volume. It remains, then, 
but to formulate this entire process analytically. 

The parallelepiped PQRU has a base PQ whose area is Ay + Ax 
and an altitude PR equal to f(z, y). Hence, 


volume of parallelepiped PQRU = f(a, y) Ay Az. (1) 


Consider now all the parallelepipeds PQRU standing upon the strip 
FIMJ of A. For each of these the value of x to be used in (1) is 
the same, namely, = OD, while the value of y differs, in general, 
from one parallelepiped to the next. The sum of the volumes of 
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all these parallelepipeds has a limit as Ay > 0 which, by the familiar 
reasoning of foregoing articles, is equal to the following expression 
(compare (3), Art. 148) : 


[ J “Se, y) dy | Az, (2) 


where the limits of integration, y; and ys, represent respectively the 
least and greatest value of y along the line FJ, these limits depending 
in general upon the value of « = OD that has been chosen. This 
being premised, it remains but to formulate the sum of all the expres- 
sions (2) as x is allowed to take on its various values belonging to the 
edges of the different strips YI MJ within A, and finally to formulate 
the limit of thissum as Av > 0. The final result is thus seen to be 


ui ieic y) dy | dx, or Iie y) dy dx, 


where a = OB and b = OC are respectively the least and greatest 
values of x within A. 

This result, being coextensive with that stated in the theorem, 
completes the proof.* 


Corollary. Consideration of the foregoing reasoning shows at once 
that if, in the formula for V as given in the theorem, the order of 
integration be reversed, that is, if the first integration be taken with 
respect to x and the second with respect to y, the theorem continues 
to hold provided that, as the limits of the x-integration we take 
respectively the least and the greatest value of « lying upon the line 
within A parallel to the X-axis at a distance y from this axis, while 
the limits of the y-integration are respectively the least and the 
greatest value of y within A. 


* Strictly speaking, it might be questioned at this point whether the limit of 
the sum of the expressions (1) when first Ay>0O and secondly Ax>0O (as was 
done in the foregoing proof) gives the same result as if the processes were fol- 
lowed in the opposite order; namely, first Ax-0 and then Ay>0. In fact, how 
do we know that the same limiting sum results no matter how Aw and Ay are 
mutually related when both approach zero? The answer can only be given after 
a more advanced course in calculus. Suffice it to say that, under conditions 
upon f(z, y) which are not seriously limitative, it can be shown that the limit 
in question has a value independent of the manner in which both Ar>0O and 
Ay >0. 

A similar theoretical question is involved in the proofs of other theorems sub- 
sequently occurring in this chapter. 
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Example. Find the volume of the solid lying in the first octant and 
bounded by the plane z = x + y, the cylinder x? + y? = 1, and the XY-plane. 


Sotution. The volume in question lies above a quadrant of the circle 
x? + y* = 1in the XY-plane within which 
L the y-limits upon a line distant x from 
the Y-axis are 0 and V1 — 22, while the 
x-limits over the entire quadrant are 0 
and 1. Hence, applying the theorem, we 
have for the required volume 


xX Va (ee ty) dyads 


={) eVI—P det 3(" A — 2%) de 
af tb ee eee 
Fic. 158 [ gl a ele eas 


EXERCISES 
1. Work the illustrative Example of Art. 150 in case the are AB (Fig. 158), 
instead of being circular, is an are of the parabola y? = 4(1 — 2). Ans. 1-83. 
2. Work the last example when the first integration is taken with respect 
to « and the second with respect to y. See Corollary, Art. 150. 
8. Find the volume of the sphere x? + y? + 22 = a? by Art. 150. 
4. Find the volume of the tetrahedron bounded by the coérdinate planes and 
the plane z/a + y/b + 2/c = 1. Ans. 4 abe. 
5. Find the volume common to the two cylinders 2? + y? = r2 anda? 4+ 2 = 7°. 
Ans. 18 13. 
6. Find the volume of the solid contained between the paraboloid of revolution 
x? + y® = az, the cylinder 2? + y? = 2 az, and the XY-plane. Ans. 3 ra}. 
7. Find the volume of the cylindrical column standing upon the area common 
to the two parabolas y = x2, x = y? as a base and intercepted by the surface 


2g=4+y — 22. Ans. 38%. 
2 2 2 F 
8. Prove that the entire volume of the ellipsoid ~ 4 ¥ 4 = — 1 is 4 abe. 
at et @ 3 


9. Find the volume bounded by the surface xs + ys + zs =as. Ans. sig7a. 


10. Formulate each of the following volumes as double (iterated) integrals 
without, however, attempting to evaluate them: 


(a) the volume cut from a sphere of radius a by a right circular cylinder of 
radius b (b < a) whose axis passes through the center of the sphere; 

(b) the volume cut from a sphere of radius a by a right circular cylinder of 
radius 6 (6 < a) whose axis is tangent to the surface of the sphere; 

(c) the volume of the right cylindrical solid standing upon the ellipse 
b?a? + a?y? = a?b? as a base and intercepted by the cone z? = 2 + y*. 


~. 
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151. Definition. Whenever the limits of integration pertaining to 
a double integral are supplied either in the manner described in the 
theorem of Art. 150, or in the Corollary of that article, we shall say 
hereafter that they have been supplied so as to cover the entire 
area A. 


152. Area of a surface. Returning to the general problem dis- 
cussed in Art. 150, let us now suppose that, the conditions remaining 
as before, it is required to find the area S intercepted from the given 
surface z = f(x, y) by the right cylinder erected upon A as a base 
(see Fig. 156). In this connection we shall establish the following 
theorem : 


Theorem. The area S intercepted from the surfacc 2 = f(x, y) by 
the right cylinder erected wpon the closed area A lying in the X Y-plane 


as determined by the formula 
1 


Sf Ga) Ge) ee 


where the limits for the double integral are to be supplied so that the 
integration shall cover (see Art. 151) the entire area A. 


Proor. Proceed as in the proof of the theorem of Art. 150 to draw 
two sets of parallel lines within A (see Fig. 157) and upon each of 
the rectangles thus formed to erect a rectangular parallelepiped, as 
PQRU. The area of the upper base RU of PQRU is equal ap- 
proximately to the area of the intercepted portion RT of S multi- 
plied by the cosine of the angle between the plane of RU (or XY) 
and the tangent plane at R to S, the accuracy of the approximation 
being greater and greater as Ax and Ay are taken smaller and smaller. 


- In other words, if + represents the angle between the tangent plane 


at R and the X Y-plane, we have approximately 
area RU = area RT - cost. 


Therefore, we have approximately 


area RU | (1) 
COS T 


area RT = 


If, then, we form the expression (1) corresponding to each one of the 
parallelepipeds PQRU standing within A and take the sum of the 


300 SUCCESSIVE INTEGRATION [Cuap. XVI 


results, and finally take the limit of this sum as Ax > 0 and Ay > 0, 
we shall arrive at an actual expression for S. It remains but to 
formulate this process analytically. 

By Art. 62, the equation of the tangent plane to the given surface 
Cao) pate lels 


921 (¢ — )+ 94 (y — y)—(2 — 2) = 0, (2) 
Ox, OY 


where %, yi, 21 represent the coérdinates of & and where ay een 

Ox, OY" 

represent the values of =, he at this point. By the familiar 
v oy 

formula of solid analytic geometry giving the cosine of the angle 

between two planes in space,* we find directly that the cosine of the 


angle + between the plane (2) and the XY-plane (or z = 0) is as 


follows: 
cost = [1 Mt ("4 (2)T* 


Hence, dropping the subscripts in order that R may be regarded as 
having the codrdinates (a, y, 2), and noting that 


area RU = Ay Aa, 
we see that (1) takes the form 


area RT =[1 + (2) ve ‘eyp Ay Az. (3) 


The process of summing all the expressions (3) pertaining to A and 
finally taking the limit of this sum is evidently analogous to that 
carried out in the last article with reference to the expression (1) there 
appearing and it thus is seen to lead to the double integral indicated 
in the theorem. The student is advised to fill in these details, thus 
completing the proof. 

Just as in the formula for V in the last article the order of inte- 
gration may be reversed if desired by introducing new limits to the 
integrals in the manner there described, so likewise the order of inte- 
gration in the formula for S of the present article may be reversed 
under the same agreement as to the determination of the new limits 
of integration. 


* See, for example, the author’s ‘‘ Brief Course in Analytic Geometry ” (Holt), 
p. 250. 
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Example 1. A right circular cylinder of radius a is cut by a plane which 
meets the axis of the cylinder at an angle of 45°. Find the area of the cross 
section thus resulting. 


Sotution. Take the X-axis along the axis of the cylinder, with origin 
at the point O where the given plane meets the latter axis. As Y-axis take 
the line in space which is perpendicular to OX at O and at the same time 
lies in the given plane. Finally, as Z-axis take the line in space perpen- 
dicular to the X- and Y-axes as thus chosen. 
There results a figure which in the first octant 
appears as in Fig. 159 and the problem becomes 
that of determining the shaded area AOB. Four 
times this area will evidently be the total area 
sought. 

With these axes, the equation of the cylinder 
becomes 

yte=e (4) 


and the equation of the given plane AOB be- 
comes 


2=2. (5) Fie. 159 


Moreover, the equation of the curve AC representing the projection of AB 
upon the XY-plane results, by elementary solid analytic geometry, by 
eliminating z from (4) and (5) and is thus found at once to be that of the 


circle 
e+ y? = a. (6) 


With (4), (5), and (6) once at hand, we have now but to apply the theorem, 
noting that, since we are concerned with the area of a portion of the plane 


(5), the partial derivatives He a involved in the formula for S are to be 
x 


computed from (5), while the limits of the first or y-integration are to be 
determined from (6). Thus, we have 


acVe-n 
area AOB = f"{, ‘+14 ob dy de = V8(7(~" oe ae 
& iS a as oF — x = Sma aa 3 a e x z=a 
= V2 fy Va? — x? dx v2[ova w+ 5 are sin =|” 
= V2 wat 


The desired area of the entire cross-section is therefore 


4X V2 aa? =V2 ra’. 
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Example 2. In Example 1 find the area of the portion ADB of cylindrical 
surface intercepted in the first octant between the given plane AOB and the 
YZ-plane. 
Z 

Sotution. Inasmuch as we are now dealing 

with a portion of the surface of the cylinder, the 

0z O02 6 

to be used in applying 


partial derivatives —, 
ox a 


S 


= 


TUALILLLLLLLLLLLLL 


[FT 
Sa the theorem are to be determined from (4). They 
SS Se . 
i X are, therefore, as follows : 
es! y y 


OF eg ate oe ] 

eum & hog ee Wee Ve — yp? 
Moreover, it is convenient in the present instance 
(for reasons to be seen presently) to integrate first 


with respect to x, in which case the z-limits, as 
Application 


Fie. 160 
determined from (6) (see Fig. 160 also), are 0 and Va? — y?. 


of the theorem thus gives 
a y2 2 4 e-y» dxd 
bB = (°(~"“[1+0+ 4 4} Sa ae ee 
area ADB (; f, 1+0 ray: dx dy =a , f, Se 


= afi dy = a, 


EXERCISES 


1. Work illustrative Example 1 of Art. 152 in case the intersecting plane is 
z = mx instead of z = 2, other conditions remaining the same. 
Ans. ere =e m)?, 
m 


2. Work illustrative Example 2 of Art. 152 in case the intersecting plane is 
2 

Ans. ©. 

m 


z = mx instead of z = x, other conditions remaining the same. 


3. Work illustrative Example 1 of Art. 152 in case the cylinder used is the 
elliptic cylinder b?y? + az? = a?b? instead of the circular cylinder y? + 2? = a?, 
Ans. V2rab. 


other conditions remaining the same. 
4. Work illustrative Example 2 of Art. 152 in case the surface used is the 
sphere x? + y? + 2 = a? instead of the cylinder there employed and the intersect- 
Ans. a? arc cot m. 


ing plane used is y = mz. 
5. Find the area of that part of the plane ~ + fer 2 _ 1 which is intercepted 

a c 
Ans. 4(b?c? + ca? + a2b2)?, 


by the codrdinate planes. 
6. Show by means of the theorem of Art. 152 that the area of a sphere of 


radius r is 4 ar?. 
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7. The center of a sphere of radius a lies on the surface of a right circular 
cylinder of radius z Find the surface of the cylinder intercepted by the sphere. 


Ans. 4a. 

Hint. Take axes as in Fig. 161. Then one fourth of the desired area is 

AHOCFA and its projection on the XY-plane is AHOCBA. The equations of 
the sphere and of the cylinder become respectively 


e+yt+2=a? and 42 +22 = ay 


and, upon eliminating z from these equations, we obtain as the equation of the 
curve ABC the parabola 
x? + ay = a?. 

Integrate first with respect to x. 
8. In Ex. 7 determine the surface of the sphere intercepted by the cylinder. 
Ans. 2(4 — 2)a?. 
Hint. Using Fig. 161, one fourth of the 
desired area is AFCBA, the projection of 
which on the YZ-plane is the semicircle AHO. 
In order that this projection may be on the 
XY-plane, as required in the theorem of 
Art. 161, interchange the positions of the 
X-and Z-axes. The equations of the sphere 
and of the cylinder then become respectively 


e+y+2 =a? and y? + 2 = ay. 


The result comes to depend upon the 
value of the integral 


a . y 
s dy. 
fy are in «fe y 


To integrate, substitute y = a tan? 0. Fic. 161 
9. Find the area of that portion of the sphere xz? + y? + 2? = 2 az which is 
intercepted by one nappe of the cone 2? + y?= 2. Ans. 27a. 


10. Find the area of the portion of the surface of the cylinder y3 + 23 =a? 


which is contained in the cylinder ve + ys = ai, Ans. 24 a?. 


11. Find the surface of the cylinder xs + ye = a® which is included in the 
sphere x? + y? + 22 = a, Ans. 3V3 mar, 

12. Formulate as integrals, without undertaking their evaluation, answers to 
the following questions: - 

(a) A hole of square cross-section, length of side /, is cut through a sphere of 
radius a, the axis of the hole pe along a diameter. How much of the spherical 


area is Wiser te ; 
(b) A round hole of radius a is bored diametrically across a log of radius b. 


How much of the area is intercepted? 
(c) Answer question (b) when the hole is square in cross-section, length / on 


a side, other conditions remaining the same. 
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153. Volumes as determined by triple integration. As an applica- 
tion to geometry of the idea of the triple integral defined in Art. 147, 
we shall now show how such an integral may be used, if desired, in 
solving the fundamental problem of Art. 150; namely, the problem 
of finding the volume under a given surface. For brevity, we shall 
confine ourselves to illustrations rather than attempt to state a 
general theorem, the latter being, however, readily done. 


Example 1. Find by triple integration the volume of that portion of the 

sphere 
et+yt+e2=a 
which lies in the first octant. 

So.ution. Imagine the volume in question to be decomposed into a large 
number of rectangular parallelepipeds (and parts of parallelepipeds) each of 
dimensions Az, Ay, Ax, as indicated in Fig. 162. 
Sum up first all the (complete) parallelepipeds 
lying within a column QP of cross-section 
Ay Ax and extending from the XY-plane to 
the value of z at P; that is, from z = 0 to 
z2=Va? — 22 — y?, as obtained from (1). 
Next, having carried out this process for 
each column QP standing on the strip JFJK 
xX of the XY-plane, noting that along this strip y 
varies from 0 to the value y = V a? — x? upon 
the circle AB, take the sum of all these re- 
sults, thus arriving at the sum of all the 
parallelepipeds in the slice HFILJK of the 
' solid. Now, sum up all these last results corresponding to the different slices, 
it being observed that in this process x varies from 7 = Otox =a. The limit 
as Az>0, Ay>0, Ax +0 of this last result, which (limit) may evidently 
be regarded as the actual volume of the solid, becomes, upon continued 
application of the theorem of Art. 138, identified with the triple integral 


hehee i Yer cr a, dy dx. 


Hence, it remains but to evaluate this integral. 
We have 


Gen eae ay de = 6° 0 ee — 22 — yyy de 


| i 
Ae 


Fie. 162 


via a 
= *f, (a? — x?) dx = 4 ra’. 


The volume ‘of the entire sphere is therefore equal to eight times this 
result, or 4 7a’, 


—--- ~~ 
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Example 2. Two right cylinders having the same radius a meet each other 
in such a way that the axes of the two are at right angles. Find by triple 
integration the volume common to the two cylinders. 


Sotution. Take the Y-axis and the Z-axis along 
the axes of the two cylinders. Then the equations 
of the cylinders become respectively 

+e = a (1) 
and 

vty = a’. (2) 
Confining the attention to the. common volume 
lying in the first octant, which evidently is one 
eighth of the whole, and noting that the are AB 
is that of a circle whose equation is (2), we find by 
the reasoning similar to that in Ex. 1 that 


a a 


=(@ — 2) dz = 2 a3. 


Fic. 163 


The entire volume sought is therefore 4 a. 


Note. Whenever the limits of integration in a triple integral are supplied, as 
illustrated in the foregoing examples, in such a way that all the elements of 
volume Az Ay Ax pertaining to a given volume V are included in the summation 
which gives rise to this integral, we say that the limits have been supplied so as 
to cover the entire volume V (compare Art. 151). 


EXERCISES 


Work the following examples by means of triple integration. Compare Exs. 
page 298. 
1. Find the volume of the tetrahedron bounded by the coérdinate planes and 
the plane. ) 
DU Ae een Ans. + abe. 
Cen CMEC 
2. Find the volume of the solid contained between the paraboloid x? + y? = az, 
the cylinder x? + y? = 2 az, and the X Y-plane. Ans. 37a’. 


3. Find the volume of the cylindrical column standing upon the area common 
to the two parabolas y = x? and x = y” as a base and intercepted by the surface 


2=4+y-27. 
4, Prove that the entire volume of the ellipsoid 


eo ye 
Fe aa ae 


is 4 abe. 
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Il. Appiications To PuHysics 


154. Definitions. The mass of a body may be regarded as that 
property of it by virtue of which it has weight. Moreover, if the 
mass be doubled, the weight will be doubled; if the mass be halved, 
the weight will be halved, etc. The common (engineering) unit of 
mass is called the pound-mass, this being the amount of mass present 
when the gravitational attraction upon it amounts to one pound of 
force. 

Suppose a mass M to be given, and that it occupies a volume V. 
Take any small portion, AV, of this volume and suppose ‘that the 
mass within AV is AM. Form the ratio 

AM 
a (1) 
This ratio is known as the average density of the portion AM of M. 

Suppose next that a certain definite point P is selected within AV 
and that the limiting value of the ratio (1) is then determined as AV 
(and hence AM) approaches zero in such a way that P always remains . 
within AV. The value of this limiting ratio, which is usually indicated 
by p, is called the density of Mat P. That is, we have by definition 


: a ANIYE 
= density at P = lim ——- 2 

tea IES Ts @ 

If the value of p at every point P. within M is the same, M is said 
to be homogeneous; if not, M is called heterogeneous. In what 


follows we shall be dealing with homogeneous masses only. 


We observe finally that if a homogeneous mass M of density p 

occupies a volume V, then there exists the relation 
WE = PW (3) 

In fact, if this were not the case, it could be shown that the value of 
the limit appearing on the right in (2) would have to be different 
from p at at least some point P in M, thus contradicting the hypothesis 
that M is homogeneous. For brevity, we omit the logical details. 

It is frequently convenient to look upon an individual point as 
endowed with mass. A point thus regarded is called a material 
particle, or simply a particle. 


155. Center of gravity of a system of particles. Suppose that a 
system of n particles is given and suppose for simplicity that they 
all lie in one plane. Let m1, mz, -:-, mn be respectively the masses of 
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the particles and, having taken a set of axes anywhere in the plane, 
suppose that the codrdinates of m1, mz, ms, °*:; Mn are respectively 
(X1, Yi); (2, Ye), (sz, Ys); Eats (Gn, Yn) Then y 
the products 
MyX1, MoXq, M3X3, ***, MnXn 

are called respectively the moments of the 
particles m1, mes, -::, M» with respect to 
the Y-axis. Similarly, the products my, 
MY2, ***, MnYn are called the moments 
with respect to the X-axis. Fre. 164 

The center of gravity of the system m, mo, -:-, mM» is defined to be 
that point (z, y) at which, if all the masses m1, ms, ---, Mn) Were con- 
centrated, the moments of the resulting (hypothetical) particle with 
respect to the X- and Y-axes would be equal respectively to the sum 
of the moments of the actual particles with respect to these axes; 
that is, and y are defined as follows: 


(my + Me + +++ + Mn) E = Mitr + Mote + ++: + Mnkn, 

(m1 + me + + mMn)Y = mays + Maye +o + MYn. 
Solving these relations for x and y, we obtain the following formulas 
for the location of the center of gravity of the system: 


gz a Mixa + Max, + F MnXn 7 = ma + may2 + -:: + Mn, 
mi + me+ ++ mn ”’ “ma + ma + + my 


The physical significance of the center of gravity may be described 
as follows: Suppose that the various particles le in a vertical plane 
and are rigidly joined to each other and to the center of gravity by 
means of weightless wires. Then the entire system, if suspended upon 
this center, will remain at rest when acted upon by the force of gravity ; 
that is, there will be no rotational or other effect upon the system, or 
- as commonly expressed, the system will be “ perfectly balanced.” 

Example. Find the center of gravity of a system of four particles lying 
in a vertical plane if the masses of the particles are respectively 2, 3, 4, and 
5 ounces and their locations, as referred to codrdinate axes in the plane, 
are respectively (1, 2), (2, 1), (3, 2), and (3, 3). 

Soxtution. By the foregoing formula, the codrdinates (z, y) of the center 
of gravity are 


pu Bl+8-244-384+5-3_35_ oy, 

24-34-4445 14 a 
__2-24+3-14+4-24+5-3_30_», 
as 7-3-0 f6 Thi ao 
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156. Center of gravity of a plane area. Suppose that a closed 
area A is given in a plane which we shall regard as the X Y-plane, 
and suppose that this area is endowed with mass of uniform density p, 
as is realized, for example, very nearly in a 
thin sheet of metal such as tin-foil. A 
slight extension of the reasoning of the 
last article enables us to determine the 
center of gravity of this area as follows: 


Theorem. The codrdinates (Z, y) of the 
center of gravity of a plane area A are given 
by the formulas 


ks Wes che j- Jj an (1) 


where the limits for the double integrals are to be so swpplred that the 
integration shall cover the entire area A. 


Proor. Draw a set of lines parallel to the Y-axis at equal small 
distances Av apart and draw a similar set of parallels to the X-axis 
at equal small distances Ay apart (compare Art. 148). The area A 
thus becomes decomposed into a large number of small rectangles and 
parts of rectangles, each endowed with mass and hence in the nature 
approximately of a particle. The whole thus forms, approximately, 
a system of particles. The center of gravity of this system, as deter- 
mined by the formula of Art. 155, naturally furnishes a good approxi- 
mation to the values of « and 7 belonging to A. Moreover, the 
limits as Av > 0 and Ay > 0 of these approximate values of x and ¥ 
may be regarded as the correct values of these quantities. It remains, 
then, but to formulate this process analytically. 

Consider any one of the rectangles, say the 7th. Its area is Ay Ax 
and therefore its mass, by (8) of Art. 154, is pAy Az. Hence, if 
(x:, yi) be the coérdinates of any selected point within this rectangle, 
the moments of the mass of the rectangle with respect to the X- 
and Y-axes are approximately 


tip Ay Ax and yip Ay Ax. 


Therefore, the formula of the last article as applied to the system of 
masses under consideration gives the following as the approximate 
values of x and y pertaining to A: 
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Zap Ay Az —  Zy;p Ay Ax (2) 
Dp Ay Ax’ Zp Ay Ax’ 
where the symbol = (Greek letter sigma) placed before any expression 
(such as rip Ay Ax) indicates the swm of all such expressions pertaining 
to A. If now in (2) we allow first Ay to approach zero and then Az 
to approach zero, the various sums in question are seen, by reasoning 
analogous to that of Art. 150, to become in the limit double integrals. 
In fact, we thus obtain as the exact expressions for % and y the 


following : 
a S fro dy dx jab SH dy ai) 3) 
Sfody ae Tighe 


where the limits for the double integrals are to be so supplied that the 
integration shall cover the entire area A. 

We now note that the factor p, being a constant, may be removed 
to the outside of each double integral in (3), and this having been done, 
it cancels from numerator and denominator. Moreover, there then 
remains in the denominator a double integral which, being the limit 
of the sum of all the rectangular areas Ay Az throughout A, is equal 
to A itself. 

Thus the expressions (3) reduce to (1) and the proof is complete. 


t= 


Example. Find the codrdinates of the center of gravity of the portion 
of the parabola y? = 4 — x which lies in the first quadrant. 


Sotution. For the area A in question we have fe 
4 fe ee 4 
Aa “f (ia * dy a =i V4 — a dx i 
ie 2 ig see lS) x 
3L¢-= ss aie Tes eo a ; 
For the numerator of the expression for % (see formula), ______--- ae 
we have Fie. 166 


3 =4 
(i (-edyde= (*eVE =e de= 2) 8 + 34-2) | = 28. 6 
15 Sa 
For the numerator of the expression for 7, we have 


GR vay ae = 1 (44 —a) ae =} si42 -2 [a4 (6) 


From (4), (5), and (6) we have as the desired values of % and y (see formula) 
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157. Center of gravity of volumes. In case the system of particles 
considered in Art. 155 does not all lie in one plane, the 7 and the y 
of the center of gravity, as referred to a set of X-, Y-, and Z-axes in 
space, continue to be given by the formulas of that article, it being 
understood that 21, v2, +++, %, and yi, Ys, -**, Yn represent as before the 
x- and the y-codrdinates respectively of the various particles. Besides 
the formulas for and y, there is now an analogous formula for z 
wherein the 2-coérdinates 2, 22, :-:, 2, of the various particles occur. 
This being premised, the reasoning of the last article may be extended 
directly to the determination of formulas for the codrdinates (z, y, 2) 
of the center of gravity of any volume V throughout which there is a 
mass of uniform density. The result, proof of which should be 


supplied by the student, is as follows: 
. if “ fz dz dy dx 
(ao Ca) awe Ae 


_ Lffoseanes 5 ff fuser 


where the limits for the triple integrals are to be so supplied that the 
integration shall cover the entire volume V. 


158. General remarks. In finding the centers of gravity of areas 
or volumes the following general principles, which are self-evident 
physically and which can be deduced analytically from the results 
in Arts. 155-157, are often useful: 

(1) Any plane or line of symmetry in a figure must contain the 
center of gravity. 

(2) If an area or a volume consists of several portions for each of 
which the center of gravity can be found, then the mass of each 
portion may be imagined as concentrated at its own center of gravity, 
thus reducing the problem to the consideration of a set of particles. 


a] 


? 


EXERCISES 


1. Find the center of gravity of each of the following systems of particles: 

(a) Three particles of masses 1 ounce, 2 ounces, and 3 ounces situated respec- 
tively at the points (2, 3), (4, 1), (3, 5). Ans. & = 35,9 = 35. 
(b) Three particles of equal masses situated at the points mentioned in (a). 

Ans. § = 3,97 =3. 
(c) Three particles whose masses are as described in Ex. 1 situated respectively 


at the points (1, 2, 3), (2, 4, 1), (0, 3, 5). Ans. = 3,9 = 31,2 = 33. 
(d) Four equal particles situated 
(1) at the points (1, 2), (3, 4), (2, 0), (4, 1). Ans. % = 23,9 = 14. 


(2) at the points (0, 1, 2), (1, 3, 4), (2, 2, 0), (3, 4, 1). 
Ans. & = 14, 9 = 24,2 = 1%. 
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2. Find the center of gravity of each of the following areas. Make use wherever 
possible of the remarks in Art. 158: 


(a) The entire parabolic segment (above and below the X-axis) shown in 


Fig. 166; Ans. = 8, Y= 
(6) A semicircle of radius a; Ane ee 
wv 
(c) A quadrant of a circle of radius a; Ans. 5 =y = 4a, 
wv 
(d) The arch of the sinusoid y = sin x lying between x = 0 and xz = 7; 
Ans GS aa 
CaaS 
(e) The area bounded by the parabolas y? = 4 az, x? = 4 ay; 
Ans. Z=y=2a 
(f) A quadrant of the hypocycloid xs + ys =a c 
Ans. £=9 = 200.8. 
3157 


(g) Work Ex. (f) when the equation of the curve is taken in the parametric 
form z = a cos® ¢, y = asin’ ¢; 
(h) One arch of the cycloid x = a(@ — sin 6), y = a(1 — cos 8); 

Ans. = 7a, y = 3a. 
| (i) The area between the portion of the circle x? + y? = a? lying in the first 
| quadrant and the tangents to its extremities ; Ans. 2 = 7, — os 
; za Tv 
j 


(j) The area between the portion of the circle 2? + y? = a? lying in the first 
2a 
3x —6 
(k) The portion which lies in the first quadrant of the circular ring bounded 

by the circles 2? + y2 = a7, 22 + y? = b? (b <a); 


quadrant and the chord joining its extremities; Ans. 4 =y = 


in, Fag= a @beeo 
3a a+b 


a 
: (l) A square of side a having a semicircle erected upon one side; 
; (m) A square of side a, having semicircles erected upon two adjacent sides. 


Ny 3. Find the center of gravity of each of the following volumes: 


to the right of the YZ-plane. Ans. = 24,7 =z = 0. 
(b) The first octant of the sphere 2? + y? + 2 = a?. 
Ans.  =Yy =Z =a. 
(c) The solid obtained by revolving about the X-axis the area bounded by the 
upper branch of the parabola y? = 2 pz, the X-axis, and the line x = a. 
Ans.  =$4a,y =z =0. 
(d) The solid obtained by revolving about the X-axis the area bounded by the 
_ hyperbola x? — y? = a?, the X-axis, and the line x = 2 a. 
Ans. = 2740,9 =Z= 
(e) The volume obtained by revolving about the X-axis a quadrant o 
__ of the hypocycloid ae + ys = ab. ANS ta pte 


: 

el 
i 
nl 
r 
i=) 
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4. Prove that the center of gravity of any triangular area lies at the inter. 
section of the medians. 


5. Prove that the center of gravity of a regular tetrahedron lies at the inter. 
section of the altitudes. 

6. Prove that the center of gravity of a right circular cone of altitude h lies or 
the axis at a distance 1 h from the base. 


7. Find the center of gravity of a volume composed of a right circular cylinde1 
of radius a and altitude h surmounted by a right circular cone of altitude c anc 
base-radius a. 


8. Find the center of gravity of the volume remaining when a right circulai 
cone of base-radius a and altitude c is removed from a right circular cylinde! 
having the same base and altitude. 


159. Moment of inertia. If a particle of mass m be situated at the 
distance r from a fixed line, then the product mr? is called the 
Y moment of inertia of m about this line as axis 
If, in particular, the codrdinates of m are (a, y) 
the moment of inertia J of m about an axi: 
through the origin perpendicular to the XY- 

X plane is given by the formula 


Fic. 167 = m(a? + y?). (1 
It follows that if a system of n particles is given having the masses 
Mm, M2, °**, mM, and situated respectively at the points (21, yi), (2, Yo) 
-+, (Ln, Yn), then the moment of inertia J of the system about an axis 
through the origin perpendicular to the XY-plane will be equal tc 
the sum of all the expressions (1) pertaining to the system; that is 
using the usual symbols to express this idea, we shall have 


n 
I= ym (x? + y?). 
i=1 
The moment of inertia of any plane slab, or lamina, about an axis 


is now readily formulated as follows: 


Theorem. The moment of inertia I of a plane lamina of area A. 
thickness k, and density p is determined by the formula 


I= pk ff? + y*) dy dx, 


where the limits for the double integral are to be so supplied that the 
integration shall cover the entire area A, and where it is understood tha 
I as thus determined is about the line through the origin perpendicular 
to the XY-plane as axis. 
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The proof of this theorem, being closely 
analogous to that in Art. 156, is left to 
the student with the aid of Fig. 168. He 
should also note that if, instead of a 
lamina of thickness k, a plane area of no 
thickness but endowed with mass of den- 
sity p be used, the formula for J is as stated 
in the theorem except that the factor k is 
omitted. 


Fie. 168 


Example. Find the moment of inertia of a circular disk of radius a, 
thickness k, and density p about the perpendicular through the center as axis. 


SoLution. Using Fig. 169, the foregoing theorem gives 
T= pk {* poe gee (a?+-y?) dy da =2 pk (". eV e—atdr+2 ph (* (a? — 22)? de 
= + apkat + 4 apkat = 4 apka'. (2) 

This result, however, is most conveniently expressed in 
another form. Thus, the mass M of the disk is equal 
to its area 7a? multiplied by its thickness & multiplied by 
the density p; that is, 

M = ra’kp, 
and hence, taking out the factor za*kp from the second 
member of (1), the final result takes the form 

I =4 Mea’. (3) 


160. Physical significance of moment of inertia. An adequate 
description of the réle played by the moment of inertia in physics lies 
beyond the scope of the present text, but the following important fact 
may be cited, proof of which belongs to the science of dynamics. 

If a heavy body such as a flywheel be rotating freely about an axis 
with angular velocity w, then the work (see Art. 145 (c)) which the 
wheel is capable of doing before being brought to rest is given by the 
formula 


We—- | w?, 
where J is the ranean of inertia ' the body. The work W stored 
up in a moving body in this manner is known as its kinetic energy. 

If the mass of the rotating body is measured in pounds and its 
dimensions are measured in feet, while the angular velocity w is 
measured in radians per second, then the value of W as determined 
by the foregoing formula is measured in terms of the unit of work 
known in physics as the “foot-poundal.” In order to convert 
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W as thus measured into its corresponding measure in foot-pounds 
(see Art. 145 (c)) it suffices merely to divide it by g = 32 (approxi- 
mately), g being the familiar constant met with in the study of the 
laws of a falling body (see Ex. 3, page 109). 


Example. A small heavy weight of mass m pounds is suspended h feet 
from the ground by means of a string which is wound upon a weightless 
spool attached on the same shaft with a heavy circular disk of radius a feet, 
thickness k feet, and density p pounds per cubic foot. If the weight be allowed 
to descend, how fast will the disk be revolving when the weight strikes the 
ground? 


Sotution. Using the value for the moment of inertia for the disk as ob- 
tained in (8) of the last article and noting that the work done by the weight in 
descending the distance h is, by Art. 145 (c), mh 
foot-pounds, or mhg foot-poundals, the foregoing 
formula gives the following equation for determin- 
ing the value of w at the instant in question : 

mhg = $(4 Ma?)o*, 
where M is the mass of the disk. It follows that 


h 
arr TOT 


mh 
Fie. 170 o= = 2( g pidinhs per second. 


It will be noted that the answer is independent of the radius of the 
spool. 


161. Radius of gyration. Suppose that the moment of inertia 
of a certain mass M with respect to a given axis Lis I. Then, the 
quantity R determined by the equation 

Hs WYURE 
is known as the radius of gyration of M about L. As thus defined, 
the radius of gyration is seen to be that distance from ZL at which, 
if the entire mass M were concentrated, the moment of inertia of the 
original mass would remain unchanged. 

Example. Find the radius of gyration R of the circular disk described in 
the Example of Art. 159. 


Sotution. Having obtained the moment of inertia in the form (8) of 
Art. 159, we have at once 


Hence, 


s 
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Note. As an illustration of the physical significance of the radius of gyration, 
the following may be cited. If a baseball bat be swung round from the end of 
the handle as a pivot, the radius of gyration determines the distance from the 
end of the handle to the point at which it would be most advantageous to hit 
the ball, this point being known as the center of percussion. Since the bat is 
ordinarily swung from the shoulder instead of the end of the handle, the center of 
percussion lies somewhat farther out in practice than just indicated. 


EXERCISES 


1. Find the moment of inertia of each of the following systems of particles about 
an axis through the origin perpendicular to their plane: 


(a) Three particles of masses 1, 2, and 3 units situated respectively at the points 


(2, 3), (4, I); (3, 5)5 Ans. 149. 
(6) Four particles of masses 1, 3, 2, 1 units situated respectively at the points 
(0, 2), (3, 1), (2, 2), (4, 0). Ans. 67. 


2. Determine the radius of gyration of each of the systems of particles de- 
scribed in Ex. 1. Ans. (a) V 255 ; (b) V93. 


3. Assuming that the unit of mass is 1 pound, find the kinetic energy of each 
of the systems of particles described in Ex. 1 when rotating about the given axis 
at the rate of 2 radians per second. 

Ans. (a) 95%, ft.-lbs.; (6) 41 ft-lbs. (approx.). 


4. Find in terms of the mass M the moment of inertia J of homogeneous plane 
laminas (or areas) having the respective forms indicated below. From your 
results state the value of the radius of gyration in each instance: 


(a) A right triangle of sides a, b about the vertex at the right angle; 
Ans. 4(e + 62)M. 
(b) A right triangle of sides a, b about the vertex at the intersection of side a 
2 2 
with the hypotenuse ; : Ansa (re oy 
(c) A rectangle of dimensions a, b about its center ; 
Ans. y(@ + 0?)M. 
(d) A rectangle of sides a, b about one vertex; 
Ans. 4 (a + 0)M. 
(e) An equilateral triangle of side a about the intersection of its altitudes. 


5. Find the moment of inertia about the origin of the portion of the parabola 
y? = 4 — x which lies in the first quadrant. See Example, Art. 156. 
Ans. 128 M. 
6. Show that the moment of inertia of a straight rod or wire of length / about 
a perpendicular through one end is given by the formula 


I =i MP. 
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7. Having givena plane area A of density p situated in the X Y-plane, show 
that its moments of inertia about the X-axis and the Y-axis are given respectively 


by the formulas 
ips pf (y?dy ax, y= of {x2 dy dx, 


where the limits for the double integrals are to be so supplied that the integration 
shall cover the entire area A. Compare Art. 159. 


8. By means of the formulas in Ex. 7 find the moment of inertia of each of the 
following homogeneous mass-areas, M being the mass; also state the radius of 
gyration in each case: 


(a) A right triangle of sides a, b about the side a; Ans. 4 Mb». 
(b) An isosceles triangle of altitude h about its base ; Ans. 4 Mh’. 
(c) A circle of radius a about a diameter ; Ans. + Ma’. 


(d) The area cut off from the parabola y? = 4 px by the line = p and lying 

above the X-axis about (1) the X-axis; (2) the Y-axis; 
Ans. I, =4£7p°M; I, =3 pM. 

(e) The area under one arch of the curve y = sin x about its base. See Ex. 3, 
page 250. 

9. By means of the result for Ex. 8 (c) find the kinetic energy of a circular 
disk of 6-inch radius and mass 2 pounds when revolved at the rate of 2 revolutions 
per second about its diameter. 


10. How far would the revolving disk mentioned in Ex. 9 be capable of lifting 
vertically a 3-pound weight before coming to rest? 

11. If J,, I,, and J) represent respectively the moments of inertia of an area 
A about the X-axis, the Y-axis, and the line through the origin perpendicular 
to these axes, show that there exists the following relation (See Ex. 7): 

Ip = I, + Ty. 

12. If an area A lying in the XY-plane be revolved about the X-axis so as to 
form a solid of revolution of density p, show that the moment of inertia of the solid 
about the X-axis is determined by the formula 


Iz = 2mp{ fy dy dz, 


where the limits for the double integral are to be so supplied that the integration 
shall cover the entire area A. 


13. By means of the formula in Ex. 12 find the moment of inertia of each of 
the following homogeneous mass-volumes, M being the mass: 


(a) A cylinder of revolution of radius a about its axis. Ans. 4, Ma?. 
(b) A circular cone whose base is of radius a about its axis. Ans. 538; Ma’. 
(c) A sphere of radius a about a diameter. Ans. 2M a’. 


(d) The solid obtained by revolving about the X-axis the area bounded by the 
parabola y? = 4 px and the line x = p. 
14. Work the Example of Art. 160 when, instead of the circular disk there 


mentioned, a sphere of radius a feet and mass M pounds is used, other conditions 
remaining as before. See Ex. 13 (c). 


CHAPTER XVII 
DIFFERENTIAL EQUATIONS 


162. Definitions. An equation containing derivatives or dif- 
ferentials is called a differential equation. 
For example, 


ay : 

saan al ee 
(1+ y) dx —(1 — x) dy =0, (2) 

ds sane 

Fi a (3) 
Ou OU _ 


Equations of this character have already been encountered in the 
earlier chapters (see, for example, page 126), but in those instances 
they played the réle merely of equations which were satisfied iden- 
tically by given functions. In distinction to this, we are to consider 
in the present chapter the converse problem; namely, a differential 
equation being given, to determine the function, or functions, which 
satisfy it identically. Any function thus related to a given differential 
equation is called a solution of the equation. 
For example, the function 
OP = Oyen ap. (5) 


where c is an arbitrary constant, is a solution of the differential 
equation 


dy os 
dx? +y=0, (6) 
since for the function (5) we have 
dy _ : 
age 1 Sin, 


and hence 


d’y bs : eee 
—*+y =—csinz + c¢ sinz =0, 
dx* 


as required by (6). 
317 
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Similarly, the function 
Y = C2 COS &, (7) 


where ¢: is again an arbitrary constant, is also a solution of (6) since 
we may then write 


d? 
a = — ( COS 2, 
and hence 
d’y “\ ost 
4+ y =— @cosx + @cosz =0. 


dx? 


The functions (5) and (7) illustrate what are known as particular 
solutions of a differential equation; namely, of the equation (6). 
If these two particular solutions be added together, thus obtaining 


the function 
y = ce, sin & + c, cos &, (8) 


we again have a solution of (6), as is easily verified. Moreover, it 
can be shown (though the proof lies beyond the present text) that 
every particular solution of (6) can be obtained from (8) by assigning 
suitable values to the constants c1, co which there appear. For 
example, the particular solution (5) results by placing in (8) c: = 1, 
c, = 0, while the particular solution (7) results by placing c, = 0, 
C2 = @. The function (8) thus illustrates what is known as the 
general solution of a differential equation. Analogously, the general 
solution of any differential equation is a solution which may be made 
to give any particular solution whatever by suitably assigning values 
to the arbitrary constants which it contains. 

An ordinary differential equation is one in which only one independ- 
ent variable enters, as in (1), (2), (3). A partial differential equation 
is one in which more than one independent variable enters, as in (4). 

The order of a differential equation is that of the highest derivative, 
or differential, appearing in it. Thus, (2), (3), (4) are of the first 
order while (1) is of the second order. 


Thus, the differential equation 
dy 
at = (9) 
vie oy 
would be described as an ordinary differential equation of the first order. 
Similarly, the equation 
oe eG 
Ox? oy? 


is a partial differential equation of the second order. 
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EXERCISES 


In the following list the function y defined, either explicitly or implicitly, in 
the second column is a solution of the corresponding differential equation on the 


left, c, ci, c2, ete. being arbitrary constants. 


Differential equation 


ay a 
3. aa? + y = cosaz. 


4. (1+ y) dx —(1 — x) dy =0. 


5B. V1 — dy +V1 — dz =0. 


Verify this fact. 
Solution 
y = ce” + ce”. 


y =(cr + cox)e?*. 


COS ax 


y =a sinz + c.cosz + 
1 —a? 


(1 +y)(1 — 2)=c. 
yV1l —~@ +avV1 — Y=. 


6. (2? + y?) dx = 2 xy dy. y= 2+ cx. 


dy i ee 
OL ae = ieee Taeart oid 
B80 at =e tL eee a oe 
CL eee ae eC y = ax + (1 + 0%)? 
1422 eae 
9. (xy +2) dy +(ay—y)dx =0. | 7 + log ® ae 
a dy d 
10. = - ae - 6 = 0. y = cre3* + cre" + cs, 


DIFFERENTIAL EQUATIONS OF THE First ORDER 


Even though a differential equation be of only the first order, it is 
not always possible to arrive at a solution of it by elementary methods. 
However, certain special types of such equations may be readily 
solved as we shall now show: We shall confine the discussion to a 
- few types that are especially important in their applications. 


163. Type I. Variables separable. If a differential equation 
can be arranged in the form 


f(x) dx + Fly) dy = 0, (1) 


where f(x) is a function of x alone and F(y) is a function of y alone, 
the variables of the equation are said to be separable. The general 
solution of such an equation is always obtainable by direct integration, 
as illustrated in the following examples. 
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Example 1. Solve the differential equation 
(1 — y) dt —(1+ 2) dy = 0. (2) 


Sotution. By dividing both members of the equation by (1 — y)(1 + 2) 
it takes the form 
dx dy 
= =0 3 
[ee age (3) 
which is seen to be of the type (1), the variables being now separated. 
Integrating (8) we obtain 


dz ig hag. 2 
ae | eae ha 
or 
log (1 + x)+ log (1 — y)=c. 
Hence 
log (1+ 2)(1—y)=¢, 
or 


(1 + 2)(1 — y)= e. (4) 


Here, inasmuch as ¢ is an arbitrary constant, the expression e? is likewise an 
arbitrary constant. Hence (4) may be replaced by the simpler form 


(l+2)1—y=«. (5) 
The function y thus defined is, therefore, a solution of (2). Moreover, it 
is the general solution inasmuch as the foregoing reasoning shows that any 
function y which satisfies (2) must necessarily satisfy (5). 
Example 2. Solve the differential equation 
y(x + 1) dx — xy — 1) dy = 0. (6) 


Sotutron. By dividing through by zy the variables become separated, 
the equation taking the form 


ot by ee 
y 


a 
Hence 
frea- je l dy =e, 
x y 
or zr+logz—y+logy=c, 
or logayt+a—y=c. 


The function y thus determined is, for the reasons indicated in connection 
with the solution of Ex. 1, the general solution of (6), c being an arbitrary 
constant. 
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EXERCISES 
Solve each of the following differential equations : 
1. ydx —xdy = 0. Ans. y = ca. 
2. «<dy+2ydzr = 0. Ans. xz*y =c. 
3. 22dy + y2 dz = 0. Ans. «+ y = czy. 
4. cotydx + cotxdy =0. _ Ans. cosycos2 =c. 
5. vy dx +(1 — x)(1 — y*)dy = 0. Ans. log j ¥ eas ac+i(a?+y) +e. 


6. 2211 — y)dy +y2(1 +2) dx =0. Ans. Shae 
ae x 

7. cl — y*) de +y(1 — 2?) dy =0. Ans. 2? + y? = 24? +. 

8 

9 


se eee a Ans. yV1 —2@+2V1 —y=c. 


4 +22 log ys au = = Ans. (log y)? = log cl + 2), 
pas er c 
10. (y? —1) dr + is is 1)dy =0. Ans. arc tanz + dlog (y? —1)=c. 
11. ydx + x(1 — y) dy = 0. Ans. xy = ce¥. 
12. (1 + 2?) dy =(1 + 7?) dz. 17. cosydzr + zsin y dy = 0. 
13. zydx —(a + 2z)(b + y) dy =0. 18. xesc y dz + y? csc x dy = 0. 


14. 22dx —ydy+arydxz+a3ydy =0. 19. ety dx + ysecady = 0. 
15. sec? x tan ydy + sec? ytanxdz =0. 20. xy? dx — e logy dy = 0. 
16. sinydy + sinz cosydz = 0. 21. sin? y dy — sin? x cos y dz = 0. 


164. Type II. Equations with homogeneous coefficients. A 
function M(z, y) is said to be a homogeneous function of degree n 
in the two variables z, y if, when 2 and y are replaced respectively by 
kx and ky, the result is the original function multiplied by k”. 


Thus, the function M(a, y)= 22 + ay 
is a homogeneous function of the second degree in x and y since the result 
of placing therein « = kx, y = ky is 

(ka)? + (ka) (ky) = W(x? + ay) = PM (a, y). 
It is now to be remarked that any differential equation of the form 
M(2, y) da + N(z, y) dy = 0, (1) 
wherein M and N are any two homogeneous functions of the same 
degree, may be solved by making the substitution 
y = Ux. 

Such a substitution, in fact, converts (1) into a new equation in which 
the variables x and v are separable and which therefore may be 
solved as indicated in Art. 163. This having been done, the solution 
of (1) itself is obtainable. 
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Example. Solve the differential equation 
y? dx +(a? — xy) dy = 0. (2) 
Soxtution. Here 
M(z, y)= y’ and N(z, y)= 2? — ay. 
These are homogeneous functions of the same degree, namely, the second, in 
x andy. Hence we place 
y = x (3) 
from which we have also 
dy =vdx+ad. (4) 
Substituting (3) and (4) in (2), the latter takes the form 


vx? dx +(x? — vx?)(v dx + x dv) = 0, 
or 
xv dx + «3(1 — v) dv = 0, 


or ) vdx + a2(1 — v) dv =0. 


To separate the variables, divide by vz, obtaining 


H+ (2-1)a=0. 


Integrating, 
logxz + logy —v+c=0. (5) 
Let us take c for convenience in the form log ¢, in which case (5) takes the 
form 
log x + log v + logc = 2, 
or 
log coz = v. -(6) 


Now replace v by its equivalent Y, as obtained from (3). Then (6) takes 
B 
the form 
1 aus i 
og cy = (4) 
which may be regarded as the general solution of the given equation (2), inas- 
much as any function y satisfying (2) has thus been shown to be determined 


by (7). 
We observe finally that (7) may be-put in the form 


Is 


cy =\ 
The student should note that in this as in all other similar examples the 
auxiliary variable v does not appear in the final solution. 
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EXERCISES 


Solve each of the following differential equations: 


1. ydx + (y — x) dy = 0. Ans. ey ere. 

2. (c +y) dx +ady =0. Ans. 22+ 22y =c. 

3. (2? + y?) dx — 2xydy =0. Ans. y? = 22 + cz. 

4. xy? dy =(x3 + y) dz. Ans. y3 = 3 x3 log cz. 

5. (a? + y*) dy + zy dz = 0. Ans. y?(2 22 + y?)=c. 

6. (y +V 22 — y°) dx — xdy =0. Ans. log cx = arc sin c 

7. cy dx —(a? + xy + y*) dy =0. Ans. t+y= bee. 

8. xdx +(y —x)dy =0. Ans. loge(y? — zy +22) = 7 _are tan 2¥—2%. 

V3 V3" 

9. 2U4+3y=40. Ans. «3(y — x)= c. 
10. ug ie Ee Ans. (z — ‘Nes c. 
11. (2V ry — y) de +xdy =0. 17. (cy — 2? — y) dx = 2? dy. 

12. (v2 — xy + y?) dx + x2 dy = 0. 18. (xy — yVy? — 2) de = x2 dy. 


13. (x + y) dx = xdy. 


19. — x? x Se) 
14. (22 + y’) dx = xy dy. 9. (xy aeos dy y? de. 


y 2 
15. (a? + y + xy) dx = x? dy. 20. (xy? ex2 fe 73) dz = 72 jen dy. 


16. y(x? — y*) dx = x dy. 


165. Type III. Linear equations. A differential equation of the 
first order is called linear in case it has the type-form 


dy = 
Fr + Py =Q, (1) 


where P and Q are functions of x only, or constants. The fact that 


in such an equation the dependent variable y and its derivative ow 
hy 


occur to the first power only accounts for the name linear as applied 
to such equations, the analogy between them and the equations of 
straight lines in analytic geometry being thus apparent. The 
general solution of every equation of the type (1) may be found, as 
indicated in the following theorem : 
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Theorem. The general solution of the linear differential equation 
WY 4 py =Q 

da 
is given by the formula 


pes e~SPae( { QelPédx oh c), 


where c is an arbitrary constant. 


Proor. In (1) place 
yY = Ue, (2) 


where both wu and z are functions of x as yet to be determined. Then 


dy _ dz , , du, (3) 


d d 
or 
dz du is 
ut +:(Ga at Pale 0; (4) 


Let us now determine the hitherto unknown function u in such a 
manner that the coefficient of z here appearing shall vanish; that is, 
such that 


This equation gives, upon separating the variables, 


du 
Uu 


=— P dx. 


It follows upon integrating that 
logu=—{Pde+ er 


or 
u = ere JPu = hye SP4, (5) 


where k; is an arbitrary constant. 
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With wu thus determined, (4) becomes 


ke SP & @ = Q, (6) 
from which z may now be determined as follows: 
We have from (6) 
= — 7. oe aaah 
hence 


* a Sf oelre da + ke, | (7) 


where kz is another arbitrary constant. 
Substituting in (2) the expressions (5) and (7) for uw and z, the 
desired expression for y becomes 


| y= efre{ (Qelee dx + c), 


where c is an arbitrary constant. 
The proof is thus complete. : 


Example. Solve the differential equation 


dy 2 xy 
oo mee = — 72 


Soxution. We here have 


: 2 
i | aati Oe a 
‘ 
Hence, 
E Ee or 220 = log (1 — 2”), 
and therefore 
elPae — go loett=24 =5 1s (8) 
It follows that 
SP dai = — 72 dat — = 
§% dx fa ees fae hi 


Observing that (8) gives also 


e~SPar — gloed-2) _ 4 — 2, 


it follows by application of the theorem that the desired solution y is given 
by the equation 
, y =(1 — 2)(@ + ¢). 
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Solve each of the following differential equations: 


ds 


14. 


15. 


16. 


17. 


dy ee 

Fe x 

dy oe = 

fe Dae 

dye 29 1)3 
a ame (sp iy) 


oe Uy y =(1 — 2)? 
dz 
zdy —3ydzr = x dz. 


xdy+3ydc¢ =42 dz. 


dy, 2y 2a 
Eg c ae 

ds 2 st 1 
= aS = (1. — 72) 2 
Go pee 
Cy gt CY 
de 1l1+2? 14422 
dy 1 y tan x =atang. 
dz 


BG —aytB py =1. 


5 dy +. ycosx = sin 2a. 
dx 


1-22 


dy ug 
5 ak oe, a 


2 


ou y sin x = 5 sin 2a, 


dy + 22y = e-* cosa. 
dz 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


18. 


19. 


20. 


21. 


22. 


23. 


Yi Comat ae alia 
y =14+22+4+c(1 +22) 
24 =@ + 1)4l@ + 1)?-ec): 


y= 1 (arc sin % +c). 
x 


y = cx? — 2, 


selfs) 
Ua ae 

= Galan @ 
f 8 ah ge 


s =(1 — @)(aresint +c). 
y = az +c(1 + 22)?. 
y=a-+ccosz. 


i + cere sin Z 


gbty ee #1, 
dx 


dy 

eee =]. 

teigste 

2 _2y = 2 cose. 

dx 

old _ y = 22 sec? x. 

dx d 

(2+ 1) % — ay =0 
dz 

dy 

OY Sy at 8 

ae y=2 


} 


es 


s 
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DIFFERENTIAL EQUATIONS OF THE SECOND ORDER 


In considering differential equations of the second order we shall 
confine ourselves to three types which are particularly important in 
their applications. The subject as a whole is very extensive, thus 
lying beyond the scope of the present text. 


166. Type I. Homogeneous linear equation with constant 
coefficients. This is the type 


d’y , ,dy & 


where p and q are constants. 


We proceed to prove three theorems concerning the solution of (1) 
as follows: 


TheoremI. In case the two roots m, mz of the quadratic equation 
(auxiliary equation) 
m? + pm +q=0 (2) 


are real and distinct, the general solution of (1) may be expressed in 
the form 
y = c1e™1* + cge™2*, (3) 


where c; and cz are arbitrary constants. 


Proor. The substitution of e”* for y in (1), m being a constant 
yet to be determined, gives the equation the form 


e™™(m? + pm + q)= 0. 


This equation will evidently be satisfied if to m we assign either the 
value m or m, where these are the two roots of (2). It follows that 
em and e™* are particular solutions of (1). If we now multiply 
each of these expressions by arbitrary constants and add the results, 
thus obtaining the function (3), we arrive at an expression which 
likewise satisfies (1), as appears by direct substitution of (3) in (1). 
Hence (3) is a solution of (1). Proof that it is the general solution 


lies beyond the present text. 
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Example. Solve the differential equation 


dy _ 3d “ 
ma a 


Sotution. The auxiliary equation is 
m—3m+2=0, 


the roots of which are m; = 1 and m2 = 2. 
Hence, applying the theorem, the general solution is 


= cye* + coe??. 


Theorem II. In case the two roots mi, me of the auxiliary equation 
(2) are conjugate imaginary quantities, so that 


m, =a-+b, Mm, = a — 1b, (4) 


where a and b are real numbers and 1 =V — 1, the general solution 
of (1) may be expressed in the form 


y = e%(cy cos bx + C2 sin bx), 


where c; and ¢2 are arbitrary constants. 


Proor. Consider the function 
yi = ce* cos ba, (5) 


where a and 6 are real quantities such that a + 7b is a root of (2). 
Then we shall have 
yi’ = ce*(— bsin bx + a cos ba), 
and hence we find 
a 


yi’ = cie%*(a? cos ba — b? cos bx — 2 ab sin ba). 


Using the foregoing expressions for yi, yi’, and y:”’, the left member 
of (1) takes the following form: 


yi” + pyr’ + ay 
= c,e%[a? — b? + pa + q] cos ba — cie*[2 ab + pb] sin bx. (6) 


Now, a+ 7b being by hypothesis a root of the quadratic equa- 
tion (2), we have ; 


(a + ib)? + pla + ib) + q = 0, 
which, upon expanding (a + 7b)? and recalling that 7? = — 1, becomes 


(a? — b? + pa + q)+ 2(2 ab + pb)= 0. 
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This equation is possible, as shown in elementary algebra, only in 
case the real part and the pure imaginary part are separately equal 
to zero; that is, it requires that 


a — b?+ pa+q=0, 2ab + pb = 0. (7) 


But equations (7) cause the right member of (6), and hence the left 
member also, to be equal to zero for all values of x; that is, we have 


yi’ + py’ + qys = 0. (8) 


The function y; is therefore a particular solution of (1). 
Likewise, the function 
Yo = ce sin bx 
is found to be such that 


Yo" + pye’ + Gye = 0. (9) 


Hence y is also a particular solution of (1). 
Consider finally the function 


y = Yi + ye = e%(c1 cos bx + ce sin bz). (10) 
For this function we have 
y” + py’ + ay =” + py’ + O+(y2” + py’ + 9), 


and the second member is here equal to zero by virtue of (8) and (9). 
Hence (10) is a solution of (1), as stated in the theorem. Proof that 
it is the general solution lies beyond the present text. 


Example. Solve the differential equation 


dy _-4dy = 
Ta ign + By = 0. 
Sotution. The auxiliary equation is 
m—Am+13=0, 
the roots of which are 
m = 2+ 31, me = 2 — 34. 


We here have, therefore, 
a= 2, b=3. 


Hence, applying the theorem, the general solution is 
y = & (c, cos3 4 + 2 sin3 2), 
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Theorem III. In case the two roots m1, me of the auxiliary equation 
are equal to each other, each being equal to m, the general solution of (1) 
may be expressed in the form 


YRC Cus Cecelia. 


where ci and cz are arbitrary constants. 


Proor. The function 
Yi ee cen” 
is at once found to satisfy (1). See the proof of Theorem I. 


Consider now the function 
Yo = Core™”, 
For this we find 
yo’ = ce™*(1 + ma), yo’ = ce™*(2 m + mn). 
Substituting these for y, y’, and y’’ respectively in (1), the equation 
takes the following form, after collection of terms: 
coe”? {(m? + pm + g)x +(2m+ pi = 0. (11) 


In order to show that ye is a solution of (1) it thus remains but to show 
that (11) is satisfied when m is, as we have supposed, one of the two 
equal roots of the auxiliary equation 


m+ pm+q=0. (12) 
Now, inasmuch as this quadratic equation has equal roots, we know 


from elementary algebra that we must have p? = 4q, or g = 1p’. 
Thus (12) may be written 


m+ pm + zp = 0, 
from which we obtain m = — e or 


2m+p=0. (13) 


Equations (12) and (13) show that (11) is satisfied, as desired, for 
all values of x and hence that yo is a solution of (1). 
It follows that the function 


y=" + ye = ce” + cxe™* (14) 
is a solution of (1) as stated in the theorem, since we may now write 
y" + py’ + =("! + py’ + ays) +2" + py’ + aye) = 0 +0 = 0. 


Proof that (14) is the general solution lies beyond the present text 
and must therefore be omitted. 


y 
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Example. Solve the differential equation y’’ —4y’ +4y = 0. 
Sotution. The auxiliary equation is 
m? —4m-+4=(m — 2)? =0, 
the roots of which are each equal to 2. Applying the theorem, the general 
solution is therefore 
y =\c1e* + exe or y = &*(c1 + Ge). 
EXERCISES 


Solve each of the following differential equations: 


q) OY 5 eg 0. Ans. y = cye** + c2e?. 
dax* dx 
2. 4y’4+8y' —5y=0. Ans. y = cier® + coe8*. 
3. yy’ —4y'+y =0. Ans. y = cye@*V9)2 +e¢0-V3)z, 
4. y’ —6y'+10y =0. Ans. y = e#(c, cos x + ce sin 2). 
5. y’ +9y =0. Ans. y =c,cos3a + cosin 3 &. 
6. 2y’+2y'+3y =0. Ans. yf = oP(a cos Be +c sin? ), 
7 y’+6y' +9y =0. Ans. y = e**(cy + eo@). 
8. 4y” —4y +y =0. Ans. y = €27(cy + cox). 
9. g?y’’ — 2 pqy’ + p’y = 0. Ans. y = ae (cr + con). 
10. 9y” + 6y' — 35y =0. 11. y’+y'+y =0. 
12. 9y” —12y’ +4y =0. 13. 4y” —y’ —3y =0. 
14. y’+4y'+12y =0. 15. 3y” —2y’ —5y =0. 
16. 3y” —7y' +2y =0. 17. 36" + 60y' + 25y =0. 
18. 2y’+3y'’ —y =0. 19. 3y” +2y' —4y =0. 
167. Equations of the type 
Py _ 
dx2 


where X is a function of x only, or a constant. 

The general solution of any equation of this type may be obtained 
by the process illustrated in the following example. 

Example. Solve the differential equation y’’ = sing. 

Sotution. We have at once 

y’ = fxrsin « de +¢e=—zxcosx+sinz+ ¢. 
Integrating again, 
y =—fxcosa + (sina + (erde + cs 


=(— xsinz — cosx)— cosx + cw + Ce 
=—zsinz —2cosx + cw + co. 
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168. Equations of the type 


where Y is a function of y only, or a constant. 
The general solution of an equation of this type may be obtained 
by the process illustrated in the following example. 


Example. Solve the differential equation 


So.ution. First, multiply the left member by 20 de and the right 
BY . 


member by the equivalent expression 2 dy. We thus obtain 


2 EY gy 244 
mee da? ys a: 
which may be written 
d (2 d 2a d 
dz \dx) © ~ ys oP 
Integrating, 
Ve 
(4) he os =e Bae a 


Hence, extracting the square root of each member, 


dy 4 LV oy? — 4, 
y 


dx 
Separating the variables, this equation becomes — 
Set es ear dz. 
Voy? —a 


Integrating again, we obtain 
41 Won =a ee or +tVey? — a = or + cree. 
C1 


In view of the arbitrariness of c; and ce, this equation is equivalent to 


tVey? —a = qe +o, 
from which we obtain 
cy? — a =(ce + @)?. 


The desired solution y is therefore determined by the equation 


cry? =(cie + co)? + a. 
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EXERCISES 


1. Solve each of the following differential equations. 


2, 
(a) ou = 22. Ans. y = py at + cw + co. 
ad 
(b) ap 7 Bt: Ans. s=4logt —3? + eit + co 
2 
(c) ©Y = sing. Ans. y =— sinxzg + cw + co. 
dz 
2, 
(d) y =z*sinz. Ans. y =(6 — 22) sinz —42zcosx + cir + ep. 
(ey = eee Ans. y =xaresing +V1 — 2 +c +c. 
Vi-2 
@) 9/” = sin? a Ans. y=42% +i cos2z + cx + cz. 
2. If y be such that 
dy _ 13 
dz? ode 


find y, it being given that ay = V2 when y = V2. Ans. y(c +c) +V2 =0. 
x 


Hint. Proceeding as in the Example of Art. 168, we first find that 


dy\? 1 
= Ol ban See 
=) Sy A oe. +3 


But since au = V2 when y =V2, this equation determines c;; namely, we must 
Py 


have cy) = 0. Continue now as in Art. 168. 


8. Determine s if 


d’s 
af 7 an 2s 
and it is given that © =V2 when s ar Ans. — 2t+logc (ese s— cot s)=0 


4. Determine y if 
By = sec? y tan 
Ip? y Y, 


it being given that ay = 1 when y = z 

169. Summary. It is to be understood that the foregoing dis- 
cussion treats. but a few of the types of differential equations of the 
first and second orders for which general solutions are readily obtain- 
able. The types selected have immediate applications in physics, 
as will be illustrated in the remaining articles of this chapter. The 
study of differential equations in general, including equations of 
higher orders than the second, constitutes an extensive special 
branch of mathematics 
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APPLICATIONS OF DIFFERENTIAL EQUATIONS 


170. The pendulum. In Fig. 171 let P be a particle connected 
to the fixed point O by a weightless cord or rod of length / and suppose 
that the particle is allowed to oscillate along the circular are MP 
under the action of gravity, thus having 
the motion of a pendulum. If the motion 
starts from rest at some fixed point as Po, 
the problem is to determine both the posi- 
tion and the velocity of the particle at any 
specified time ¢. 

Let OA be the vertical and denote by 
@ the angle AOP as measured from OA ; 
also let s be the length of the arc AP as 
measured from A. Then the acceleration 
at P is equal by Art. 55 to — a 
fact that the velocity is always decreasing in the direction AP along 
which s is measured. But the acceleration at P is likewise equal by 
elementary physics to the component in the tangential direction PT 
of the acceleration g acquired by a freely falling body, this com- 
ponent being in the present instance g sin @. We therefore arrive 
at the following differential equation characterizing the motion at 


Fic. 171 


the minus sign being due to the 


any time ?¢: ds ; 
Tae = gsin 0. 
But s = 16, so that, after changing the sign of each member, we obtain 
2 
ioe =—gsin 8. (1) 


This equation is of the type considered in Art. 168, hence we proceed 
to solve it in the manner there indicated. '! 
Multiplying both members by 2 dé, the equation takes the form 


@/d0\? a eee é 
La = dt =— 2gsin 6 dé. 


Integrating, we obtain 


dé? M4 
l ces = 
) =— 2g9)sin 0 dé = 2gcos@+ 6, (2) 


where the value of the constant cis to be determined from the fact that 
at the starting point Po, or at 6 = 6, the value of the angular velocity, 
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or a is zero. This condition when introduced in (2) gives at once 


=— 29 cos 4, so that the final form of (2) is 
(Z) = = 2 q(cos 0 — cos 6). (3) 


Multiplying both members by / and then taking square roots, noting 


that 1 ai is equal to the velocity v of the particle, we arrive in summary 


at the oe result : 


The velocity v of the pendulum of length 1 at any position-angle 6 is 
determined by the formula 
v =V2 ql (cos 8 — cos 40), 


where 4 1s the initial value of 6 at which the pendulum starts from rest. 


Thus one part of the problem proposed at the beginning becomes 
completely answered. In order to answer the other part, namely, to 
determine the position-angle 6 corresponding to any given time f, 
we return to (3), which, after taking the square root of each member 
and then separating the variables, may be written in the form 


V lt. 
V cos 8 — cos 4% l : (4) 


Naturally, the desired relation connecting @ with ¢ will result by inte- 
grating this equation member by member and subsequently determin- 
ing the value of the constant of integration from the fact that 0 = 4, 
when t = 0. However, the left member of (4) is not an integrable 
form; that is, it cannot be evaluated in terms of the so-called ele- 
mentary functions such as have thus far been considered in this text. 
We are therefore forced to abandon the undertaking, but we shall 
now show that for the case of most practical importance, namely, 
that in which 6) and hence @ are confined to very small values, it is 
easy to obtain an equation for @ which gives a very good approxima- 
tion to its correct value corresponding to any given time f. 

With 6 thus limited to very small values, we may substitute 6 for 
sin 6 in (1) with but slight error, in which case the equation may be 


written 6H) Gi 
eek @ eG 
dt? oe l 


We here meet with a differential equation of the type II, Art. 166, 
‘the general solution of which by the theorem of that article is readily 
found to be 
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9= e100 t + ox sin, (5) 


where c; and ~ are to be determined from the initial conditions; 
namely, 6 = 6) when t = 0 and a =0 whent=0. Thus we have 


C1 = 9, Co = 0. Hence we arrive in summary at the following result: 


If the oscillations of the pendulum of length | are confined to a small 
range about the vertical, the position-angle 6 at the time t 1s determined 
approximately by the formula 


S106 cos Wt 


where @ is the initial value of 6 at which the pendulum starts from rest. 


In applying the foregoing results it is to be remembered that if ¢ 
is measured in seconds and / in feet, then g = 32 (approximately). 
Both 6 and 6 are, of course, measured in radians. 


EXERCISES 


1. If a pendulum starts from the position 4 = 90° (Fig. 171), show that it passes 
through the vertical with a velocity equal to that of a body falling freely through 
a height equal to the length of the pendulum. 

2. If a pendulum of length 1 foot starts from the position 9 = 60°, find the 
velocity with which it passes through the vertical. 

Ans. ~‘V 32 ft. per sec., approximately. 

3. If a pendulum starts at the position 4 = 60°, find at what position it will 
have acquired half its maximum velocity. Ans. 0 = 51°19’. 

4. Show that the time ¢; of one swing or beat of a pendulum of length 1 and of 
small oscillation is given approximately by the formula 


s =r 
g 


5. Show that the length of a pendulum of small oscillation that makes one 
beat per second is £ = 3.26 ft., approximately. 
T 


6. Find the length of the pendulum of small oscillation which makes 20 beats 
per minute. Ans. 29.33 ft. 

7. Show that no pendulum such as shown in Fig. 171 can be constructed which 
will attain half its maximum velocity when half way to its lowest point. 

8. A small heavy bead is arranged to slide on a smooth circular hoop of radius 
1 lying in a vertical plane. If the bead be started in a downward direction from 
the point Py, whose central angle is 9, (Fig. 171), find the least initial velocity v9 
which it must have in order to make a complete revolution about the hoop, friction 
being neglected. 
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171. Attraction of gravitation. It is shown in the theory of 
gravitational attraction that the acceleration of a body falling from 
a great distance toward the earth varies inversely as the square of 
the distance of the body from the earth’s center. 
Thus, if in Fig. 172 the body starts from rest at Po, 
its acceleration a at any point such as P satisfies an 
equation of the form 


k 

Oe (1) 
where & is a constant. The value of k is, moreover, 
readily determined, for when the body reaches the 
surface of the earth, that is, when OP = R, the 
radius of the earth, we know that a = g, where g is 
the familiar constant met with, for example, in the 
last article. Introducing this fact in (1), we obtain 


le Re Fie. 172 
R? G. “2 


— (2) 


We shall now show how this equation together with the ability to 
solve a certain simple differential equation enables one to determine 
both the velocity and the position of the falling body at any time ¢ 
after starting. 

Let the distance between O and P at the time ¢ as measured in the 
direction OP be represented by s. Then the acceleration at P will 
d?s 
dt?’ 
the velocity is always decreasing in the direction along which we have 
agreed to measure s. Equation (2) thus takes the form 

apse, gue (3) 
dt? Se 


be represented by — the negative sign being necessary because 


This equation being of the type considered in Art. 168, we proceed 
to solve it in the manner there indicated. 
Multiplying both members by 2 ds, the equation takes the form 


d sds\? 2qk? 
={2) d=- = ds. 
dt — 3 
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Integrating, we obtain 


ds 2 gh? 
b= re (4) 


where the constant c is to be determined from the fact that when the 


body is at Po, that is, when s = 59, the value of the velocity, . yaks 


zero. This condition when introduced in (4) gives 
2 gh? 
So 


Cc — ad 
so that the final form of ie is 


(Gi) 5206 sla ae re 


Upon extracting the square root of each member of this equation, 
observing that the negative sign must be taken for the radical inas- 


much as the velocity, or <, continually decreases in the direction 


along which s is being measured, we arrive at the following result : 


If a body starts from rest at a great distance so from the earth’s center 
and falls toward the earth, its velocity v when at the distance s from the 
center is given by the formula 


a Rats je =3 = (5) 
So s 
where R is the length of the earth’s radius. 
In this formula let us now substitute for v its value . and then 
separate the variables in the resulting equation. We thus have 


i s 8 
dt =— VV ds. 
RK Y2g ee 


Integrating, we obtain 


es $VE(Vi@= 5+ Sp arc siny—), 


the constant of integration being zero since s = s) when ¢ = 0. 
The last term can be slightly simplified by recalling the general 
formula 


arc sin V1 — x? = arc cosa. 


When this is applied, we reach in summary the following result: 


TRIGONOMETRIC TABLES 
Rapians |DecrReES| SINES Cosines | Tanaents | Corancents | Drecrers| RADIANS 


0.1571 9°00’ | .1564 .9877 : 6.3138 81°00’ | 1.4137 
0.1600 1593 | .9872 é 6.1970 1.4108 
0.1629 1622 .9868 : 6.0844 1.4097 
0.1658 1650 | , .9863 : 5.9758 1.4050 
0.1687 1679 9858 ; 5.8708 1.4021 
0.1716 1708 9853 : 5.7694 1.3992 


0.1745 1736 9848 176: 5.6713 1.3963 
0.1774 1765 9843 : 5.5764 1.3934 
0.1804 1794 .9838 3 5.4845 1.3904 
0.1833 1822 9833 , 5.3955 1.3875 
0.1862 1851 9827 : 5.3093 1.3846 
0.1891 1880 9822 : 5.2257 1.3817 


0.1920 .1908 .9816 : 5.1446 1.3788 
0.1949 1937 9811 i 5.0658 1.3759 
0.1978 1965 9805 ‘ 4.9894 1.3730 
0.2007 1994 9799 ‘ 4.9152 1.3701 
0.2036 2022 9793 : 4.8430 1.3672 
0.2065 2051 9787 ; 4.7729 1.3643 


0.2094 .2079 9781 : 4.7046 1.3614 
0.2123 .2108 9775 ; 4.6382 1.3584 
0.2153 .2136 9769 : 4.5736 1.3555 
0.2182 2164 9763 3 4.5107 1.3526 
0.2211 .2193 9757 : 4.4494 1.3497 
0.2240 2221 9750 : 4.3897 1.3468 


0.2269 .2250 9744 : 4.3315 77° 00’ | 1.3439 
0.2298 .2278 9737 : 4.2747 50 1.3410 
0.2327 .2306 .9730 : 4.2193 40 1.3381 
0.2356 2334 9724 ; 4.1653° 30 1.3352 
0.2385 2363 9717 24: 4.1126 20 1.3323 
0.2414 2391 9710 d 4.0611 10 1.3294 


0.2443 2419 9703 : 4.0108 76° 00’ | 1.3265 
0.2473 2447 .9696 : 3.9617 50 1.3235 
0.2502 .2476 4 : 3.9136 40 1.3206 
0.2531 2504 ; ; 3.8667 30 1.3177 
0.2560 Py) ‘ ; 3.8208 20 1.3148 
0.2589 .2560 5 : 3.7760 10 13119 


0.2618 .2588 : : 3.7321 75° 00’ | 1.3090 
0.2647 .2616 : : 3.6891 50 1.3061 
0.2676 2644 Z é 3.6470 40 1.3032 
0.2705 .2672 : Palit 3.6059 30 1.3003 
0.2734 .2700 mS : 3.5656 20 1.2974 
0.2763 .2728 F : 3.5261 10 1.2945 
0.2793 .2756 : é 3.4874 74° 00’ | 1.2915 
0.2822 2784 : : 3.4495 50 1.2886 
0.2851 .2812 : } 3.4124 40 1.2857 
0.2880 2840 : i 3.3759 30 1.2828 
0.2909 .2868 é : 3.3402 20 1.2799 
0.2938 .2896 é : 3.3052 10 1.2770 
0.2967 2924 é : 3.2709 73° 00’ | 1.2741 
0.2996 2952 : é S20 50 1.2712 
0.3025 2979 é é 3.2041 40 1.2683 
0.3054 3007 : : 3.1716 30 1.2654 
0.3083 3035 3 : 3.1397 20 1.2625 
0.3113 3062 3 2 3.1084 10 1.2595 


0.3142 | 18°00’ | .3090 ; : 3.0777 72° 00’ | 1.2566 


Rapians | DecrEeEs| CosInEs NE Tancents | Decrens| RADIANS 
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Rapians | DEGREES] SINES Cos1nEs | TANGENTS | CoTANGENTS | Decrees} Rapians 
0.3142 18°00’ | .3090 9511 3249 3.0777 72°00’ | 1.2566 
0.3171 10 3118 9502 3281 3.0475 50 1.2537 
0.3200 20 3145 .9492 3314 3.0178 40 1.2508 
0.3229 30 23173 9483 3346 |, 2.9887 30 1.2479 
0.3258 40 3201 9474 3378 2.9600 20 1.2450 
0.3287 50 3228 .9465 3411 2.9319 10 1.2421 
0.3316 | 19°00’ | .3256 9455 3443 2.9042 71° 00’ | 1.2392 
0.3345 10 3283 .9446 3476 2.8770 50 1.2363 
0.3374 20 3311 9436 3508 2.8502 40 1.2334 
0.3403 30 3338 .9426 3541 2.8239 30 1.2305 
0.3432 40 3365 9417 3574 2.7980. 20 1.2275 
0.3462 50 3393 9407 3607 D25 10 1.2246 
0.3491 | 20°00’ | .3420 9397 3640 2.7475 70° 00’ | 1.2217 
0.3520 10 3448 .9387 3673 2.7228 50 1.2188 
0.3549 20 3475 9377 3706 2.6985 40 1.2159 
0.3578 30 3502 9367 3739 2.6746 30 1.2130 
0.3607 40 3529 9356 3772 2.6511 20 1.2101 
0.3636 50 spy .9346 3805 2.6279 10 1.2072 
0.3665 21°00’ | .3584 .9336 3839 2.6051 69° 00’ | 1.2043 
0.3694 10 3611 9325 3872 2.5826 50 1.2014 
0.3723 20 3638 9315 3906 2.5605 40 1.1985 
0.3752 30 3665 9304 3939 2.5386 30 1.1956 
0.3782 40 .3692 9293 3973 2572 20 1.1926 
0.3811 50 3719 9283 4006 2.4960 10 1.1897 
0.3840 | 22°00’ | .3746 9272 4040 2.4751 68° 00’ | 1.1868 
0.3869 10 3773 9261 A074 2.4545 50 1.1839 
0.3898 20 3800 9250 4108 2.4342 40 1.1810 
0.3927 30 3827 9239 4142 2.4142 30 1.1781 
0.3956 40 3854 -9228 .4176 2.3945 20 1et752 
0.3985 50 3881 .9216 4210 2.3750 10 yes 
0.4014 | 23°00’ | .3907 9205 4245 2.3559 67° 00’ | 1.1694 
0.4043 10 3934 9194 4279 2.3369 50 1.1665 
0.4072 20 3961 -9182 A314 2.3183 40 1.1636 
0.4102 30 3987 9171 4348 2.2998 30 1.1606 
0.4131 40 4014 9159 4383 2.2817 20 1.1577 
0.4160 50 4041 9147 A417 2.2637 10 1.1548 
0.4189 | 24°00’ | .4067 9135 4452 2.2460 66° 00’ | 1.1519 
0.4218 10 4094 9124 4487 2.2286 50 1.1490 
0.4247 20 4120 9112 4522 2.2113 40 1.1461 
0.4276 30 4147 9100 4557 2.1943 30 1.1432 
0.4305 40 A173 .9088 4592 Da TES) 20 1.1403 
0.4334 50 4200 9075 4628 2.1609 10 1.1374 
0.4363 25° 00’ | .4226 .9063 4663 2.1445 65° 00’ | 1.1345 
0.4392 10 4253 9051 4699 2.1283 50 1.1316 
0.4422 20 4279 9038 4734 2.1123 40 1.1286 
0.4451 30 4305 .9026 4770 2.0965 30 1.1257 
0.4480 40 4331 .9013 4806 2.0809 20 1.1228 
0.4509 50 4358 9001 4841 2.0655 10 1.1199 
0.4538 | 26°00’ | .4384 8988 4877 2.0503 64°00’ | 1.1170 
0.4567 10 4410 8975 4913 2.0353 50 1.1141 
0.4596 20 4436 .8962 4950 2.0204 40 1.1112 
0.4625 30 4462 .8949 4986 2.0057 30 1.1083 
0.4654 40 4488 .8936 -5022 1.9912 20 1.1054 
0.4683 50 4514 8923 -5059 1.9768 10 1.1025 
0.4712 | 27°00’ | .4540 -8910 5095 1.9626 63°00’ | 1.0996 
Rapians | Decrees} Cosines Sines |Corancents| TANGENTS | DreGREEsS| RaDIANS 
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TRIGONOMETRIC TABLES 
Ravians |Drereps} SINES Cosines | Taneents | Corancents |Drarens| Raprans 


0.4712 4540 8910 5095 1.9626 63° 00’ | 1.0996 
0.4741 4566 8897 5132 1.9486 1.0966 
0.4771 A592 8884 5169 1.9347 1.0937 
0.4800 4617 .8870 5206 1.9210 1.0908 
0.4829 4643 8857 9243 1.9074 1.0879 
0.4858 4669 .8843 5280 1.8940 1.0850 


0.4887 4695 8829 5317 1.8807 1.0821 
0.4916 4720 8816 9354 1.8676 1.0792 
0.4945 A746 8802 9392 1.8546 1.0763 
0.4974 A772 8788 5430 1.8418 1.0734 
0.5003 A797 8774 5467 1.8291 1.0705 
0.5032 4823 .8760 9905 1.8165 1.0676 


0.5061 4848 8746 9543 1.8040 1.0647 
0.5091 A874 8732 5581 1.7917 1.0617 
0.5120 4899 8718 5619 1.7796 1.0588 
0.5149 4924 8704 5658 1.7675 1.0559 
0.5178 4950 8689 .5696 1.7556 1.0530 
0.5207 |. A975 8675 5735 1.7437 1.0501 


0.5236 5000. 8660 S774 1.7321 1.0472 
0.5265 5025 8646 5812 1.7205 1.0443 . 
0.5294 5050 8631 5851 1.7090 1.0414 
0.5323 5075 8616 5890 1.6977 1.0385 
0.5352 5100 8601 5930 1.6864 1.0356 
0.5381 5125 8587 5969 1.6753 1.0327 


0.5411 | < 5150 8572 6009 1.6643 1.0297 
0.5440 5175 8557 .6048 1.6534 1.0268 
0.5469 9200 8542 .6088 1.6426 1.0239 
0.5498 5225 8526 .6128 1.6319 1.0210 
0.5527 5250 8511 .6168 1.6212 1.0181 
0.5556 5275 8496 6208 1.6107 1.0152 


0.5585 5299 .8480 .6249 1.6003 1.0123 
0.5614 5324 8465 6289 1.5900 1.0094 
0.5643. 5348 8450 -6330 1.5798 1.0065 
0.5672 5373 8434 6371 1.5697 1.0036 
0.5701 5398 8418 6412 1.5597 1.0007 
0.5730 5422 8403 6453 1.5497 0.9977 


0.5760 5446 8387 6494 1.5399 0.9948 
0.5789 5471 8371 6536 1.5301 0.9919 
0.5818 9495 8355 6577 1.5204 0.9890 
0.5847 5519 8339 6619 1.5108 0.9861 
0.5876 5544 8323 6661 1.5013 0.9832 
0.5905 9568 8307 .6703 1.4919 0.9803 


0.5934 9592 8290 6745 1.4826 0.9774 
0.5963 5616 8274 6787 1.4733 0.9745 
0.5992 5640 8258 6830 1.4641 0.9716 
0.6021 5664 8241 6873 1.4550 0.9687 
0.6050 5688 8225 6916 1.4460 0.9657 
0.6080 Ole .8208 6959 1.4370 0.9628 
0.6109 5736 8192 .7002 1.4281 0.9599 
0.6138 5760 8175 .7046 1.4193 0.9570 
0.6167 5783 8158 -7089 1.4106 0.9541 
0.6196 5807 8141 7133 1.4019 0.9512 
0.6225 5831 8124 ATT 1.3934 0.9483 
0.6254 5854 8107 OP 1.3848 0.9454 


0.6283 5878 8090 7265 1.3764 0.9425 


Rapians | Drecrers| Cosines Sinzns |Corancents| Tancents |Drarers| RADIANS 
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Rapians |DrGrees| SINES Cosines | TANGENTS | COTANGENTS DeGREEs | RADIANS 


0.6283 | 36°00’ | .5878 8090 7205 1.3764 54° 00’ | 0.9425 
0.6312 10 5901 8073 .7310 1.3680 0.9396 
0.6341 20 5925 8056 7355 1.3597 0.9367 
0.6370 30 5948 8039 .7400 1.3514 < 0.9338 
0.6400 40 5972 8021 7445 1.3432 0.9308 
0.6429 50 5995 8004 .7490 13351 0.9279 


0.6458 | 37°00’ | .6018 7986 7536 1.3270 0.9250 
0.6487 .6041 .7969 7581 1.3190 0.9221 
0.6516 .6065 7951 7627 1.3111 0.9192 
0.6545 6088 7934 1673 1.3032 0.9163 
0.6574 6111 .7916 7720 1.2954 0.9134 
0.6603 6134 7898 .7766 1.2876 0.9105 


0.6632 6157 -7880 7813 1.2799 0.9076 
0.6661 .6180 7862 .7860 1.2723 0.9047 
0.6690 .6202 7844 1907 1.2647 0.9018 
0.6720 6225 .7826 1954 1.2572 0.8988 
0.6749 6248 .7808 8002 1.2497 0.8959 
0.6778 6271 7790 8050 1.2423 0.8930 


0.6807 .6293 71771 8098 1.2349 0.8901 
0.6836 6316 7753 8146 1.2276 0.8872 
0.6865 .6338 SHES 8195 1.2203 0.8843 
0.6894 .6361 1716 8243 1.2131 0.8814 
0.6923 6383 .7698 8292 1.2059 0.8785 
0.6952 6406 7679 8342 1.1988 0.8756 
0.6981 6428 .7660 8391 1.1918 50° 00’ | 0.8727 
0.7010 6450 7642 8441 1.1847 50 | 0.8698 
0.7039 6472 7623 8491 1.1778 40 | 0.8668 
0.7069 d 6494 .7604 8541 1.1708 30 | 0.8639 
0.7098 6517 7585 8591 1.1640 20 | 0.8610 
0.7127 6539 .7566 8642 1.1571 10 | 0.8581 
0.7156 6561 7547 8693 1.1504 49°00’ | 0.8552 
0.7185 6583 7528 8744 1.1436 0.8523 
0.7214 6604 7509 8796 1.1369 0.8494 
0.7243 ; .6626 7490 8847 1.1303 0.8465 
0.7272 6048 +} .7470 8899 PAS 7 0.8436 
0.7301 .6670 7451 8952 1.1171 0.8407 
0.7330 6691 7431 9004 1.1106 0.8378 
0.7359 6713 7412 9057 1.1041 0.8348 
0.7389 6734 7392 9110 1.0977 0.8319 
0.7418 .6756 .7373 9163 1.0913 0.8290 
0.7447 6777 7353 9217 1.0850 0.8261 
0.7476 .6799 7333 9271 1.0786 0.8232 
0.7505 .6820 7314 9325 1.0724 0.8203 
0.7534 6841 7294 .9380 1.0661 0.8174 
0.7563 6862 7274 9435 1.0599 0.8145 
0.7592 6 6884 1254 .9490 1.0538 0.8116 
0.7621 6905 1234 9545 1.0477 0.8087 
0.7650 .6926 7214 9601 1.0416 0.8058 
0.7679 6947 7193 9657 1.0355 0.8029 
0.7709 .6967 1173 9713 1.0295 0.7999 
0.7738 6988 7153 .9770 1.0235 0.7970 
0.7767 -7009 7133 9827 1.0176 0.7941 
0.7796 -7030 ALA 9884 1.0117 0.7912 
0.7825 .7050 -7092 9942 1.0058 0.7883 


0.7854 1071 7071 1.0000 1.0000 45°00’ | 0.7854 
Rapians | Decrers| Cosrnes Srnes |Cotancents| Tanaents |Drarers}| RapIans 
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Absolutely convergent series, def., 169 
Algebraic curve, def., 136 

Alternating series, def., 169 

Angular acceleration, def., 106 
Angular velocity, def., 106 
Asymptote, def., 141 


Center of curvature, def., 96 
Center of gravity, def., 307 
Center of percussion, def., 315 
Circle of curvature, def., 96 
Constant, def., 1 

Constant of integration, def., 211 
Continuity, def., 8 
Convergent series, def., 158 
Curvature, def., 91 

Curve fitting, def., 341 

Cusp, def., 134 


Definite integral, def., 256 
Density, def., 306 

Dependent variable, def., 2 
Derivative, def., 10 
Differential, def., 199 
Differential equation, def., 317 
Divergent series, def., 158 
Double integral, def., 287 
Double point, def., 134 


Empirical Curve, def., 342 
Explicit function, def., 60 


First approximation, def., 188 
Function, def., 1 


General solution of differential equa- 
tion, def., 318 


Implicit function, def., 60 
Improper integral, def., 262 
Indefinite integral, def., 211 
Independent variable, def., 2 
Indeterminate form, def., 151 
Infinite series, def., 157 
Infinitesimal, def., 191 


Integration by parts, def., 237 
Interval of convergence, def., 176 


Kinetic energy, def., 313 


Law of the mean, def., 149 
Linear differential equation, def., 323 


Maclaurin series, def., 179 
Maximum point, def., 65 

Method of least squares, def., 342 
Minimum point, def., 65 
Moment of inertia, def., 312 


Node, def., 134 
Normal acceleration, def., 113 


Order of contact, def., 195 

Order of differential equation, def., 318 
Order of infinitesimal, 192 

Ordinary differential equation, def., 318 
Ordinary point, def., 134 


Parallelogram law of velocities, def., 18 

Parametric equations, def., 99 

Partial derivative, def., 122 

Partial differential equation, def., 318 

Particle, def., 306 

Particular solution of differential equa- 
tion, def., 318 

Point of discontinuity, def., 7 

Point of inflection, def., 80 

Point of osculation, def., 134 

Polar subnormal, def., 203 

Polar subtangent, def., 203 

Power series, def., 175 


Quadruple point, def., 135 


Radius of curvature, def., 96 
Radius of gyration, def., 314 
Rectilinear acceleration, def., 106 
Rectilinear velocity, def., 104 
Residual, def., 342 


Second approximation, def., 188 
Second derivative, def., 62 
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Singular point, def., 135 Theorem of Leibnitz, 64 
Slope of a curve, def., 12 Total derivative, def., 128 
Subnormal, def., 89 , | Triple integral, def., 288 
Subtangent, def., 89 Triple point, def., 135 


Tangential acceleration, def., 113 ee ae 
Taylor series, def., 182 Work, def., 283 
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